INTERNATIONAL
ELECTRONC JOURNAL OF
ALGEBRA

INTERNATIONAL ELECTRONIC JOURNAL OF ALGEBRA
Published Online: 5 March 2023
DOI: 10.24330/ieja.1260492

DEFORMATIONS AND EXTENSIONS OF
BIHOM-ALTERNATIVE ALGEBRAS

Taoufik Chtioui, Sami Mabrouk and Abdenacer Makhlouf
Received: 7 August 2022; Revised: 13 December 2022; Accepted: 29 December 2022

Communicated by Stefaan Caenepeel

ABSTRACT. The aim of this paper is to deal with BiHom-alternative alge-
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their structure is defined with two commuting multiplicative linear maps.
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1. Introduction

Algebras of Hom-type have been recently investigated by many authors. They
appeared in the physics literature, during the nineties, in quantum deformations of
some algebras of vector fields, such as the Witt and Virasoro algebras. Hartwig,
Larsson and Silvestrov introduced and studied, in [21], the classes of quasi-Lie,
quasi-Hom-Lie and Hom-Lie algebras. The Hom-analogues of associative, alter-
native, Jordan and Novikov algebras were introduced in [25,26,28]. A categorical
approach to Hom-algebras was first investigated in [4] and a generalization has
been introduced in [20]. A construction of a Hom-category including a group ac-
tion brought to concepts of BiHom-type algebras. Hence BiHom-associative and
BiHom-Lie algebras were introduced in [20]. In [22], BiHom-pre-Lie algebras and
BiHom-Leibniz algebras were defined and studied via Rota-Baxter operators. The
BiHom-versions of alternative, pre-alternative, quadri-alternative and Malcev alge-
bras were introduced in [7] and [8]. The authors gave several constructions con-
necting such structures.

Deformation theory arose essentially from geometry and physics. It is a tool

to study a mathematical object by deforming it into a family of the same kind of
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objects depending on a certain parameter. In the sixties, M. Gerstenhaber intro-
duced algebraic formal deformations for associative algebras in a series of papers
(see [13,14,15,16]). He used formal power series and showed that the theory is
intimately connected to the cohomology of the algebra. The same approach was
extended to several algebraic structures (see [1,2,5,6,23,24]). Other approaches to
study deformations exist. For details see [12,17,18,19,27].

In this paper, we introduce representations, cohomology and formal deformation
theory of left BiHom-alternative algebras. This concept generalizes the classical
and Hom-type cases studied by M. Elhamdadi and A. Makhlouf in [10,11]. In
Section 1, we review the basic definitions and properties related to left BiHom-
alternative algebras and recall their representations. In Section 2, we define first,
second and third coboundary operators and corresponding cohomology groups of
left BiHom-alternative algebras. Section 3 is dedicated to develop a one-parameter
formal deformation theory for left BiHom-alternative algebras. Section 4 is devoted
to the study of central and Ty-extensions of left BiHom-alternative algebras. In the
last section, we provide some results involving generalized derivations on BiHom-
alternative algebras.

Throughout this paper K is a field of characteristic 0 and all vector spaces are over
K. We refer to a BiHom-algebra as quadruple (4, i, «, 5) where A is a vector space,
1 is a multiplication and «, 8 are two linear maps. It is said to be regular if o, 8 are
invertible. The BiHom-associator of a BiHom-algebra (A4, i, a, () is the trilinear
map asq,g defined for all z,y, 2z € A by asa g(z,y, 2) = (2y)B(2) — a(z)(yz). When
there is no ambiguity, we denote for simplicity the multiplication and composition

by concatenation.

2. Preliminaries and basics

In this section, we give some basics and properties on left BiHom-alternative

algebras. We refer for the definitions to [7].

Definition 2.1. A left BiHom-alternative algebra (resp. right BiHom-alternative
algebra) is a quadruple (A, i, o, 8) consisting of a K-vector space A, a bilinear map
uw:Ax A — A and two homomorphisms «,3 : A — A such that aff = Sa,
ap = ua®2 and fu = uﬁ®2, satisfying the left BiHom-alternative identity, i.e. for
all z,y,z € A, one has

asa,p(B(2); (y), 2) + asa,(B(y), a(x), 2) = 0, (2.1)

respectively, the right BiHom-alternative identity, i.e. for all z,y,z € A, one has

asap(z, B(y), a(z)) + asa,p(x, B(2),a(y)) = 0. (2.2)
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A BiHom-alternative algebra is one which is both a left and a right BiHom-alternative

algebra.

Observe that when a = 8 = Id the left BiHom-alternative identity (2.1) reduces
to the left alternative identity and when o = § we recover left Hom-alternative

identity.

Lemma 2.2. A quadruple (A, p, o, 3) is a left BiHom-alternative algebra (resp.
right BiHom-alternative algebra) if and only if

asa,5(B(x), a(z),y) =0

respectively

asa,s(x, B(y), ay)) =0
for any x,y € A. (Since the characteristic of the field K is not 2.)

Definition 2.3. Let (A,p, o, ) and (A", 1, a’, 8) be two BiHom-alternative al-
gebras. A homomorphism f: A — A is said to be a BiHom-alternative algebra
morphism if the following hold

fou:;/o(fggf), foa:QIOfandf05:B/0f.

