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ABSTRACT. Several authors have been interested in some like phantom mor-
phisms such as d-phantoms, d-Ext-phantoms, neat-phantom morphisms, clean-
cophantom morphisms, RD-phantom morphisms and RD-Ext-phantom mor-
phisms. In this paper, we prove that these notions can be unified. We are
mainly interested in proving that the majority of the existing results hold true

in our general framework.

Mathematics Subject Classification (2020): 16D90, 16E30, 18G25
Keywords: (n,d)-Xg-phantom morphism, (n,d)-gX-cophantom morphism,

n-X-coherent ring

1. Introduction

Throughout this paper, unless otherwise stated, R will be an associative (not
necessarily commutative) ring with identity. We denote the category of left (resp.,
right) R-modules by R-Mod (resp., Mod-R), rX denotes an arbitrary class of left
R-modules and Xy denotes a class of right R-modules, and all morphisms are
morphisms of left R-modules. We denote by R-Mor the category whose objects are
morphisms of left R-modules and a morphism in R-Mor between two morphisms
a: My — My and 8 : N; — Ns is a pair of left R-modules

(My —"=Ni, My —=Ny)
such that the following diagram

M1L>N1

.| E

My —— N

is commutative. Recall that R-Mor is a Grothendieck category. For a module A,
pd(A) (resp., fd(A)) will denote its projective (resp., flat) dimension. For simplicity,
we will write g M (resp., Mpg) instead of R-Mod (resp., Mod-R) to refer to the
class of all left (resp., right) R-modules.
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Let n be a non negative integer, a left (resp., right) module A is said to be n-
presented if it has a finite n-presentation, that is, there is an exact sequence of left

(resp., right ) R-modules
F,—-F_ 1= —>F—>F—>A->0

where each F; is a finitely generated free R-module. The module A is said to be
infinitely presented if A is n-presented for any integer n € N. Clearly every finitely
generated projective module is n-presented for any positive integer n. A module
is O-presented (resp., 1-presented) if and only if it is a finitely generated (resp., a
finitely presented) module. An n-presented module is m-presented for any m > n.
Let X be a class of modules and n € NU {oo} be an integer, we denote by A,
the subclass of X consisting of n-presented modules, then we have a decreasing
sequence

According to [2], aring R is called left (resp., right) n-X-coherent if the subclass X,
of left (resp., right) n-presented R-modules of X is not empty, and every R-module
in &, is n + 1-presented. The ring R is called n-X-coherent if it is both left and
right n-X-coherent, when X is the whole category R-Mod then left n-X-coherent
rings are exactly left n-coherent rings.

The notion of phantom morphisms has a substantial role in module theory and
ideal approximation theory. The study of phantom morphisms has its roots in
algebraic topology in the study of maps between CW-complexes [16]. The definition
of a phantom morphism was generalized by Herzog to the category of R-modules
over an associative ring R in [6]. Herzog called a morphism of left R-modules
a: M — N a phantom morphism if for every finitely presented R-module A and
every morphism g : A — M, af factors through a projective module, equivalently
Tor; (A, @) = 0 for any right (finitely presented) module A. Similarly, a morphism
a: M — N of left R-modules is called an Ext-phantom morphism [6] if the induced
morphism Ext! (A4, a) = 0 for every finitely presented left R-module A. In [12], Mao
generalizes these two definitions. For a non negative integer n, « is said to be an
n-phantom if Tor,, (A4, «) = 0 for any finitely presented right module A and « is said
to be an n-Ext-phantom if Ext™ (A, «) is 0 for every finitely presented left R-module
A. Clearly « is a 1-phantom (resp., a 1-Ext-phantom) morphism if and only if « is
a phantom (resp., an Ext-phantom) morphism.

On the other hand, ideal approximation theory has been recently introduced
and developed by Fu, Guil Asensio, Herzog and Torrecillas in [5]. Let A be any
category and C a class of objects in A. Recall that a morphism ¢ : X — Y in A is
a C-precover of Y if X € C and, for any morphism f : Z — Y with Z € C, there
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is a morphism ¢ : Z — X such that ¢g = f. A C-precover ¢ : X — Y is said
to be a C-cover of Y if every endomorphism ¢g : X — X such that ¢g = ¢ is an
isomorphism. Dually, we have the definitions of a C-preenvelope and a C-envelope.
An ideal Z of R-Mod is a subbifunctor of Hom(—, —) such that for every morphism
g in Z and every morphisms f and h of R-modules we have fgh € Z whenever
it is defined. Let Z be an ideal of R-Mod, a morphism ¢ : M — N in Z is an
Z-precover of N if for any morphism v : C' — N in Z there exists 6 : C — M such
that @8 = ). An Z-precover is called Z-cover if every endomorphism h of M such
that ¢h = ¢ is an automorphism. An Z-preenvelope and Z-envelope are defined
dually. This theory is a generalization of the classical theory of covers and envelopes
(approximation theory) initiated by Enochs, Auslander and Smalg since it need to
be set forth in terms of morphisms instead of objects. An important instance
is about the approximation by the ideal of (n,d)-Xg-phantom (resp., (n,d)-gX-
cophantom) morphisms.

In Section 2 we first introduce the concept of (n, d)-Xr-phantom and (n, d)-rX-
cophantom morphisms and we give some of their properties, then we finish this
section by characterizing n-Xg-coherent rings in terms of (n,d)-Xg-phantom left
R-morphisms and (n,d)-Xg-cophantom right R-morphisms. Section 3 is devoted
to the study of (n,d)-Xr-phantom (resp., (n,d)-grX-cophantom) morphisms with
respect to a subfunctor of Ext. We start by introducing (n, d)-Xg-epimorphisms
(resp., (n,d)-grX-monomorphisms), afterwards we examine their connection with
(n,d)-Xgr-phantom (resp., (n,d)-grX-cophantom) morphisms. Section 4 will be
dedicated to the existence of (n,d)-Xgr-phantom precovers (resp., preenvelopes)
and (n, d)-gX-cophantom precovers (resp., preenvelopes) of left R-modules. We
finish this paper by taking a close look to the properties of precovers and preen-
velopes by (n, d)-Xg-phantom and (n, d)-gX-cophantom morphisms under change
of rings.

2. (n,d)-Xg-phantom and (n,d)-gpX-cophantom morphisms

In this section we give the definitions of (n,d)-Xg-phantom and (n,d)-gpX-
cophantom morphisms which unifies several notions and we study their closure

properties under direct sums, direct limits and direct products.

Definition 2.1. Let oo : M — N be a morphism of left R-modules, n € N* U {oo}
and d € N.

(1) Let Xg be a non empty class of right R-modules. The morphism « is called
an (n, d)-Xg-phantom morphism if (Xg), is not empty and the induced morphism
Torgy1(A, a) : Torg1(A, M) — Torgy1(A, N) is 0 for any R-module A of (Xr)y.
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(2) Let gX be a non empty class of left R-modules. The morphism « is said to
be an (n,d)-gX-cophantom morphism if (gX), is not empty and Extd+1(A,a) :
Ext?™ (A, M) — Ext®™ (A, N) is 0 for any R-module A of (rX),.

The right version is defined similarly: If o : M — N is a morphism of right
R-modules, we say that « is an (n,d)-gX-phantom morphism if (gX), is not
empty and the induced morphism Torg4q(a, A) : Torgy1(M, A) — Torgy1(N, A)
is 0 for any R-module A of (gX),. Similarly, we say that the morphism « is an
(n, d)-Xgr-cophantom morphism if (Xg), is not empty and the induced morphism
Ext™ (4, a) : Ext™ (4, M) — Ext™1(A, N) is 0 for any R-module A of (rX),.

Example 2.2. (1) (1,0)-Mpg-phantom (resp., (1,0)-gM-cophantom) morphisms
are the classical phantom (resp., cophantom or Ext-phantom) morphisms studied
in [6] (resp., [7]).

