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ABSTRACT. Motivated by recent work on Hom-Lie algebras and the Hom-
Yang-Baxter equation, we introduce a twisted generalization of the classical
Yang-Baxter equation (CYBE), called the classical Hom-Yang-Baxter equa-
tion (CHYBE). We show how an arbitrary solution of the CYBE induces
multiple infinite families of solutions of the CHYBE. We also introduce the
closely related structure of Hom-Lie bialgebras, which generalize Drinfel’d’s
Lie bialgebras. In particular, we study the questions of duality and cobracket
perturbation and the sub-classes of coboundary and quasi-triangular Hom-Lie

bialgebras.
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1. Introduction

The classical Yang-Baxter equation (CYBE), also known as the classical triangle
equation, was introduced by Sklyanin [47,48] in the context of quantum inverse
scattering method [19,20]. The CYBE in a Lie algebra L states

[T12,713] + [r12,723] + [r13,723] = 0
for an r € L®2. Here for r = d>ri®roand s =) 51 ®s9 € L®2 the three brackets
are defined as
[r12,813) = Z[Thsﬂ ® 1o ® Sa,
[T12, 523] = Zﬁ ® [re,51] @ s2,

[r13, s23] = Zﬁ ® s1 @ [r2, s2].
Such an 7 is said to be a solution of the CYBE or a classical r-matriz. The CYBE
is one of several equations collectively known as the Yang-Baxter equations (YBE),
which were first introduced by Baxter, McGuire, and Yang [2,3,51] in statistical
mechanics. The various forms of the YBE and some of their uses in physics are

summarized in [44].
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The CYBE is closely related to many topics in mathematical physics, including
Hamiltonian structures [8,9,23,24], Kac-Moody algebras [13,30], Poisson-Lie groups,
Poisson-Hopf algebras, quantum groups, Hopf algebras, and Lie bialgebras [10,12,
13,14,45,46]. There are many known solutions of the CYBE. For example, each
complex semi-simple Lie algebra has a non-trivial classical r-matrix [5,6,7,10,13,28,
29]. There are numerous articles in the literature that deal with classical r-matrices,
e.g., [4,21,22,42,43,49,50], to name a few. Classification of solutions of the CYBE,
possibly in parametrized form, can be found in [5,6,7,31].

The purpose of this paper is to study a twisted generalization of the CYBE
and the closely related object of Hom-Lie bialgebra, both of which are motivated
by recent work on Hom-Lie algebras and the Hom-Yang-Baxter equation (HYBE).
Before we define our twisted CYBE, let us recall some basic definitions and results
about Hom-Lie algebras and the HYBE.

A Hom-Lie algebra (L,[—, —], &) consists of a vector space L, an anti-symmetric
bilinear operation [—, —]: L®? — L, and a linear map a: L — L, such that the
Hom-Jacobi identity

[z, 9], a(2)] + [z, 2], ()] + [ly, 2], a(2)] = 0 (1.1.1)
holds for all z,y,z € L. Tt is multiplicative if, in addition,

aol—,—]=[-—]o a®?,

If a = Id, then the Hom-Jacobi identity reduces to the usual Jacobi identity, and
we have a Lie algebra. Hom-Lie algebras were introduced in [25] to describe the
structures on some g-deformations of the Witt and the Virasoro algebras. Earlier
precursors of Hom-Lie algebras can be found in [1,26,34]. Hom-Lie algebras are
closely related to discrete and deformed vector fields [25,32,33]. Further studies of
Hom-Lie algebras and related Hom-type algebras can be found in [36]-[40], [52]-[60],
and the references therein.

In [54] the author introduced the Hom-Yang-Baxter equation (HYBE) as a Hom-
type generalization of the YBE. The HYBE states

(a®@B)o(BRa)o(a®B)=(B®a)o(a® B)o(B® a), (1.1.2)

where V is a vector space, a: V. — V is a linear map, and B: V&2 — V®2 jg
a bilinear, not-necessarily invertible, map that commutes with a®?. The HYBE
reduces to the usual YBE when o = Id. Several classes of solutions of the HYBE
were constructed in [54], including those associated to Hom-Lie algebras and Drin-
fel’d’s (dual) quasi-triangular bialgebras [13]. It is also shown in [54] that, just like
solutions of the YBE, each solution of the HYBE gives rise to operators that sat-
isfy the braid relations. With an additional invertibility condition, these operators

give a representation of the braid group. Additional solutions of the HYBE were
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constructed in [56], some of which are closely related to the quantum enveloping
algebra of s[(2), the Jones-Conway polynomial, and Yetter-Drinfel’d modules.