Definition 2.4. Let (A, i, «, 8) be a BiHom-alternative algebra and V' be a vector
space. Let £, : A — gl(V) and ¢, € gl(V) be two commuting linear maps.
Then (V,£,r,¢,1) is called a bimodule, or a representation, of (A, u,a, ), if for
any r,y € A, veV,

Pl(x) = l(a(x))p, ¢r(z)=r(a(r))d, (2.3)
Yl(z) = L(B(x))Y, Yr(z) =r(B(z))Y (2.4)
L(B(@)a(x))p(v) = (aB(x))(a())v, (2.5)
r(B(z)a(z))d(v) = r(ab(z))r(B(z))v, (2.6)
r(B)(B(x))o(v) — LaB(@))r(y)¢(v) = r(a(@)y)g(v) — r(B(y))r(a(z))(v),
(2.7)
o(y))r(a(z)v(v) — r(af(@)(y)(v) = LyB(x)) g (v) — Lla(y))l(B(x))d(v).
(2.8)

The following observation is straightforward.

Proposition 2.5. A tuple (V,£,r,¢,1) is a bimodule of a BiHom-alternative alge-
bra (A, p, «, B) if and only if the direct sum (A®V,*,a+ ¢, 8+ 1) is turned into



4 TAOUFIK CHTIOUI, SAMI MABROUK AND ABDENACER MAKHLOUF

a BiHom-alternative algebra (the semidirect product) where

(1 4+ v1) * (22 + v2) = p(x1, x2) + U(x1)V2 + 7(22)01, (2.9)
(a+¢)(x+v)=a@)+ o), (B+Y)(x+v)=p5x)+ (). (2.10)
Remark 2.6. Let (A, u,«, 8) be a left BiHom-alternative algebra, define the op-

erator multiplication L, R : A — gl(A) by L(x)(y) = R(y)(z) = zy for z,y in A.
Then (A, L, R, «, 8) is a representation of A called the adjoint representation.

3. Cohomology of left BiHom-alternative algebras

In this section, we construct a cochain complex that defines a BiHom-type co-
homology of a left BiHom-alternative algebra in an A-bimodule V.
Let V = (V,4,7,¢,1) be a representation of a left BiHom-alternative algebra

A= (A7Maavﬁ)'

Definition 3.1. A left BiHom-alternative n-cochain on A with values in V' is an
n-linear map f from A x -+ x A (n-times) to V satisfying:
o(f(z1,...,xn)) = flalzr),...alx,)), (3.11)
V(f(z1,-an) = f(B(@1),..., Blan)). (3.12)
The set of left BiHom-alternative n-cochains on A with values in V' is denoted
by C™(A; V).
For n = 0, we have C°(A; V) = V.
Definition 3.2. The coboundary operator §' : C1(A; V) — C?(A;V) is defined
by:
8" f(a,y) = Ux) f(y) +r(y)f(z) - flzy). (3.13)
We notice that the first differential of a left BiHom-alternative algebra is simi-

lar to the first differential map of Hochschild cohomology of a BiHom-associative

algebra (1-cocycles are derivations) given in [9].

Definition 3.3. The coboundary operator §2 : C2(A; V) — C3(A; V) is defined as

follows:

(52f(1‘,y,2§) = T(B
(

+ o+ +
~
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(y,x,2), forall x,y,z €

Remark 3.4. We have 62f = §2 f o7y, where 712(2, y, 2)

Lemma 3.5. The operators 6, and ds are well defined, that is

5 fop®?=4odlf,

¢pod'f,
pod’f,

®2 _

Sfoa

=)o 62 f.

52f o ﬂ®3

®3 _

Pfoa

Proof. For any x,y,z € A, we have

3" f(a(@), aly))
= l(a(z))f(a(y)) + r(a@))f(a(z)) = fla(@)aly))

= Ua(2))o(f(y)) + r(a(y)o(f(2)) — o(f(zy))

= o(l(x) f(y) + o(r(y) f(x)) — o(f(2y))

§' fo(z,y)

¢o b fx,y)

and

5 f(a(z), aly), a(2))

z,y,2)

~—

Pfoa

—~

~—

~—

—~

~—

~—

—

~—

—

~—

— =~

—

— ~— = =

—_ -

~

The other identities can be shown using the same computation.

Proposition 3.6. The composite §2 o ' is zero.
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Proof. Let x, y, 2 € A and f € C*(A,V). Then

6% 06" f(x,y,2) = r(B(2))0" f(B(x), ay)) — €(aB(x))8" f(aly), 2)
+r(B(2))0" f(B(y), a(x)) — €(aB(y))8" f(a(x), z) + 6" f(B(
) ):B flap

(
=8 f(aB(x),a(y)z) + 6" f(B(y)a(x), B(2)) = &'
(

O’)/-\
~

=r(B(2)(B(x)) f(aly)) +r(B(2))r(a(y)) f(B(z)) - (6(2))f(5(x)a(y))
—Uap(x)e(y)) f(2) — llaB(z))r(2) f(a(y)) + (ab(z)) f(a(y)2)
+r(BNUBW))f () +r(B(z)r(a(@) f(B(y)) — r(B(2) f(By)a(z))
—UaB(y))(a(x)f(z) — LaBy))r(z)fla(@)) + LaBy)) f(alz)2)
+(B(x)a(y))f(B(2)) +r(B(2)) f(B(z)a(y)) = F((B(x)aly))B(2))
—lap(x)) flaly)z) —r(aly)z) f(af(z)) + f(aB(z)(aly)2))
+(By)(@))f(B(2)) +r(B(2)) f(By)a(z)) = F(B(y)e())B(2))
—UaBy)f(ex)z) — r(a(z)2) f(eby)) + f(eB(y)(a(z)2))
=r(B(2)(B(2)) f(aly)) + r(B(z))r(a(2)) f(B(y)) (3.14)
—l(aB(z))r(2)f(aly)) — r(a(z)2) f(aB(y)) (3.15)
+r(B)BY))f () + r(B(2))r(a(y)) f(B(z)) (3.16)
—UeaB(y))r(2)f () —r(aly)z) f(af(z)) (3.17)
+H(B)a() f(B(2)) — lap(@))e(a(y)) f(2) (3.18)
+(By)a(@)) f(B(2)) — LleB(y))l(a(x)) f(2) (3.19)
—f(asa,p(B(2),a(y), 2) + asa,p(B(y), a(z), 2). (3.20)