(2) Let d > 1. (1,d—1)-Mg-phantom (resp., (1,d—1)- g M-cophantom) morphisms
are d-phantom (resp., d-Fzt-phantom) morphisms introduced and studied in [§],
[12] and [13].

(3) (00,0)-Mpg-phantom (resp., (o0,0)-gM-cophantom) morphisms are exactly
neat-phantom (resp., clean-cophantom) morphisms defined in [14].

(4) Let gC (resp., Cr) be the class of left (resp., right) principally cyclic mod-
ules, i.e., modules of the form R/Ra (resp., R/aR) with ¢ € R. Then (1,0)-
Cr-phantom (resp., (1,0)-zC-cophantom) morphisms are RD-phantom (resp., RD-
Ext-phantom) morphisms defined and studied in [11].

Remark 2.3. (1) If « is an (n, d)-Xr-phantom (resp., an (n,d)-gX-cophantom)
morphism, then « is an (m,d)-Xg-phantom (resp., an (m,d)-rX-phantom) mor-
phism for any m > n.

(2) Tt is clear that if ) is a subclass of Xg (resp., pX') with ), is not empty then
every (n,d)-Xg-phantom (resp., (n,d)-gpX-cophantom) morphism is an (n,d)-Y-
phantom (resp., an (n, d)-Y-cophantom) morphism.

(3) We will call an (n, d)-M g-phantom (resp., an (n, d)- g M-cophantom) morphism
by (n,d)-phantom (resp., (n,d)-cophantom) morphism.

The following propositions study the closure properties of (n,d)-Xg-phantom
and (n,d)- g X-cophantom morphisms under direct sums, direct limits and direct

products.

Proposition 2.4. (1) The class of (n,d)-Xg-phantom morphisms is closed un-
der direct sums and direct limits.
(2) The class of (n,d)-gX-cophantom morphisms is closed under direct prod-

ucts.
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Proof. (1) It is a consequence of the natural isomorphisms

Tord+1(A, @ Mi) = @ TOI‘d_H(A, Mz)
I 1

and
TordH(A, lim] Mz) = lim] TOFd+1(A, Mz)
(2) The second assertion holds from the natural isomorphism
Ext (A, [] M) = [[ Ext™ (A, My). 0
I I
Lemma 2.5. (1) Ifn > d+1, then Ext™ (A, @,c; Mi) = @, Ext™! (A, M;)
for any n-presented left R-module A and any family (M;);cr of left R-
modules.
(2) If n > d+ 1, then limExt (A, M;) = Ext (A,lim M;) for any n-presented
left R-module A and any directed system (M;)icr of left R-modules.
(3) If n > d+1, then Torgy1(A,[[;c; Mi) = [1;c; Toray1(A, M;) for any n-
presented right R-module A and any family (M;);c1 of left R-modules.

The lemma above is still true if we suppose that R is n-coherent since every
n-presented R-module is (d 4+ 1)-presented. The following proposition generalizes

[12, Proposition 2.9] and [14, Proposition 3.8].

Proposition 2.6. Suppose that n > d+ 1. Then
(1) The class of (n,d)-rX-cophantom morphisms is closed under direct sums.
(2) If n > d+ 1, in particular if R is n-coherent, then the class of (n,d)-pX -
cophantom morphisms is closed under direct limits.
(3) If n > d+ 1, in particular if R is n-coherent, then the class of (n,d)-Xg-

phantom morphisms is closed under direct products.

Proof. (1) Let (a; : M; — N;)ier be a family of (n, d)- g X-cophantom morphisms
and A be an n-presented module of pX. Then by (1) of Lemma 2.5

Ext®™ (A, P M;) = P Ext™ (4, M)

i€l el
and
Ext™ (A, P Vi) = P Ext™ (A, Ny).
i€l el
So

Ext™™ (A, @,c; Mi) — Ext™ (A, @,c; Ni)

icl 77t

Dicr Ext™ (A, M;) — @, ExtTH (A, N,)



6 MOURAD KHATTARI AND DRISS BENNIS

Since Ext*™ (4, a;) = 0 for each i € I, Ext** (A, @, ; a;) = 0.

(2) Similar to (1), apply (2) of Lemma 2.5.

(3) If n > d+1, let (o; : M; — N;)ieq be a family of (n, d)-Xgr-phantom morphisms
and A be an n-presented module of X. By (3) of Lemma 2.5

Tord+1(A, H Mz) = H TOI‘dJrl(A, Mz)

il il
and
Tord+1(A, H Ni) = H TOI‘d+1 (A, Nl)
il il
Since Torgy1(A, ;) =0 for all i € I, Torgy1(A, [[;c; as) is zero. O

For a left R-module M, M* := Homz(M,Q/Z) denotes the character module
of M which is a right R-module and a morphism of left R-modules a« : M — N
induces a morphism a™ : Nt — M™T of right R-modules. The following result
extends [9, Proposition 3.8 and Proposition 3.9], [11, Lemma 2.7], [12, Proposition
2.10] and [14, Proposition 3.3].

Proposition 2.7. Let a: M — N be a morphism of left R-modules.
(1) « is an (n,d)-Xgr-phantom morphism if and only if o™ is an (n,d)-Xg-
cophantom morphism.
(2) If R is left n-coherent, then « is an (n,d)-rX-cophantom morphism if and

only if ™ is an (n,d)-rX-cophantom morphism.
Proof. (1) For any n-presented module A of Xr we have natural isomorphisms
Torg1(A, M)+ = Ext™™ (A, M)

and
Torgs1 (A, N)* = Ext? (4, N*).

Then there is a commutative diagram

Torgy1(A, N)T —— Torgy1(A, M)™

:

Ext?™(A, Nt) —— Extt1(4, M)

R

We get the result.
(2) Since R is n-coherent, any A in (gX), is infinitely presented, hence by [17,
Theorem 9.51] and remark following it, for any module M, we have the natural
isomorphism

Torg, 1 (M*,A) = Ext®™ (A, M)™*.
And so Ext™ (A4, a) = 0 if and only if Torgyi(a™, A) = 0. O
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Now we give a generalization of [11, Proposition 2.10] and [12, Proposition 2.7].

Theorem 2.8. Letn € NU{oo}, d € N, gX be a class of left R-modules and Xg
be a class of right R-modules.
(1) Ewery morphism of left R-modules is an (n,d)-Xg-phantom morphism if
and only if every module of (Xg)n has flat dimension at most d.
(2) Every morphism of left R-modules is an (n,d)-rX -cophantom morphism if

and only if every module of (rX), has projective dimension at most d.

Proof. (1) (=) Let A be an n-presented module of X and M be any left R-
module, then by hypothesis Idy; is an (n, d)-Xr-phantom morphism, so the induced
morphism Torgyi1(A, Idpr) @ Torgi1 (A, M) — Torgi1(A, M) is zero, which means
that Torg41(A4, M) = 0 for any left R-module M, hence fd(A) < d.

(<) Let &« : M — N be a morphism of left R-modules and A be an n-presented
module of X, then fd(A) < d, hence

Torg41(A, M) = Torg+1(A4,N) =0.

So Torg+1(A4,a) =0.
(2) Tt is similar to (1) by using the result: pd(A) < d if and only if for any left
R-module M, Ext*™ (A, M) = 0. O

Recall that a ring R is said to be a left (resp., a right) (n,d)-ring, if every n-
presented left (resp., right) R-module has projective dimension at most d; R is said
to be a left (resp., a right) weak (n, d)-ring, if every n-presented left (resp., right) R-
module has flat dimension at most d. R is an (n, d)-ring (resp., a weak (n, d)-ring)

if it is both left and right (n, d)-ring (resp., weak (n, d)-ring).

Corollary 2.9. (1) R is a right weak (n,d)-ring if and only if every morphism
of left R-modules is an (n,d)-phantom morphism.
(2) R is aleft (n,d)-ring if and only if every morphism of left R-modules is an

(n, d)-cophantom morphism.