As illustrated by the definitions of Hom-Lie algebras and the HYBE, Hom-type
structures arise when the identity map is strategically replaced by some twisting
map «. With this in mind, we define the classical Hom-Yang-Bazter equation
(CHYBE) in a Hom-Lie algebra (L, [—, —], «) as

o def
([, 7] < (12, 713) + [F12, 723) + [r13,723]) = 0 (1.1.3)
for r € L®2. The three brackets in (1.1.3) are defined as

[r12,813] = Z[Th 51] ® a(rz) ® a(s2),
[r12, s23] = Za(ﬁ) ® [r2, 51] ® a(s2), (1.1.4)
[r13, 528] = > a(r1) ® a(s1) @ [r, 52,

where 7 =Y 71 ®rg and s = Y 81 ® 89 € L®2. If a = Id (i.e., L is a Lie algebra),
then the CHYBE reduces to the CYBE: [[r,7]]’? = 0. In this case, a solution of the
CHYBE is just a classical r-matrix.

In this paper we study the CHYBE and related algebraic structures. Let us now
briefly describe the results that will be proved in later sections.

First we address the question of constructing solutions of the CHYBE. We go
back to Hom-Lie algebras and the HYBE for inspirations. There is a general
strategy introduced in [53] that twists an algebraic structure into a correspond-
ing Hom-type object via an endomorphism. In particular, it is not hard to check
directly that if L is a Lie algebra and «: L — L is a Lie algebra morphism, then
L, = (L,[-, —]a, @) is a multiplicative Hom-Lie algebra, where the twisted bracket
[—, —]a is defined as « o [—,—] [53]. There is a similar result about twisting a
solution of the YBE into a solution of the HYBE [56].

In section 2, we show that if r € L®? is a solution of the CYBE in the Lie
algebra L and if a: L — L is a Lie algebra morphism, then (a®2)"(r) is a solution
of the CHYBE in the Hom-Lie algebra L, = (L, [—, —]a, ) for each integer n > 0
(Theorem 2.2). In other words, each Lie algebra endomorphism and each classical
r-matrix induces a (usually infinite) family of solutions of the CHYBE. This gives
an efficient method for constructing many solutions of the CHYBE. We illustrate
this result with the Lie algebra s[(2), equipped with its standard classical r-matrix
(2.2.2). We compute the solutions (a®?)"(r) of the CHYBE for all the Lie algebra
endomorphisms « on sl(2) (Propositions 2.3 - 2.5), making use of the classification
of these maps obtained in [56]. There is a distinct property of these solutions of the
CHYBE that is worth mentioning. In fact, on the one hand, the standard classical

r-matrix on sl(2) lies in a two-dimensional subspace of s[(2)®2. On the other hand,
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all nine dimensions in s[(2)®? are involved in describing (a®2)"(r) for the various
endomorphisms on s[(2) (Remark 2.6).

As Drinfel’d explains in [13], classical r-matrices often arise in conjunction with
the richer structure of a Lie bialgebra, which consists of a Lie algebra that also
has a Lie coalgebra structure, in which the cobracket is a 1-cocycle in Chevalley-
Eilenberg cohomology ((3.3.1) with ao = Id). Dualizing the definition of a Hom-Lie
algebra, one can define a Hom-Lie coalgebra (Definition 3.2), as was done in [39].
We generalize Drinfel’d’s Lie bialgebra and define Hom-Lie bialgebra (Definition
3.3), in which the cobracket satisfies an analogous cocycle condition (3.3.1). In
fact, the condition (3.3.1) says exactly that the cobracket in a Hom-Lie bialgebra
is a 1-cocycle in Hom-Lie algebra cohomology (Remark 3.4).