We have (3.14)+(3.15)=0 and (3.16)+(3.17)=0, using (2.7). Moreover, (3.18)+
(3.19)=0, using (2.5). In addition, (3.20)=0, since A is left BiHom-alternative.
Then, we get 2 o 6! = 0. O

Definition 3.7. The coboundary operator 63 : C3(A; V) — C4(A; V) is defined by
0% f(a1, w2, 23, x4) = La(@1)) f(B(x2), B(x3), B(wa)) — L(c(x1)) f(Ba3), Blx2), B(x4))
+7(B(x4)) f (1), a22), a3)) — r(B(za)) f((22), (1), afs))
(

—fle(z1)B(w2), v3, 4) — fla(x2)B(23), 21, 24) + f (21, (22)B(73), 74)
+f(x3,a(z1)B(72), 24) — f(21, 22, (23)B(74)) + f (72, 71, (23)B(24))-

Lemma 3.8. The operator §° is well defined, that is

Bfoa® =¢odf and 63 f o B =p o 53 f.
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Proof. We can check these identities by a direct computation. O
Proposition 3.9. The composite §% o 62 is zero.

Proof. Let z1,29,73,74 € A and f € C?(A; V). Then, by substituting f with §2f
in the previous formula and rearranging the terms we get

83(62f) (21, T2, 3, 224) =

U(e(a1))82 f(B(x2), B(xs), B(wa)) — £(a(21))8° f(B(x3), B(x2), B(x4))

+7(B(24))8% f(a(@1), @), alw3)) — r(B(24))0° f(a(x2), ala1), a(3))

— 8* f(a(@1)B(x2), x3,24) — 8 f(c(2) B(w3), w1, 24)

+ 67 (21, al2) B(w3), 4) + 0% f (w3, (1) B(w2), w4)

— 6% f (w1, w2, a(w3)B(wa)) + 8 f (w0, 21, a(w3) B(x4)).
= U(a(x1))(8° F(B(w2), Blws), B(x4)) — 6 f(B(w3), Blw2), B(24)))
+7(B(24))(8 f(a(a1), aws), alzs) — 6% f(a(@s), alz1), a(x3))
+0%f( VB (w2), x4) — =8° f(a(w1)B(w2), w3, x4)
+ 0% f( 2)B(w3), 24) — 6° f(a(w2) B(x3), 1, 74)
+ 67 f(xa, 21, 0(x3) B(24)). — 0% f (a1, w2, a(w3) B(w4))
=0 (since 6>f = 0°f o 1ya).

f x3, a(x
f(z1, oz

(]

One can complete the complex by considering 67 = 0, for p > 3. For n = 1,2, 3,
the map f € C™(A;V) is called an n-BiHom-cocycle (or simply an n-cocycle), if
0™ f = 0. We denote by Z™(A; V) the subspace spanned by n-BiHom-cocycles and
by B"(A;V) = §"1(C"1(A;V)). Since 6206 =0 and 6% 062 = 0, B2(A4;V) is
a subspace of Z2(A;V) and B3(A;V) is a subspace of Z3(A;V). Hence, we can
define cohomology spaces of (A, u, a, ) as
Z2(A V)
B2(A; V)

Z3(A; V)

= B V)

H3(A; V) =

4. Deformations of left BiHom-alternative algebras

We develop, in this section, a deformation theory for left BiHom-alternative
algebras by analogy with Gerstenhaber’s deformation theory [13,14,15,16]. Heuris-
tically, a formal deformation of an algebra A is a one-parameter family of multipli-
cations (of the same sort) which reduces, when the parameter is zero, to the original

multiplication of A.
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Let (A, p,a,B) be a left BiHom-alternative algebra over K. Let K][t]] be the
ring of formal power series with coefficients in K. Suppose that A[[t]] is the set of
formal power series with coefficients in A. Then any K-bilinear map f: Ax A — A
(resp. a K-linear map g : A — A), can be extended naturally to a K[[t]]-bilinear
map f : A[l] x A[[] - A[t] (vesp. g = A[[f] — A[[]) by setting

f(zxitiv Zyjtj> = > flaay)t™ (resp. g<zmti) =D _glat).

>0 7>0 4,5>0 >0 >0

Definition 4.1. Let A = (A, u, «, 8) be a left BiHom-alternative algebra. A one-
parameter formal deformation of A is a formal power series d; : A[[t]] x A[[t]] — A[[t]]

of the form

= di(w,y)t" = do(x,y) + di (2, y)t + da(a,y)t* + ...,
i>0

where each d; is a K-bilinear map d; : A x A — A (extended to be K|[[t]]-bilinear)
and do(z,y) = p(w, y), such that the following identities are satisfied:
de(a(z), ay)) = o di(,y), (4.21)
di(B(x), B(y)) = B odi(x,y), (4.22)
de(di(B(2), a(y)), B(2)) — di(aB(x), de(a(y), 2))
+di(de(B(y), a(x)), B(2)) — di(af(y), de(a(), 2)) = 0. (4.23)

Conditions (4.21)-(4.23) are called deformation equations of a left BiHom-alternative

algebra.