Let X (resp., Xr) be a class of left (resp., right) R-modules. Recall that a ring
R is called left (resp., right) n-rX-coherent (resp., n-Xr-coherent) if the subclass
(RX)n (resp., (Xg)n) is not empty, and every R-module in (rX),, (resp., (Xr)n)
is n + 1-presented. We are going to give some results which are extensions of [11,
Theorem 2.8] and [14, Proposition 3.5].

Theorem 2.10. For a ring R and a positive integer n > 1, the following statements

are equivalent:

(1) R is right n-Xg-coherent;
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(2) the class of (n,n—1)-Xg-phantom morphisms left R-modules is closed under
direct products;
(3) the class of (n,n—1)-X-cophantom morphisms of right R-modules is closed

under direct limits.

Proof. (1) & (2) Assume R is right n-Xg-coherent. Let (o;);c; be a family of
(n,n — 1)-Xr-phantom morphisms, then (a;);cs is a family of (n 4+ 1,n — 1)-Xg-
phantom morphisms, hence by Proposition 2.6 [[,c;a; is an (n + 1,n — 1)-Xg-
phantom morphism. Since R is n-AX'g-coherent, [[,.; o; is an (n,n—1)-AX'r-phantom
morphism. Conversely, let I be a set, since R is n-Xg-flat as a left R-module, Idg
is an (n,n — 1)-Xp-phantom morphism, then by (2) the product [[; Idr = Idg: is
an (n,n — 1)-Xg-phantom morphism, hence R is an n-Xp-flat module, and so by
[2, Theorem 2.6] R is right n-Xg-coherent.

(1) & (3) Suppose R is right n-Xr-coherent. Let (M;);c; and (N;);er be directed
systems of right R-modules over a directed index set I and («; : M; — N;)ier
be a family of (n,n — 1)-gpX-cophantom morphisms, then («;);er is a family of
(n + 1,n — 1)-Xg-cophantom morphisms hence by Proposition 2.6 limy «; is an
(n 4+ 1,n — 1)-Xg-cophantom morphism. Since R is right n-Xg-coherent, lim; «;
is an (n,n — 1)-gpXr-cophantom morphism. Conversely, let (M;c) be a directed
system of n-Xg-injective right R-modules, then (Idyy,);cr is a family of (n,n — 1)-
XRr-cophantom morphisms, hence by (3) limy Id; = Idjim, ar, is an (n,n — 1)-Xg-
cophantom morphism and so lim; M; is an n-Xg-injective module. By [2, Theorem
2.6] R is right n-Xr-coherent. O

Theorem 2.11. For a ring R and a positive integer n > 1, the following statements

are equivalent:

(1) R is right n-Xg-coherent;

(2) a morphism « of right R-modules is an (n,n— 1)-Xg-cophantom morphism
if and only if ™ is an (n,n — 1)-Xgr-phantom morphism;

(3) a morphism « of right R-modules is an (n,n — 1)-Xg-cophantom morphism
if and only if ™ is an (n,n — 1)-Xr-cophantom morphism;

(4) a morphism « of left R-modules is an (n,n — 1)-Xg-phantom morphism if

and only if o™ is an (n,n — 1)-Xg-phantom morphism.

Proof. (1) = (2) Since R is right n-Xg-coherent, any A € (Xg), is (n + 1)-
presented, so by [3, Lemma 2.7] we have Tor, (A, MT) = (Ext"(A4, M))*, for a
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morphism « : M — N we have the following commutative diagram

Tor,, (A, Nt) —— Tor,, (4, M)

:i l:

(Ext"™(A, N))t — (Ext™(A, M))*+

Ext"(A, @) = 0 if and only if Tor, (A, a™) = 0.

(2) = (3) A morphism « is an (n,n — 1)-Xg-cophantom morphism if and only if
“by (2)” a is an (n,n — 1)-Xr-phantom morphism if and only if “by Proposition
2.7 ot is an (n,n — 1)-Xg-phantom morphism.

(3) = (4) A morphism « is an (n,n — 1)-Xg-phantom morphism if and only if “by
Proposition 2.77 a* is an (n,n — 1)-Xg-cophantom morphism if and only if “by
(4)” a™t* is an (n,n — 1)-Xg-cophantom morphism if and only if “by Proposition
2.7 ot is an (n,n — 1)-Xg-phantom morphism.

(4) = (1) Let M be a left R-module. M is n-Xp-flat if and only if Idy; is an
(n,n — 1)-Xp-phantom morphism if and only if “by (4)” Idj;" = Idy++ is an
(n,n — 1)-Xgr-phantom morphism if and only if M+ is n-Xg-flat. Hence by [2,
Theorem 2.6] R is right n-Xg-coherent. O

In the following theorem we assume that the class X' contains all finitely gen-

erated free R-modules and closed under kernels of epimorphisms.

Theorem 2.12. For a ring R and a positive integer n > 1, the following statements
are equivalent:
(1) R is right n-Xg-coherent;
(2) For each m > n and each d > 0, every (m,d)-Xgr-cophantom morphism of
right R-modules is an (n,d)-Xg-cophantom morphism;
(3) For each m > n and each d > 0, every (m,d)-Xgr-phantom morphism of
left R-modules is an (n,d)-Xgr-phantom morphism;
(4) Every (n + 1,n — 1)-Xg-cophantom morphism of right R-modules is an
(n,n — 1)-gpX-phantom morphism;
(5) Every (n+1,n—1)-Xgr-phantom morphism of left R-modules is an (n,n—1)-

Xgr-phantom morphism.

Proof. (1) = (2) = (4) and (1) = (3) = (5) are obvious.

(4) = (5) Let « : M — N be an (n + 1,n — 1)-Xg-phantom morphism, then by
Proposition 2.7 a™ is an (n + 1,n — 1)-Xr-cophantom morphism, hence by (4)
at is an (n,n — 1)-Xg-cophantom morphism, so o be an (n,n — 1)-Xg-phantom
morphism.

(5) = (1) Let (a;)ier be a family of (n, n—1)-Xr-phantom morphisms, then (a;)ier
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is a family of (n + 1,n — 1)-Xg-phantom morphisms, it follows from Proposition

2.6 that [[;c, iel
(n,n—1)-Xr-phantom morphism. So the class of (n,n—1)-Xg-phantom morphisms

a; is an (n + 1,n — 1)-Xg-phantom morphism. By (5) [[,.; @ is an
is closed under direct product, therefore by Theorem 2.10 R is right n-AX'g-coherent.
|

3. (n,d)-Xg-phantom and (n,d)-gpX-cophantom morphisms with respect

to a subfunctor of Ext

In this section we introduce the concept of (n,d)-Xg-epimorphisms and (n,d)-
rA-monomorphisms, we study some of their properties, and finally we describe the
relationship between (n, d)-Xg-phantom (resp,. (n,d)-gX-cophantom) morphisms
and (n,d)-Xg-epimorphisms (resp,. (n,d)-gpX-monomorphisms). For example we
prove that:

(1) amorphism « is an (n, d)-Xg-phantom morphism if and only if the pullback
of any epimorphism along « is an (n, d)-Xg-epimorphism.
(2) a morphism « is an (n,d)-gX-cophantom morphism if and only if the

pushout of any monomorphism along « is an (n, d)-gX-monomorphism.

Definition 3.1. Let n € N*U {0}, d € N.
(1) A morphism f: M — N is said to be an (n,d)-Xg-epimorphism if (Xg),
is not empty and Torg11(A4, f) is an epimorphism for any A € (Xg),.
(2) f: M — N is said to be an (n,d)-gX-monomorphism if (gX), is not
empty and Exth(A, f) is a monomorphism for any A € (gX),.

The right versions are defined similarly.