Note that A[[t] is a module over K[[t]] and d; defines the K[[t]]-bilinear multipli-
cation on A[[t]] such that A; = (A[[t]], d:, o, B) is a left BiHom-alternative algebra.

4.1. Deformation equations and obstructions. Now we investigate deforma-
tion equations (4.21)-(4.23). Conditions (4.21) and (4.22) are equivalent to the
following equations:
dz(a(x),a(y)) = aodi(x’y)v (424)
di(B(x),B(y)) = Bodi(x,y), (4.25)

respectively, for i = 0,1,2, - - - . Expanding the left hand side of equation (4.23) and
collecting the coefficients of t* yield to

Y (dild;(B(2),ay)), B(2)) — di(aB(x), d;(a(y), 2))

itj=k,i,j>0

+ dz(dj(ﬁ(y)7 a(x)),ﬁ(z)) - dz(a/ﬁ(y)’ dj(a(x)a Z))) =0, for k = 0,1,2,---.
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This equation gives the necessary and sufficient conditions of the left BiHom-
alternativity of d;. It may be written

k

> (didi—i(B(x), a(y)), B(2)) = di(aB(x), dr—i(a(y), 2))

=0
+di(di-i(B(y), a()), B(2)) — di(aB(y), dr—i(a(x), 2))) = 0. (4.26)
The first equation (k = 0) is the left BiHom-alternative condition with respect to

Ho-
For k = 1, we obtain the following equation:

u(dr(B(x), a(y)), B(2)) — p(ap(z), di(a(y), 2)) + u(di(By), a(x)), B(2)) -
w(aB(y), di((z), 2)) + di(u(B(2), a(y)), B(2)) — di(eb(z), ple(y), 2))
+ di(1(B(y), alx)), B(2)) — di(eB(y), (), z)) = 0.

This means that d; must be a 2-cocycle with respect to the left BiHom-alternative
algebra cohomology defined above, that is d; € Z2?(A, A).
More generally, suppose that d, be the first non-zero coefficient after yy in the

deformation d;. This d,, is called the infinitesimal of d;.

Theorem 4.2. The map d, is a 2-cocycle of a left BiHom-alternative algebra co-

homology of A with coefficient in itself.

Proof. In Eq. (4.26) make the following substitution k = pand dy = --- = dp—1 =
0. O

Definition 4.3. Let (A, u, o, 8) be a left BiHom-alternative algebra and d; be an
element in Z2(A, A). The 2-cocycle d; is called integrable if there exists a family
(di)i>o such that dy = 3, d;t" defines a formal deformation A; = (A[[t]], ds, , B)
of A.

The integrability of d, implies an infinite sequence of relations which may be
interpreted as the vanishing of the obstruction to the integration of d,,.

For an arbitrary k, with k& > 1, the k" equation of the system (4.26) may be

written
k—1
Pdy (z,y,2) = Y _di(dii (B(z),0(y)) B(2)) — di (B (), dr—; (a(y), 2))
i=1

+  di(di—i (B(y), a(x)), B(2)) — di (aB(y), dx—i (a(x), 2)) .
Suppose that the truncated deformation of order m — 1

dy =do+tdy +t2dy+ -+t
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satisfies the deformation equation. This deformation is extended to a deformation
of order m, d; = do+tdi +t2da+- - -+t 1dy_1 +t"d,n, satisfying the deformation
equation if

-1

0dp (2,y,2) = di (dm—i (B(), a(y)) B(2)) — di (aB(x), dm—i (a(y), 2))

1

+ di(dm—i (B(y), (), B(2)) = di (aB(y), dm—i ((2), 2)) -

3

The right-hand side of this equation is called the obstruction to finding d., ex-
tending the deformation.

We define a diamond operation on 2-cochains by

di o dj (x,y,2) = di (d; (B(x), a(y)) B(2)) — di (aB(x), d; (a(y), 2))
+d; (d] (ﬂ(y)a O‘(x)) aﬂ(z)) —d; (aﬂ(y)v d] (O‘(x)a Z)) .

Then the obstruction may be written

m—1
Z diOdm,i or Z diOdj.
i=1

i+j=m i,j#m

A straightforward computation gives the following result.
Theorem 4.4. The obstructions are left BiHom-alternative 3-cocycles.

We provide the following observations

(1) The cohomology class of the element Z d; © d; is the first ob-
i+j=m, ij#m
struction to the integrability of d,,.

Let us consider now how to extend an infinitesimal deformation to a
deformation of order 2. Suppose m = 2 and d; = dy + td; + t2ds. The
deformation equation of the truncated deformation of order 2 is equivalent

to the finite system

doody = 0 (dois left BiHom-alternative)
(52d1 = 0 (dl € 7?2 (A, A))
dl <& d1 = 52d2

Then d; od; is the first obstruction to integrate d; and dyod; € Z3 (A, A).

The elements d; ¢ di which are coboundaries permit to extend the de-
formation of order one to a deformation of order 2. But the elements of
H? (A, A) gives the obstruction to the integration of d;.
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(2) If d,,, is integrable, then the cohomological class of Z d; odj
i+j=m, i,j#m
must be 0. In the previous example, d; is integrable implies d; o dy = 62ds

which means that the cohomology class of dy ¢ d; vanishes.

Corollary 4.5. If H® (A, A) = 0, then all obstructions vanish and every d,, €
Z% (A, A) is integrable.

4.2. Equivalent and trivial deformations. In this paragraph, we characterize

the equivalent and trivial deformations of left BiHom-alternative algebras.

Definition 4.6. Let (A, i, «, ) be a left BiHom-alternative algebra. Suppose that
di(w,y) = Yo di(z,y)t’ and dj(z,y) = ;50 di(x,y)t" are two one-parameter
formal deformations of (A, i, @, 8). They are called equivalent, denoted by d; ~ dj,

if there is a formal isomorphism of K][[¢t]]-modules
¢t(x) = Z ¢Z('T)tl : (A[[t]L dt, a, ﬁ) — (A[[tﬂv d;a Q, 5)7
>0

where each ¢; : A — A is a K-linear map (extended to be K][¢]]-linear) and ¢g =
Id 4, satisfying

proa=qaogy ¢p;of=Lod¢,
@t 0 dt(xay) = d;((bt(z)v(ybt(y))'

When di =dy = -+ =0, di = dy is said to be the null deformation. A 1-parameter
formal deformation d; is called trivial if d; ~ dy. A left BiHom-alternative algebra
(A, p, «r, B) is called analytically rigid, if every l-parameter formal deformation d;

of A is trivial.

Theorem 4.7. Let di(z,y) = Y ,o0di(z,y)t" and dj(z,y) = > >0 di(z,y)t" be
equivalent 1-parameter formal deformations of a left BiHom-alternative algebra
(A, u,a, 3). Then dy and d; belong to the same cohomology class in H?(A, A).

Proof. Suppose that ¢:(z) = Y, ¢i(x)t" is the formal K[[¢]]-module isomorphism
such that ¢, 0o« = o ¢y, py 0 f = o ¢, and

Z@(Zdj(w,y)tj)ti - ng(z (@), S ¢l(y)tl)y‘,
20 j>0 i>0 k>0 k>0
It follows that

ST b dia ) = S d(gnla), duly))

i+j=n i+k+l=n
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In particular,

> di(di(y))t = D di(¢rl@), dily))t T

i+j=1 it+k+I1=1

Since ¢y = id, we obtain

dy(2,y) + ¢1(u(x,9)) = pldr(2),y) + plx, ¢1(y)) + di (2, y)-
Then dy — d} € B?(A, A). Therefore, d; and d} are cohomologous. O

Theorem 4.8. Let (A, p, o, ) be a left BiHom-alternative algebra such that
H?%(A,A) =0. Then (A, u,a, ) is analytically rigid.

Proof. Let d; be a one-parameter formal deformation of (A, u, o, 8). Suppose that
dt = d() + len dltz Then

2dy=diodp1+dyody_o+-+dp_10dy =0,

that is d,, € Z2(A, A) = B?(A, A). Tt follows that there exists f,, € C*(4, A) such
that d,, = 6' f,,.

Let ¢y = ida — t"fn : (A[[t]),d}, o, 8) — (A[[t]], dt, @, B), where d}(z,y) =
oy di(di(x), ¢ (y)). Here, ¢y is an isomorphism since

o) fut™ = fut™ o dr = idagy.
i>0 i>0

Moreover, we have ¢, 0o« = ao ¢ and ¢ 0 8 = 30 ¢y.

It is straightforward to prove that d} is a one-parameter formal deformation of
(A, p, @, B) and dy ~ d;. Assume that di(z,y) = >, dj(z,y)t" and use the fact
that ¢ o dj(x,y) = di(pe(x), $(y)). Then

(ida — fut") (S di,y)t) = (do+ " dit?) (x = fule)t™,y = fulg)t"),

>0 i>n
i.e.,
do(z,y) +Zd’xy anod (z,y)t
i>1 i>0
= do(z,y) = (do(fn(2),y) + do(, fu(y)t" + do(fu (@), fu(y))t*"
+Zdz(x7y)t1_2(dz(fn($) )+d (:C fn tz+n+zd fn fn(y))tH_Qn'
i>n i>n i>n
Then we have d} =d = ... =d,,_; = 0. Since dy = dj,, we have

d’/ﬂ(‘r7y) - fn o do(l‘,y) = _(do(fn(x)ay) + d0($7fn(’y))) + dn(x,y).

Hence dj, = d,, — 6 f,, = 0 and dj(x,y) = dy + 3,5, di(z,y)t". By induction,
this procedure ends with d; ~ dy, so, (A, p, a, B) is analytically rigid. (]
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5. Extensions of BiHom-alternative algebras

5.1. Dual representations of regular BiHom-alternative algebras. In this
section, we construct the dual representation of a representation of a BiHom-
alternative algebra without any additional condition. This is nontrivial and to our
knowledge, people needed to add a very strong condition to obtain a representation
on the dual space in former studies which restricts its development.

Let (V,4,r,¢,1) be a regular representation of a regular BiHom-alternative al-
gebra (A, u, o, 8). Define £*,r* : A — gl(V*) as usual by

(€7 (2) (&), w) = (& 4(x)(w)) and (r*(z)(£), u) = (& r(x)(u))

for all x € A,u € V,€ € V*. However, in general (r*,£*) is not a representation of
A. Define r*,0* : A — gl(V*) by

() () = (a7 B (@) (077" (€) (5.27)
and
(@) (€) == r* (@287 (@) (977" (6)) (5.28)
for all z € A, £ € V*. More precisely, we have
(0" (@)(€),u) = (& L™ ?B(x)) (¢~ (u)) (5.29)
(r*(2)(€),u) = (&, r(aB~> (@) (¢~ ' (u)) (5.30)

forall x € A,u eV, e V*.