Example 3.2. (1) A morphism f is a (1,d)-M g-epimorphism (resp., a (1,d)-
rM-monomorphism) if and only if f is a Torg4i-epimorphism (resp., an Extgi1-
monomorphism) [6].

(2) (1,0)-M pg-epimorphisms (resp., (1,0)-pM-monomorphisms) are exactly Tor-

epimorphisms (resp., Ext-monomorphisms) [9].

Proposition 3.3. Letn € N*U{oc}, d € N. A morphism f: M — N is an (n,d)-
Xg-epimorphism if and only if f*: NT — M is an (n,d)-rX-monomorphism.

Proof. It follows from the the commutative diagram

Torgy1(A, N)T —— Torgy1(A, M)™

|

Ext? (A, Nt) — = BExt®™'(A4, M)

R
R
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where A is an n-presented module of Xg. a

Proposition 3.4. Letn : 0 — L = M B N 0 be an ezact sequence of left

R-modules.

(1) B is an (n,d)-Xg-phantom morphism if and only if «a is an (n,d)-Xg-
epimorphism.
(2) « is an (n,d)-rX-cophantom morphism if and only if 8 is an (n,d)-rX -

monomorphism.

Proof. (1) For any A € (Xg)n, by the long exact sequence of Tor(A, —) to the

sequence 77, we have the exact sequence
Torg+1(A, L) —— Torg41 (A, M) —— Torg11(A, N).

Torgy1(A, B) =0 if and only if Torgy1(A, @) is an epimorphism.
(2) For any A € (rX),, by the long exact sequence of Ext(A, —) to the sequence
71, we have the exact sequence

EXtd+l (A, L) EXtd+1 (A, M) EXtd+1(A’ N)
Extd+1(z4, a) = 0 if and only if Extd+1(A, B) is a monomorphism. U

Proposition 3.5. Let f be an (n,d)-Xg-epimorphism in R-Mod and gf = h.
(1) g is an (n,d)-Xg-phantom morphism if and only if h is an (n,d)-Xg-

phantom morphism.

(2) g is an (n,d)-Xgr-epimorphism if and only if h is an (n, d)-Xg-epimorphism.
Proof. For any A € (Xg), we have
Torgy1(A, g) Torgy1(A, f) = Torar1 (A, h).

Since Torgy1(A, f) is an epimorphism,
(1) Torg+1(A,g) =0 if and only if Torg4q(A,h) =0,
(2) Torg+1(A,g) is an epimorphism if and only if Torgi1(A,h) is an epimor-
phism. O

Proposition 3.6. Let g be an (n,d)-gX-monomorphism in R-Mod and gf = h.
(1) f is an (n,d)-rX-cophantom morphism if and only if h is an (n,d)-rX -
cophantom morphism.
(2) f isan (n,d)-grX-monomorphism if and only if h is an (n, d)-rX - monomor-

phism.
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Proof. For any A € (rX),, we have
Ext? (A, g) Ext™ (A4, f) = Ext?T1 (A, h).

Since Exth(A, g) is a monomorphism, we get the following two equivalences
(1) Ext®™ (A, f) = 0 if and only if Ext*™ (A, h) =0,
(2) Ext®*!(A4, f) is a monomorphism if and only if Ext¢™! (A, h) is a monomor-
phism. O
Proposition 3.7. Letn € N*U{cc}, d € N. Let 0 » K S M 5 N = 0

and0 - K 51 % Q — 0 be two exact sequences of left R-modules with g an
(n, d)-Xgr-epimorphism. Consider the following pushout:

0 0
o f
0 K M N 0
B vy i—
0 L g-"o N 0
g
Q—Q
0 0

(1) f is an (n,d)-Xgr-phantom morphism if and only if h is an (n,d)-Xg-
phantom morphism,

(2) fisan (n,d)-Xgr-epimorphism if and only if h is an (n, d)-Xgr-epimorphism.

Proof. For any A € (Xg)n, the exact sequence 0 — K ﬁ) L% Q — 0 induces an

exact sequence
Torgy1(A, L) —— Torg41(A, Q) — Tory(A, K) —— Tory(A4, L).

Since Torgs1(A,g) is an epimorphism, Tory(A, 8) is a monomorphism. Consider

the following commutative diagram

Torgy1(A, M) —— Torg1(A, N) N Tory(A, K)
Torg41(A, H) —— Torg41(A4, N) A Torq(A, L)

(1) Torg41(A4, f) = 0 if and only if ¢ is a monomorphism if and only if A is a
monomorphism if and only if Torgy1(A, k) =0.
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(2) Torg+1(A, f) is an epimorphism if and only if ¢ = 0 if and only if A = 0 if and
only if Torgy1(A, h) is an epimorphism. (I

Recall that an additive subfunctor F of Ext [5] is defined as follows: For every
pair A and B of left R-modules, F associates a subgroup F(A4, B) of Ext(A, B)
so that for any f : X — A, g: B = Y, if n € F(A, B), then Ext(f,g)(n) =
Ext(f,Y)Ext(A,g)(n) € F(X,Y). Equivalently, F includes the split exact se-
quences and is closed under direct sums, pullbacks and pushouts by [1, Lemma
1.1]. In [13] Mao denoted the collection of exact sequences n : 0 - K — M —
N — 0 such that M — N (resp., K — M) is a Tor,-epimorphism (resp., Ext"-
monomorphism) by A, (resp., V"). Following these notations we will denote the
collection of exact sequences 1 such that M — N (resp., K — M) is an (n,d)-Xr-
epimorphism (resp., (n, d)-gX-monomorphism) by Xr-A, 4) (resp., rX-V(y.q))-

Lemma 3.8. Let R be a ring.

(1) The collection Xr-A(, q) constitutes an additive subfunctor of Ext.
(2) The collection rX-V (,, q) constitutes an additive subfunctor of Ext.

Proof. (1) Let 0 - K — M LN S 0bea split exact sequence, then there
exists a morphism g : N — M such that fg = Idy, hence for any A in (Xg)n,
Torgy1(A, f) Toray1(A, g) = Idror,,, (a,m) and so Torgy1(A, f) is an epimorphism.
It is clear that Xr-A(, q) is closed under direct sums. Now consider an exact
sequence nn : 0 > K — M % N = 0 with B an (n,d)-Xg-epimorphism. For any
morphism « : L — N we obtain the pullback 1’ of i along the morphism «

n 0 K H L 0
A
n:0 K M N 0

For any A € (Xg)n, we get the following commutative diagram

Torg41(A, H) — Torg41(A, L) v Tory(A, K)

| l -

Torgy1(A, M) —— Torg1(A, N) — Tory(A, K)

Since Torg41(A, 8) is an epimorphism, § = 0 and so ¢ = 0. Thus Torg1(A,7)

is an epimorphism, hence Xr-A(, 4) is closed under pullbacks. For any morphism
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A: K — L we get the pushout 1" of 1 along A

which gives rise to the following commutative diagram

Torgy1(A, M) —— Tory(A, N)

l -

Tory(A,G) Tory(A, N)

Since Torg+1(A, ) is an epimorphism, Torg11(A, o) is an epimorphism and so Xg-
A(n,a) is closed under pushouts. It follows that Xr-A(, 4) constitutes an additive
subfunctor of Ext.

The proof of (2) is dual. O

In [5], Fu, Guil Asensio, Herzog and Torrecillas introduced a relative version of
phantom morphisms in the sense: For an additive subfunctor F of Ext, a morphism
¢ : X — Ain R-Mod is an F-phantom morphism if the pullback of any epimor-
phism along ¢ is in F. Dually, a morphism ¢ : ¥ — Z in R-Mod is called an
F-cophantom morphism if the pushout of any monomorphism along v is in F.

A morphism f: U — V in R-Mod is called F-projective if for any left R-module
B, F(f,B): F(V,B) — F(U,B) is 0. A left R-module M is called F-projective if
1ps is F-projective. Dually, a morphism g : X — Y in R-Mod is called F-injective
if for any left R-module B, F(B,g) : F(B,X) — F(B,Y) is 0. A left R-module
N is called F-injective if 1y is F-injective. The following two theorems are a
generalizations of [2, Theorem 2.2], [13, Theorem 2.12] and [14, Theorem 3.6].