Theorem 5.1. Let (V,¢,r,¢,1) be a representation of a BiHom-alternative alge-
bra (A, pu, a0, ). Then (V*,7* 0%, (¢~ 1)*, (v~=1)*) is a representation of (A, p1, v, 1))
where the linear maps €*,7* : A — gl(V*) are defined above by (5.27) and (5.28).

Proof. For all x € A, € V*, we have

Cla@)(¢e7)(€) =@ @)@ ) (€)= (67) (" (@ B @) (¢~ ) (€)
= (¢7)" (" (2)(§))

CEEN@T)©) =@ @)@ )@ =@ ) (@ B @) (6T YT ()
= (") (¢ (@)(©)).

Similarly, we can check that
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On the other hand, by Egs (2.5), (2.6) and (5.29), for allz € A, € V* and u € V,
we have
C(Blx)a(x)) (67 1)" (€) — £ (aB(@))0* (B(x))(€), u)
= (C*(B(x)a(@) (@) (€), u) — (£ (ap(x))* (B(x))(€), u)
= {(¢71)" (), la™?B*(x)a™" Blx ))((b ™ (u)))
(
= (&

—~

— (& a7232 (@)l B(@)) (o2 (u))
Ua™2B2(z)a™?B(x)) (¢~ ( )) = La2B2 (@) la2B(x)) (¢~ 292 (u)) = 0.
Using Egs (2.6), (2.6) and (5.30), for all z € A,£ € V* and u € V, we have

(r* (B(x)a(x)) (1) (€) = r*(aB(@))r* (a(x))(€), u)

= (r*(B(x)a(@)) (™) (&), u) — (r*(aB(@))r*(a(@))(€),u)

= ()" (5),7"( “H@)a?B7() (¢ (W)

— (&, r(@®B72(@))r(aB 2 (2)) (¢ 22 (w))

= (& r(af72(2)a®B 73 (2)) (¢ ™2 (w) = r(?B7 2 (@))r(aB ™ (2)) (¢ 2% (u))) = 0.
Similarly, we obtain the other identities. Therefore, (V*,r*, €*, (¢=1)*, (1h=1)*) is a

representation of (A, u, a, ). O

Lemma 5.2. Let (V,{,r,¢,¢) be a representation of a BiHom-alternative algebra
(A, p,c, B). Then we have

() =loa38% and (r*)* =rod’B5.
Proof. Let 2 € A,u € V,¢ € V*, we have
(€@ @)(w) = (&) (0 82(@)(@(w)) = (¢* (o™ 82(2))(€), ¢ (u))
= (& a8 (@))(w),
which implies that (£*)* = foa~343. Similarly, we can check (r*)* = roa38=3. O
Corollary 5.3. Let (A, u,a, ) be a BiHom-alternative algebra.
Then R*,L* : A — gl(A*) defined by

L*(2)(€) = L* (™' A%(2)) (@™ B71)*(€) and R*(x)(§) = R*(a?87 (x)) (@™ 571" (€)
(5.31)

forallz € A ¢ € A*, is a representation of the BiHom-alternative algebra (A, u, «, 3)

on A* with respect to ((a™1)*,(871)*). It is called the coadjoint representation.

Using the coadjoint representation (R*,L*), we obtain a semidirect product

BiHom-alternative algebra structure on A & A*.
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Corollary 5.4. Let (A, u,«, ) be a BiHom-alternative algebra. Then there is a
natural BiHom-alternative algebra (A @ A*, paga-,a @ (a™1)*, 3@ (B71)), where
the BiHom-alternative product paga~ s given by

fapa-(z + &y +n) = p(@,y) + R (n) + L*(2)(y) () (5.32)
forallx,y e A,¢,ne A*.
5.2. Central extensions and Ty-extensions of BiHom-alternative algebras.

An extension A with twist maps (&, B) of a BiHom-alternative algebra (A4, -, «, 8)

by a representation(V, ¢, r, ¢,1) is an exact sequence
0—V "5 A-"34-—0
satisfying G oi=io¢, foi=1io1), aor=moda, Bor=mof.

A central extension of a BiHom-alternative algebra (A, u, «, 8) is an extension

in which the annihilator of A contains (V).

Example 5.5. Let (4, -, «, §) be a BiHom-alternative algebra, V' be a vector space
and w: A X A — V be a bilinear map. We define the following multiplication on
the vector space direct sum A @V by

(x+u)e(y+v)=x-y+wxy), Ve, ye A, u,veV. (5.33)
Define the linear maps @,3: A®V — AV by

alz+u)=ar)+u, Blx+u) =) +u YA uel.

It is clear that @B = Ba. Then (A ® V, @, 3) is a BiHom-alternative algebra if and

a((z+u)e(y+v)) =a(

B((z+u) e (y+v)) =Bz +u)eBy+v),

Bz +u) ea(z +u)) o By +v) —af(z +u) e (a(z +u) e (y+v) =0,
(z+u) e By +v)) ea@B(y +v) —alz +u) e (By +v) ea(y +v)) =0,

x+u)ealy+v),
+

which are equivalent to

wla(z), aly)) = w(B(x), By)) = w(z,y), (5.34)
w(B(z)a(z), By)) = w(af(z), a(z)y), (5.35)
w(zf(y), ab(y)) = wlal(z), By)a(y))- (5.36)

In this case, we have an exact sequence

00—V ‘5 AV "5 A0
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such that ker(m) = {0} @V C Ann(A ® V). Then the extension is central. It is
called the central extension of A by V' via w.
Note that if we consider V as a trivial bimodule of A, then A @ V is a central

extension of A by V via w if and only if w € Z2(4; V).