Theorem 3.9. Let n € N* U {oo} and d € N.

(1) A morphism f: M — N of left R-modules is an (n,d)-Xg-phantom mor-
phism if and only if f is a Xr-An,q)-phantom morphism.

(2) A morphism g : X — Y of left R-modules is an (n,d)-rX-cophantom
morphism if and only if f is a pX -V, q)-cophantom morphism.
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Proof. (1) =) Let n: 0 - K — Q — N — 0 be any exact sequence, we get the
pullback 7’ of n along f

w0 K 7 L Vi 0
Lol
n:0 K Q N 0

For any A € (Xr),, we have the following commutative diagram with exact rows

Torg4+1(A, H) —— Torg11(A4, M) v Torq(A, K)

l l -

Torg11(A4,Q) — Torg1(A, N) — Torg(A, K)

Since f is an (n,d)-Xr-phantom morphism, ¢ = 1 Toryy1(4, f) = 0, therefore
Torg+1(A, h) is an epimorphism and so h is an (n, d)-Xgr-epimorphism. Thus f is
a Xgr-A(p,q)-phantom morphism.

<) There exists an exact sequence ¢ : 0 - C — P — N — 0 with P projective.
We get the pullback of ¢ along f :

0 C G M 0
)
C:0 C P N 0

For any A € (Xg)n, we get the following commutative diagram:

Torg+1(A,G) —— Torg41(A, M)

| |

0 = Torgy1(A, P) — Torg41(4, N)

So Torg11(A, f) Torg41(A4,v) = 0 and Torgy1(A, f) = 0 since Torg41(A4,7) is an
epimorphism, i.e., f is an (n,d)-Xr-phantom morphism.
The proof of (2) is dual. O

Theorem 3.10. Let n € N* U {0}, d € N.
(1) If a morphism oo : M — N is an (n, d)-Xgr-phantom morphism, then for ev-
ery morphism (3 : F' — M with F' Xr-A(, qy-projective, a8 factors through
a projective module.
(2) If a morphism g : X =Y is an (n,d)-gX-cophantom morphism, then for
every morphism h : Y — Z with Z pX -V, q)-injective, hg factors through

an injective module.
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Proof. (1) There exists an exact sequence n : 0 - K — P — N — 0 with P
projective. Then we get the pullback 7’ of n along f

n:0 K H M 0
L)
7n:0 K P N 0

By Theorem 3.9 7' € Az’f%d). Since F is A()fl,d)—projective, a lifts to H. So fa
factors through P.
The proof of (2) is dual. O

For phantom (resp., cophantom) morphisms we find that the assertions (1) and
(2) are equivalent and the converse holds from the fact that every module M has
a pure-projective precover (resp., a pure-injective preenevelope) and it is the same
for RD-phantom and RD-Ext-phantom morphisms. In our case it is an open ques-
tion: Does every left module M have an Xr-A(, 4)-projective (resp., an RX-V(na)-

injective) precover (resp., preenvelope)?

4. (n,d)-Xr-phantom and (n, d)-zrX-cophantom precovers and

preenvelopes
Lemma 4.1. Let 0 - X 2 Y 5 Z — 0 be an ezact sequence in R-Mod. The
following conditions are equivalent:
(1) OHXQYQZ%Oispure.
(2) The induced sequence 0 — Tor, (A, X) — Tor,(A,Y) — Tor, (A, Z) — 0 is
exact for any n > 1 and any right R-module A.
If R is a left coherent ring, then the above conditions are equivalent to
(3) The induced sequence 0 — Ext"(G,X) — Ext"(G,Y) — Ext"(G,Z) — 0
is exact for any n > 1 and any finitely presented left R-module G.

Lemma 4.2. If0 — ¢ — ¢ — v — 0 is pure exact in R-Mor, i.e., the following

ezact sequence is pure exact in R-Mor

o B8
M : 0 K —s M, 1, 0
R
n2 . 0 KQ o M2 5 Lg O

Then both my and m2 are pure exact in R-Mod.
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Lemma 4.3. Let 0 — v — ¢ — v — 0 be pure exact in R-Mor. Then
(1) If ¢ is an (n,d)-Xg-phantom morphism then v and ¥ are also (n,d)-Xg-
phantom morphism;
(2) If R is n-coherent and ¢ is an (n,d)-rX-cophantom morphism then v and

¥ are also an (n,d)-rX-cophantom morphism.

Proof. We have a commutative diagram with pure exact rows by Lemma 4.2:

o B8
m 0 K| ——> M, —> I, 0
ool
n2 0 KQ o M2 5 L2 0

Then we obtain the commutative diagram with split exact rows:

By oy
0 Ly M K 0
+ + +
0 L pr M; - K] 0

(1) Note that ¢Tis an (n, d)-Xr-cophantom morphism by Proposition 2.7. For

any n-presented R-module A in Xg, we have

Ext®™ (4,97) Ext™™ (4, oy ) = Ext™! (4, of ) Ext*™ (4,¢7) = 0.
Since Extdt! (Aaér) is an epimorphism, Ext4*! (A,9T) = 0. Thus, ¢Tis
an (n, d)-Xgr-cophantom morphism and so ¢ is an (n, d)-Xr-phantom mor-
phism by Proposition 2.7. Also, we have

Ext™ (4, 8]) Ext™! (A7) = Ext™" (4,¢7) Ext™*" (4,85) = 0.
Since Extd*! (A,Bf)is a monomorphism, Ext?+! (A,v*) = 0. Thus, vTis
an (n,d)-Xg-cophantom morphism. So 7 is an (n,d)-Xg-phantom mor-
phism by Proposition 2.7.

(2) By Proposition 2.7, ¢ is an (n,d)-gX-phantom morphism. For any n-

presented module A of R X, we obtain

Torg41 (w+,A) Torg11 (a;, A) = Torg41 (af, A) Torgy1 (¢+, A) =0.

Since Torg41 (a;,A) is an epimorphism, Torgyq (¥*, A) = 0. Thus, ¥ is
an (n, d)- g X-phantom morphism and so % is an (n, d)- g X'-cophantom mor-

phism by Proposition 2.7. On the other hand, we get

Torgi1 (6;’, A) Torg41 (’y*,A) = Torgys (¢+, A) Torgy1 (ﬂ;’,A) =0.
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Since Torg11 (81, A) is a monomorphism, Torgy1 (v*, A) = 0. Hence yis
an (n, d)- g X-phantom morphism and so v is an (n, d)- g X-phantom comor-

phism by Proposition 2.7. O

Theorem 4.4. Let n € N*U {0}, d € N, and rX (resp., Xr) be a class of left
(resp., right) R-modules.

(1) Ewery left R-module morphism has an epic (n,d)-Xg-phantom cover in R-
Mor.

(2) If n>d+1, and in particular if R is n-coherent, then every left R-module
morphism has an (n,d)-Xgr-phantom preenvelope in R-Mor.

(3) If R is n-coherent, then every left R-module morphism has a monic (n,d)-
rX -cophantom preenvelope in R-Mor.

(4) If R is n-coherent, then every left R-module morphism has an (n,d)-pX -

cophantom cover.

Proof. (1) Note that the class of (n, d)-Xr-phantom morphisms is closed under di-
rect limits by Proposition 2.4 and closed under pure epimorphic images by Lemma
4.3. So every left R-module morphism has an (n, d)-Xg-phantom cover by [4, Theo-
rem 2.6]. The (n,d)-Xg-phantom cover is an epimorphism because every projective
object of R-Mor is an (n, d)-Xr-phantom morphism.

(2) The class of (n,d)-Xr-phantom morphisms is closed under direct products by
Proposition 2.6 and closed under pure subobjects by Lemma 4.3. Then every left
R-module morphism has an (n,d)-Xg-phantom preenvelope in R-Mor by [4, The-
orem 4.1].

(3) The class of (n,d)-gX-cophantom morphisms is closed under direct products
by Proposition 2.4 and closed under pure subobjects by Lemma 4.3. Then every
left R-module morphism has an (n,d)-Xgr-phantom preenvelope in R-Mor by [4,
Theorem 4.1]. The (n, d)-gX-cophantom preenvelope is a monomorphism because
every injective object of R-Mor is an (n, d)-Xg-phantom morphism.

(4) The class of (n,d)-gX-cophantom morphisms is closed under direct limits by
Proposition 2.6 and closed under pure epimorphic images by Lemma 4.3. Then
every left R-module morphism has an (n, d)-gX-cophantom cover by [4, Theorem
2.6]. O

In ideal approximation theory, the concepts of (pre)covers and (pre) envelopes
for classes of objects were generalized to ideals of morphisms. An ideal Z of R-
Mod is a subbifunctor of Hom(—,—) such that for every morphism ¢ in Z and
every morphisms f and h of R-modules we have fgh € Z whenever it is defined.

Let Xp-¢(n,q) and rX-1(, q) denote respectively the class of (n,d)-Xg-phantom
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morphisms and the class of (n,d)-gX-cophantom morphisms, it is clear that Xg-
b (n,a) and rX-1(,, q) are ideals of R-Mod. Let 7 be an ideal of R-Mod, a morphism
@ : M — N in T is an Z-precover of N if for any morphism ¢ : C' — N in 7
there exists 6 : C' — M such that @8 = 1. An Z-precover is called Z-cover if every
endomorphism / of M such that ph = ¢ is an automorphism. An Z-preenvelope
and Z-envelope are defined dually.

The following lemma establishes the connection between an Z-cover of a left

R-module and the usual Z-cover of a morphism in R-Mor.

Lemma 4.5. [10, Lemma 2.7] Let Z be an ideal of R-Mod and ¢ : M — N be a
morphism of left R-modules. The following conditions are equivalent:
(1) ¢ : M — N is an I-precover (resp., Z-cover) of N in R-Mod;
(2) (p,IdyN) : @ — Idy is an Z-precover (resp., I-cover) of Idy in R-Mor;
(3) Idn has an Z-precover (resp., Z-cover) (p, f) : ¢ — Idx in R-Mor.

Lemma 4.6. [10, Lemma 2.6] Let Z be an ideal of R-Mod and ¢ : M — N be a
left R-module morphism. The following conditions are equivalent:

(1) ¢: M — N is an Z-prenvelope of M in R-Mod;

(2) (Idpr, ) : Idy — @ is an I-preenvelope of Idys in R-Mor;

(3) Idps has an Z-preenvelope (f, ) : Idpyr — 9 in R-Mor.

Theorem 4.7. Letn € N* U {c0}, d € N.

(1) Ewery left R-module has an epic (n,d)-Xg-phantom cover.

(2) If n > d+1, and in particular if R is n-coherent, then every left R-module
has an (n,d)-Xgr-phantom preenvelope.

(3) If R is n-coherent, then every left R-module has a monic (n, d)-rX -cophantom
preenvelope.

(4) If R is n-coherent, then every left R-module has an (n,d)-rX-cophantom

cover.

Proof. (1) Let N be a left R-module, by Theorem 4.4 Idy has an epic (n,d)-Xg-
phantom cover in R-Mor, so by Lemma 4.5 N has an epic (n, d)-Xg-phantom cover.
(2) Let M be left R-module, by Theorem 4.4 Idy; has an (n, d)-Xg-phantom preen-
velope. Hence by Lemma 4.6 M has an (n, d)-Xg-phantom preenvelope in R-Mod.
(3) If R is n-coherent and M a left R-module, then by Theorem 4.4 Idy; has an
(n, d)-gX-cophantom preenvelope, therefore by Lemma 4.6 M has an (n,d)-gX-
cophantom preenvelope.

(4) Let N be a left R-module, by Theorem 4.4 Idx has (n, d)-gX-cophantom cover,
then by Lemma 4.5 N has an (n, d)-gX-cophantom cover. O
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Theorem 4.8. Let R be a left coherent ring and d > 1. The following assertions
are equivalent:

(1) R is a right weak (n,d)-ring;

(2) Ewery left R-module has an epic (n,d — 1)-phantom envelope;
(3) Every left R-module has a monic (n,d — 1)-cophantom cover;
(4)

4) Every pure injective left R-module has a monic (n,d — 1)-cophantom cover.

Proof. (1) & (2) If R is a right weak (n,d)-ring and M is a left R-module, by
Theorem 4.7 M has an (n,d — 1)-phantom preenvelope f : M — N. Then we
get an epimorphism v : M — Im(f) and the inclusion 8 : Im(f) — N such that
f = B~. For any n-presented right R-module A, the exact sequence 0 — Im(f) LA

N 5 L — 0 induces the exact sequence

Torq(A,B)
0 = Torg4+1(A, L) — Tory(A,Im(f)) —— Tory(A4, N).

So Tory(A4, 8) is a monomorphism. Note that
Tory(A, B) Torg(A,~) = Torq(A, f) = 0.

Thus Torg(A4,v) = 0, ie., v is an (n,d — 1)-phantom morphism. It is easy to
verify that 7 is an epic (n,d — 1)-phantom preenvelope of M and so v is an epic
(n,d — 1)-phantom envelope of M. Conversely, suppose (2) is satisfied, let A be an
n-presented right R-module, there exists an exact sequence 0 - K 5 P — A — 0
with P projective. By (2) K has an epic (n,d — 1)-phantom envelope ¢ : K — N,
since P is projective, a is an (n,d — 1)-phantom morphism of right R-modules. It
is now easy to see that ¢ is a monomorphism and so is an isomorphism. Hence K
is (n,d — 1)-flat. Since R is left coherent, any finitely presented left R-module F' is
n-presented and so Torg(K, F') = 0. Therefore fd(K) < d —1 and so fd(A) < d,
which means that R is a right weak (n, d)-ring.

(1) & (3) Suppose R is a right weak (n,d)-ring, let M be a left R-module, by
Theorem 4.7 M has an (n,d — 1)-cophantom cover f : C — M. Then we get
an epimorphism A : ¢ — Im(f) and a monomorphism ¢ : Im(f) — M such that
f = @\, hence fT = ATpT. Since R is coherent, by Proposition 2.7 fT is an
(n,d — 1)-phantom morphism. Similar to the proof (1) = (2), we obtain that @™
is an (n,d — 1)-phantom morphism and so by Proposition 2.7 ¢ is an (n,d — 1)-
cophantom morphism. It is easy to see that ¢ is a monic (n,d — 1)-cophantom
precover and so ¢ is a monic (n,d — 1)-cophantom cover of M. Conversely, let A be
an n-presented right R-module, there exists a short exact sequence 0 — K % F —
A — 0 with F flat, it induces an exact sequence 0 — AT — F+ 9y K+ - 0 with
F* injective. By (2) KT has monic (n,d — 1)-cophantom cover p: C' — K. Since
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F* is injective, g7 is an (n,d — 1)-cophantom morphism, thus p is an epimorphism
and so is an isomorphism. Therefore KT is an (n,d — 1)-injective module. Since
R is left coherent, any finitely presented left R-module B is n-presented. Thus
Extd(B,K*) = 0 for any finitely presented left R-module B which means that F P-
id(KT) <d—1 and so FP-id(A") < d. Therefore by [15, Lemma 3.1] fd(A) < d
and R is a right weak (n, d)-ring.