The notion of Ty-Extensions was introduced first in [3]. In the sequel we show

that this concept can be extended to BiHom-alternative algebras.

Proposition 5.6. Let (A, -, «, 3) be a BiHom-alternative algebra and (V, £,r, ¢, 1)
be an A-bimodule. Let 0 : A x A — V be a bilinear map. Define on the direct sum
AV the product

(x4+u)o(y+v)=zy+L(z)v+r(y)u+o(z,y). (5.37)

Then (A @ V,o,a + ¢, 0 + ¢) is a BiHom-alternative algebra if and only if the

following conditions hold

This means that 6 € Z2(A; V). In this situation, A®V is called the Ty-extension
of Aby V via 0.
As an application of the previous result, let us consider the dual representation.
Let (V*,r*, 0* (¢ 1)*, (¥~1)*) be the dual representation of (V,¢,r, ¢,1). Define a
bilinear map 0 : A x A — V* and consider on the vector space A @ V* the product

(x+flo(y+g)=zy+r(x)g+L(y)f+0(z,y). (5.41)



DEFORMATIONS AND EXTENSIONS OF BIHOM-ALTERNATIVE ALGEBRAS 17

Then (ABV*,0,a+ (¢~ H)*, B+ (»~1)*) is a BiHom-alternative algebra if and only
if the following conditions hold
(@) 0(x,y) = 0(a(x), aly)), (™) 0(z,y) = 0(8(x), B(y)), (5.42)
0(B(x)a(y), B(2)) + €7 (B(=
+0(B(y)a(z), B(2)) + £ (B(=

—_  —

Under these considerations, A @ V* is called the T -extension of A by V* via 6.
Note that the T*-extension corresponds to the case of § = 0 in the above construc-

tion.

6. Generalized derivations of BiHom-alternative algebras

This section is devoted to investigate generalized derivations of BiHom-alternative
algebras. In the sequel A denotes a BiHom-alternative algebra (A4, u, «, 8).
For any integer k and [, denote by o the k-times composition of a and by A3

the [-times composition of j, i.e.,

ak:ao...oa, Bl:ﬁo...oﬂ.
N—— —_——
k—times l—times

Let U be the subspace of End(A) defined by
U:={u€ End(A) |Juca=aou, uof =pou}
and let «, 5 : U — U be two linear maps defined as follow
a(u)=aou, B(u)=Bou, YueU.
The space (U, [, ], &, E) is a BiHom-Lie algebra where [u,v] = w0 v — v o u for any
u,v € U.
Definition 6.1. A linear map D : A — A is said to be an o !-derivation on A,
for k,l € N, if it satisfies the following conditions:
[D,a] =0, [D,f] =0, (6.45)
D(xy) = D(x)a* ' (y) + o*B'(x) D(y), Vz,y € A. (6.46)

We denote the set of all a*B!-derivations by Deryxgi(A) and

Der(A) = @ Dergrpi(A).
k>0
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We can easily show that Der(A) is equipped with a Lie algebra structure. In fact,
for D € Deryip(A) and D' € Derqspi(A), we have [D,D'] € Deryitsgise(A),
where [D, D’] is the standard commutator defined by [D, D’'] = DD’ — D'D.

It is well known that the BiHom-commutator algebra A~ of A is a BiHom-
Malcev algebra and the BiHom-anti-commutator algebra AT of A is a BiHom-

Jordan algebra. We state the following result.

Proposition 6.2. Let D be an o Bt -derivation on A. Then D is still an o B'-
derivation on its associated BiHom-Jordan algebra A* and on its associated BiHom-

Malcev algebra A~ .

Definition 6.3. A linear map D € End(A) is said to be an o 8'-quasi-derivation
of A if there exists a linear map D’ € End(A) such that

[D,a] =0, [D',a] = 0,[D, 5] =0, [D', 8] =0,
D'(zy) = D(x)a*B'(y) + o*p'(2)D(y), ¥ o,y € 4,
and we say that D associates with D’.

Definition 6.4. A linear map D € End(A) is said to be an oF3!-generalized
derivation of A if there exist linear maps D', D” € End(A) such that

[Daa] =0, [Dlva] =0, [D”aa] =0, [D,ﬂ] =0, [Dlaﬂ] =0, [D”aﬂ] =0,
D’ (ay) = D(@)a"B'(y) + o*B'(@)D'(y), Va,y € A,
and we also say that D associates with D’ and D".

Definition 6.5. An o ('-generalized derivation D of A associated with D’ and
D" is said to be symmetric if (for any z,y € A)

D" (zy) = D(z)a*B'(y) + o* B (x)D' (y) = D' (z)a* B (y) + o* B () D(y).

The sets of generalized derivations, quasi-derivations and symmetric o 3'-generalized
derivations will be denoted by GDer(A), QDer(A) and SGDer(A) respectively.