(3) & (4) It is clear that (3) implies (4). It suffices to show that (4) implies
(3). Let M be a left R-module, M is pure injective, then M** has a monic
(n,d — 1)-cophantom cover v : C' — M™*. Let u: M — M** be the canonical

pure monomorphism. So we get the following pullback diagram
0
K C

M —2s prtt

with A and ¢ monomorphisms. Since 7 is an (n,d — 1)-cophantom morphism, pp =
~Ais an (n,d—1)-cophantom morphism. Let A be an n-presented right R-module, A
is finitely presented, since p is a pure monomorphism and Extd(A, 1) Extd(A, p) =
Ext?(A,v) Ext?(4,)\) = 0, by Lemma 4.1, Ext?(A4, 1) is a monomorphism and so
Extd(A, ) =0, i.e., pis an (n,d — 1)-cophantom morphism. Let h: L — M be an
(n,d—1)-cophantom morphism, there exists ¢ : L — C such that y¢) = ph. By the
universal property of a pullback diagram, there exists a morphism 7 : L — K such
that h = ¢n and so ¢ is a monic (n,d — 1)-cophantom precover of M. Therefore ¢

is an (n,d — 1)-cophantom cover of M. O

5. (n,d)-X-phantom and (n,d)-X-cophantom morphisms under change

of rings

Finally, we study (n,d)-X-phantom and (n,d)-X-cophantom morphisms under
change of rings. Let R — S be a ring homomorphism. Then S is an R-R-bimodule
in a canonical way. Moreover, any left (resp., right) S-module can be regarded as
a left (resp., right) R-module, and any left (resp., right) S-module morphism can
be regarded as a left (resp., right) R-module morphism.

Let g M be a left R-module and gV be a left S-module. There exists a natural
S-module morphism py : S ®r N —g N defined by uyn(t ® x) =tz for any © € N
and t € S and a natural R-module morphism vy, :g M — S ®g M defined by
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vpm(y) = 1® y for any y € M. Tt is easy to check that the composition of R-
module morphisms rN N S® rIN Ly sV is the identity and the composition
of S-module morphisms S ®p M 1&rpy g ®r (S®r M) HoRM g ®gr M is also
the identity. On the other hand, there are a natural S-module morphism ny :
sN — Hompg(S,N) defined by nn(y)(t) = ty for any y € N and t € S and a
natural R-module morphism s : Hompg(S, M) —r M defined by ep(f) = f(1)
for any f € Homp(S, M). It is not hard to verify that the composition of R-module
morphisms N 2% Homp(S, N) ¥ gN is the identity and the composition of S-
module morphisms is also the identity. For a class gX (resp., Xg) of left (resp.,
right) S-modules we denote X (resp., X&) the same class considered as a class of

left (resp., right) R-modules.

Lemma 5.1. Let R — S be a ring homomorphism.

(1) Let Xs be a class of right S-modules such that X@grS € Xs for any element
X of Xs. If S is flat and ¢ : sM — gN is an (n,d)-Xs-phantom mor-
phism in S-Mod, then ¢ : RM — gN is an (n,d)-X&-phantom morphism
in R-Mod.

(2) Let X be a class of right R-modules and Vs be a class of right S-modules
such that yj;f C Xg. If Sg is finitely generated and projective and 1 :
rM — gN is an (n,d)-Xgr-phantom morphism in R-Mod, then 1 Qg ¥ :
S®r M — S®g N is an (n,d)-Ys-phantom morphism in S-Mod.

Proof. (1) For any A € (X&),, by [17, Corollary 11.63], we get the following

commutative diagram
Torfal(A, M) i Tor§+1(A ®pr S, M)
Tor§+l(A,4p)\L \LTordSJrl(A@RS,(p)
Tor} (A, N) = Torg,,(A®g S, N)

Since g S is flat, AQrS € (Xs)y,. Then Tords+1(A®RS, ) = 0and so Toer(A, p) =
0.

(2) For any A € (Ys)n, by [17, Corollary 11.64], we get the following commutative
diagram

Torff, (4, M) — Torf, (4,5 @5 M)
TOI“dR+1(AvSa)l iT0r§+1(A7l®Rgp)
T0r§+1(A, N) = T0r§+1(A, S®gr N)

Since S is finitely generated and projective, A € (V£),, and so A € (Xg),. Hence
Torf (A, ) = 0, thus Tor§+1(A, 1®gr ) =0. O
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Theorem 5.2. Let R — S be a ring homomorphism such that S is flat and Sgr

is finitely generated and projective.

(1) Let Xs be a class of right S-modules such that X ®pr S € Xg for any
X eXs. If o: sM — gN is an (n,d)-Xs-phantom precover in S-Mod
then ¢ : RM — gN is an (n,d)-X&-phantom precover in R-Mod.

(2) If Xs be a class of right S-modules and v : RM — gN is an (n,d)-XE-
phantom preenvelope in R-Mod then 1 ®g ¢ : S®r M — S ®r N is an
(n, d)-Xs-phantom preenvelope in S-Mod.

Proof. (1) By Lemma 5.1 ¢ : gM — gN is an (n,d)-X&-phantom morphism in
R-Mod. Let f: gL — rN be an (n,d)-X&-phantom morphism, then 1 ®g f :
S®rL — grS®g N is an (n,d)-Xs-phantom morphism, and so pun(l ®g f) :
S®gL 'ogf g @r N 8¢ N is an (n,d)-Xs-phantom morphism. By hypothesis
there exists an S-morphism X : S ®r L — ¢M such that puny(1 ®g f) = @), ie.,

such that the following diagram is commutative

!

rN

i 1 lw

®
S®RL*RJC>S®RN

| |

SMLSN

So we have
e(Mvr) = pnv(1 ®r flvr = pnon f = f.

It follows that ¢ :g M —pg N is an (n, d)-X&-phantom precover in R-Mod.

(2) By Lemma 5.1, 1®gr¢ : SQg M — S®r M is an (n, d)-Xs-phantom morphism.
Let g : S®gr M — gL be an (n,d)-Xs-phantom morphism in S-Mod, then g :
S®rM — gL is an (n, d)-X&-phantom morphism in B-Mod by Lemma 5.1. Thus
gonr iR M ™ SorM %5 Lis an (n, d)-X&#-phantom morphism in R-Mod. Hence
there exists a: RN — gL such that the following diagram is commutative

1®
S@R(S@RM)LS@)RL

#S®RJ&I\L l#L

SoprM —2 o~ L

WT w T

rM rN
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So we have
(rr(1®@ra))(1®@rY) = pr(1®r ath) = ur(1 @r gonr)

=pr(1®r 9)(1 ®r var) = glserm (1 ®r var) = g.
Thus 1 ®r ¢ : S®@r M — S ®g N is an (n, d)-Xs-phantom preenvelope. (I

Corollary 5.3. Let R — S be a surjective ring homomorphism and Xs be a class
of right S-modules. Suppose that rS is flat and Sg is projective. A morphism
v :sM — gN is an (n,d)-Xs-phantom precover(resp., cover) in S-Mod if and only
if o : RM — gN is an (n,d)-X&-phantom precover (resp., cover) in R-Mod.

Proof. Note that by [17, Corollary 10.72] S ® g B =g B for any left S-module
sB. By a proof similar to that of Theorem 5.2 (1), ¢ : ¢M — gN is an (n,d)-
Xs-phantom precover in S-Mod if and only if ¢ : gM — gN is an (n,d)—Xé%-
phantom precover in R-Mod. Suppose that ¢ : Mg — Ng is an (n, d)-Xs-phantom
cover in Mod-S. Let 8 : RM — rM be an R-morphism such that ¢f = ¢. Then
o (a0 @R 1) 3 ) = opampy 0 = 90 = @. Hence 6 = pp (0 ®p 1) py) is an
isomorphism. It follows that ¢ : gM — grN is an (n,d)-XZ-phantom cover in

R-Mod. The converse is obvious. O

Lemma 5.4. Let R — S be a ring homomorphism.

(1) Let sX be a class of left S-modules such that S ®g X €g X for any X €
sX. If Sg is flat and ¢ : sM — gN is an (n,d)-sX-cophantom morphism
in S-Mod, then ¢ : gRM — rN is an (n,d)-2X-cophantom morphism in
R-Mod.

(2) Let rX be a class of left R-modules and ) be a class of left S-modules such
that BY C pX. If gS is finitely generated and projective and v: gpM —
rN s an (n,d)-rX-cophantom morphism in R-Mod, then the morphism
Y« Hompg(S, M) — Hompg(S, N) is an (n,d)-s)-cophantom morphism in
S-Mod.

Proof. (1) For any rA € (EX),, by [17, Corollary 11.65], we get the following

commutative diagram
Ext? (S ®@p A, M) — Ext&t!(A, M)
Ext$T (S@RrA,p) l lExthH(A»SP)
Ext?t (S ®p A, N) — Ext4!(4, N)

Since Sg is flat, S®r A € (sX),. Then Exty, (S®rA, ) = 0and so Ext, (4, ¢) =
0.
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(2) For any A € (sY)n, by [17, Corollary 11.66], we get the following commutative

diagram

Ext® (A, Homp(S, M)) — Ext% (A, M)
Ext$T (A,4.) J{ J{Ext?{rl(A,w)

Ext® (A, Hompg(S, N)) — Ext% (4, N)

RS is finitely generated and projective then A € (8Y),, and so A € (rX),, thus
Extht(A,4) = 0 and so Ext%™ (A, ¢,) = 0. O

Theorem 5.5. Let R — S be a ring homomorphism such that Sg is flat and rS

is finitely generated and projective.

(1) Let sX be a class of S-modules such that S @p X € X for any X € gX.
If o : sM — gN is an (n,d)-sX-cophantom preenvelope in S-Mod then
¢©: RM — gN is an (n,d)-BX-cophantom preenvelope in R-Mod.

(2) If sX be a class of left S-modules and v : RM — rN is an (n,d)-EX-
cophantom precover in R-Mod then v, : Homg(S, M) — Hompg(S, N) is
an (n,d)-s X -cophantom precover in S-Mod.

Proof. (1) Note that ¢ : kM — gN is an (n,d)-ZX-cophantom morphism in R-
Mod by Lemma 5.4. Let f : kM — gL be an (n,d)-EX-cophantom morphism
in R-Mod. Then f. : Hompg(S,M) — Hompg(S,L) is an (n,d)-gX-cophantom
morphism in S-Mod by Lemma 5.4. So funas : sM ™% Homp(S, M) Iy Homg(S, L)
is also an (n, d)-gX-cophantom morphism in S-Mod. Thus there exists a left .S-
homomorphism g : ¢N — Hompg(S, L) such that gp = f.nu. So we have

(er9)p =cerfanm =cnef = f.

Hence ¢ : RM — grN is an (n,d)-EX-cophantom preenvelope in R-Mod.

(2) By Lemma 5.4, ¢, : Hompg(S, M) — Homg(S,N) is an (n,d)-sX-cophantom
morphism in S-Mod. Let f : gL — Hompg(S,N) be any (n,d)-sX-cophantom
morphism in S-Mod. Then f : gL — Hompg(S,N) is an (n,d)-ZX-cophantom
morphism in R-Mod by Lemma 5.4. Thus en f : gL i> Hompg(S, N) X rN is also
an (md)—?ét’—cophantom morphism in R-Mod. Hence there is o« : gL — rM such
that Yo = ey f. Thus

Vu (@unr) = (Ya)unr = (enf), e = (en), (fsnr) = (EN), MHomp (s, M) f = f-

So v, : Hompg(S, M) — Hompg(S,N) is an (n,d)-gX-cophantom precover in S-
Mod. ]
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Corollary 5.6. Let R — S be a surjective ming homomorphism with rS flat
and Sg projective. A left S-homomorphism ¢ : sM — gN is an (n,d)-gX-
cophantom preenvelope (resp., (n,d)-sX-cophantom envelope) in S-Mod if and
only if ¢ : pRM — gN is an (n,d)-EX-cophantom preenvelope (resp., (n,d)-Bx-
cophantom envelope) in R-Mod.

Proof. Note that Hompg(S, B) & ¢B for any left S-module ¢B. By a proof similar
to that of Theorem 5.5, ¢: SgM S is an (n, d)- g X-cophantom preenvelope in S-Mod
if and only if ¢ : gpM — grN is an (n,d)-Xg-cophantom preenvelope in R-Mod.
Suppose that ¢: sMSsN is an (n,d)-gX-cophantom envelope in S-Mod. Let
0: RN — grN be a left R-homomorphism such that 8¢ = ¢. Then 0., = p.. Thus
(MN'0n) © =y Ou0unn = N e = ny'nne = ¢. Hence 6 = ny'f.ny is
an isomorphism. So ¢ : gRM — rN is an (n, d)-Xr-cophantom envelope in R-Mod.

The converse is obvious. O

References

[1] M. Auslander and . Solberg, Relative homology and representation theory I,
relative homology and homologically finite categories, Comm. Algebra, 21(9)
(1993), 2995-3031.

[2] D. Bennis, n-X-coherent rings, Int. Electron. J. Algebra, 7 (2010), 128-139.

[3] J. Chen and N. Ding, On n-coherent rings, Comm. Algebra, 24(10) (1996),
3211-216.

[4] S. Crivei, M. Prest and B. Torrecillas, Covers in finitely accessible categories,
Proc. Amer. Math. Soc., 138(4) (2010), 1213-1221.

[5] X.H. Fu, P. A. Guil Asensio, I. Herzog and B. Torrecillas, Ideal approzimation
theory, Adv. Math., 244 (2013), 750-790.

[6] 1. Herzog, The phantom cover of a module, Adv. Math., 215 (2007), 220-249.

[7] 1. Herzog, Contravariant functors on the category of finitely presented modules,
Israel J. Math., 167 (2008), 347-410.

[8] K. Lan and B. Lu, On n-phantom and n-Ext-phantom morphisms, Taiwanese
J. Math., 25 (2021), 941-957.

[9] L. X. Mao, On covers and envelopes in some functor categories, Comm. Alge-
bra, 41(5) (2013), 1655-1684.

[10] L. X. Mao, Precovers and preenvelopes by phantom and Ext-phantom mor-
phisms, Comm. Algebra, 44(4) (2016), 1704-1721.

[11] L. X. Mao, RD-phantom and RD-Ext-phantom morphisms, Filomat, 32(8)
(2018), 2883-2895.

[12] L. X. Mao, Higher phantom and Ext-phantom morphisms, J. Algebra Appl.,
17(1) (2018), 1850012 (15 pp).



(n,d)-Xr-PHANTOM AND (n,d)-rX-COPHANTOM MORPHISMS 27

[13] L. X. Mao, Higher phantom morphisms with respect to a subfunctor of Eut,
Algebr. Represent. Theory, 22(2) (2019), 407-424.

[14] L. X. Mao, Neat-phantom and clean-cophantom morphisms, J. Algebra Appl.,
20(9) (2021), 2150172 (24 pp).

[15] L. X. Mao and N. Q. Ding, Envelopes and covers by modules of finite FP-
injective and flat dimensions, Comm. Algebra, 35(3) (2007), 833-849.

[16] C. A. McGibbon, Phantom maps, in Handboook of Algebraic Topology, North-
Holland, Amsterdam, (1995), 1209-1257.

[17] J. J. Rotman, An Introduction to Homological Algebra, Pure and Applied
Mathematics, 85, Academic Press, Inc., New York-London, 1979.

Mourad Khattari (Corresponding Author) and Driss Bennis
Department of Mathematics

Faculty of Sciences

Mohammed V University in Rabat

Rabat, Morocco

e-mails: mourad.khattaril9@gmail.com (M. Khattari)

driss.bennis@fsr.umb.ac.ma (D. Bennis)