It is easy to see that
Der(A) C QDer(A) C SGDer(A) C GDer(A).
Definition 6.6. A linear map 6 € End(A) is said to be an o 3!-centroid of A if
[0,a] =0, [0,8] =0, (6.47)
O(zy) = (x)a* ' (y) = "B (2)0(y), ¥ z,y € A. (6.48)

The set of a*f-centroids of A is denoted by C(A).
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Definition 6.7. A linear map 6 € End(A) is said to be an o 8'-quasi-centroid of
A if

[0,0] =0, [0,8] =0, (6.49)
0(z)a* B (y) = "B (2)0(y), V z,y € A. (6.50)

The set of ¥ B'-quasi-centroids of A is denoted by QC(A). We have C(A) C
QC(A).

Proposition 6.8. Let D € Der(A) and 8 € C(A). Then
[D,0] € C(A).
Proof. Assume that D € Deryig, 0 € Cysp:(A). For arbitrary x,y € A, we have

DY(x)a** 5 (y) = D(O(x)a” B (y)) — o B'(8(x)) D(a* B (y))
= D(0(x)a*B'(y)) — 0(a* ' (x)) D(a* B (y))
= DO(xy) — "B (2)0D(y). (6.51)

and

0D ()a* 81 () = O(D(a)a" B (1))
— 0D(zy) — 0(a*B'(2)D(y))
— 0D(zy) — (aF+*B (2)0D(y)). (6.52)

By making the difference of equations (6.51) and (6.52), we get

[D,6](xy) = [D, 0](x)a" "6 (y).

O
Proposition 6.9. C(A) C QDer(A).
Proof. Let § € Cyrpi(A) and z,y € A, then we have
0(x)a”B'(y) + a5 (2)0(y) = O(x)a™B' (y) + 0(z)a*B' (y)
= 20(zy) = D' ().
Then 0 € QDer i g (A). O

Proposition 6.10. [QC(A), QC(A)] C QDer(A).



20 TAOUFIK CHTIOUI, SAMI MABROUK AND ABDENACER MAKHLOUF

Proof. Assume that 6 € QCurp(A) and 6" € QCqsp:(A). Then for all z,y € A,

we have
0(z)a*B' (y) = o* ' (2)0(y),
0'(x)a* B (y) = a*B(2)0' (y)-
Hence we obtain
[0,0](x)a™ 5 (y) = (06" - 0'0)(x)a" B (y)
= 00 (x)a" 5 (y) — 0'0(x)a 5 (y)
= " (2)0'0(y) — T B ()06 (y)
= —aF N (2)[6,6'](y),
which implies that [0, 0'](z)a* ¢ B (y) + o5 51FE (2)[0, 0'](y) = 0.
Then [0,0'] € QDerqr+spie(A). 0
Proposition 6.11. The spaces GDer(A), QDer(A) and C(A) are BiHom-subalgebras
of U, [, ], & B).
Proof. For any generalized o B'-derivation D, it is obvious to see that
Doda=aoD e GDergiiig and Do = oD € GDergigiir.
So that &(GDer(A)) C GDer(A) and B(GDer(A)) € GDer(A).
Let Dy € GDeryip(A) and Dy € GDergsp:(A), then, for z,y € A, we have
Dy (zy) = Di(x)a* ' (y) + o*B'(2) Dy (y), (6.53)
Dy” (zy) = Da(x)a® 8 (y) + o’ () Dy (y)- (6.54)
Moreover
[D1, Ds)(2)a 8" (y) =Dy Dy(x)a* 8 (y) — DDy (z)a* 5+ (y)
=Dy"(D2(x)a’B'(y)) — oc’“ﬂlDz(x)Dlasﬂt(y)
—Dy” (D (2)a* B (y)) + o* 8" D1 (z) Dya B (y)
=Dy"Dy”(zy) — D1” ("' (x) D3 (y))
—Dy” ("B (x) Dy (y)) + o™F* B () Dy DY (y)
—D2" D17 (xy) + Do (o B! () D' (y))
+D17 (a* ' (x) Dy(y)) — o+ () D Dy(y)
=[D17, Dy”|(xy) — o** B (2)[DY, Do) (y).

Then [D1, D5] is a generalized o***3**-derivation on A. Therefore GDer(A) is a
BiHom-subalgebra of (U, [-, -], &, E)
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Similarly, we can show that QDer(A) and C(A) are also BiHom-subalgebras of
(U7 [7}’67[3) ([l

Proposition 6.12. We have SGDer(A) = QDer(A) + QC(A).

Proof. Let D € SGDer(A) associated with D" and D”. Then for any z,y € A,

we have

D" (zy) = D(x)a*B'(y) + o* B () D' (y) = D' (z)a* B (y) + o* B () D(y).

We remark that D = D+TDl + D_TD/. So we will prove that 2£2° € QDer(A) and

2
D_QD/ € CD(A). For this, take z,y € A, then

D+ D D+ D’

(@) (w) +o* 8 ) 2 )
= 2(D(@)a*5'(y) + D (2)a*B'(y) + 0" (x) D(y) + a*5'(x) D' (1)

— D77 (xy)’

which implies that 2£2- € QDer(A).

On the other hand, we have
D-D
2

(£)a"5'(y) =5 (D(x)a*B'(y) — D' (x)a B (1)

1
=5 (0" B'(2)D(y) — a*B'(2) D' (y))
D-D
T(?J%
which means that D;D/ € CD(A). Hence D € QDer(A) + QC(A). Moreover, it
is straightforward to prove QDer(A) + QC(A) C SGD(A). Therefore SGD(A) =
QDer(A)+ QC(A). O

—a*pl(z)
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