In section 3, we show that an arbitrary Lie bialgebra can be twisted into a Hom-
Lie bialgebra via any Lie bialgebra endomorphism (Corollary 3.6). This gives an
efficient method for constructing Hom-Lie bialgebras. When the twisting maps
are invertible, we give a group-theoretic criterion under which two such Hom-Lie
bialgebras are isomorphic (Theorem 3.8 - Corollary 3.10). Using these results,
we observe that uncountably many mutually non-isomorphic Hom-Lie bialgebras
5[(2)4 can be constructed this way from the Lie bialgebra s[(2) (Corollary 3.13 and
Corollary 3.14). We also show that Hom-Lie bialgebras have a self-dual property.
Namely, for a finite dimensional Hom-Lie bialgebra, its linear dual is also a Hom-Lie
bialgebra with the dual bracket, cobracket, and a (Theorem 3.11). These results
are illustrated with the Lie bialgebra s[(2) (Corollary 3.12 - Corollary 3.15).

The connection between classical r-matrices and Lie bialgebras comes from the
sub-classes of coboundary and quasi-triangular Lie bialgebras [13]. A coboundary
Lie bialgebra (L, r) is a Lie bialgebra L in which the cobracket A is a 1-coboundary
in Chevalley-Eilenberg cohomology, i.e., A = ad(r) for some r € L®? (see (4.1.1)
with o = Id). A quasi-triangular Lie bialgebra is a coboundary Lie bialgebra (L, r)
in which r is also a classical r-matrix (i.e., r satisfies (1.1.3) with a = Id).

In section 4, replacing the identity map by a general twisting map «a, we define
coboundary Hom-Lie bialgebras and quasi-triangular Hom-Lie bialgebras (Defini-
tion 4.1) as analogous sub-classes of Hom-Lie bialgebras. In a coboundary Hom-Lie
bialgebra, the cobracket A is a 1-coboundary ad(r) in Hom-Lie algebra cohomol-
ogy (Remark 4.2). A quasi-triangular Hom-Lie bialgebra is a coboundary Hom-Lie
bialgebra in which r is also a solution of the CHYBE (1.1.3). These Hom type
objects can be constructed by twisting coboundary and quasi-triangular Lie bial-
gebras, respectively, via suitable endomorphisms (Corollary 4.4). For example, the
Hom-Lie bialgebras s[(2), in Corollary 3.13 are all quasi-triangular Hom-Lie bialge-
bras (Corollary 4.6). We then describe conditions under which a Hom-Lie algebra
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L and an element » € L®? give a coboundary or a quasi-triangular Hom-Lie bial-
gebra (Theorem 4.7 and Corollary 4.4). Going a step further, given a coboundary
Hom-Lie bialgebra, we give several characterizations of when it is a quasi-triangular
Hom-Lie bialgebra (Theorem 4.11), i.e., when r is a solution of the CHYBE.

In section 5, we study cobracket perturbation in (quasi-triangular) Hom-Lie bial-
gebras, following the perturbation theory initiated by Drinfel’d for quasi-Hopf al-
gebras [11,15,16,17,18]. In particular, we describe conditions under which the co-
bracket in a Hom-Lie bialgebra can be perturbed by a coboundary to give another
Hom-Lie bialgebra (Theorem 5.1 and Corollary 5.3). There is a similar result about
cobracket perturbation in a quasi-triangular Hom-Lie bialgebra (Corollary 5.4).

2. Solutions of the CHYBE from classical r-matrices

2.1. Conventions. Throughout the rest of this paper, we work over a fixed field k
of characteristic 0. Vector spaces, tensor products, linearity, and Hom are all meant
over k. If f: V — V is a linear self-map on a vector space V, then f*: V — V
denotes the composition f o---o f of n copies of f, with f© = Id. For an element
r =311 ®@ry € V2 the summation sign will often be omitted in computations
to simplify the typography.

The first result shows that, given a Lie algebra endomorphism, each classical
r-matrix induces an infinite family of solutions of the CHYBE. Afterwards, we will
illustrate this result with the Lie algebra sl(2).

Theorem 2.2. Let L be a Lie algebra, r € L®? be a solution of the CYBE, and
a: L — L be a Lie algebra morphism. Then for each integer n > 0, (a®2)"(r)
is a solution of the CHYBE (1.1.3) in the Hom-Lie algebra L, = (L,[—,—]o =

aol[—, —],a).

Proof. We already mentioned in the introduction that L, is a Hom-Lie algebra,
a fact that is not hard to check directly [53]. (In fact, the Hom-Jacobi identity
for [—, —]a is a2 applied to the Jacobi identity of [—, —].) It remains to show that
(a®?)"(r) satisfies the CHYBE (1.1.3) in the Hom-Lie algebra L,, i.e.,

[[(@®)™(r), (@®*)™(r)]]* = 0.

Write 7 = Y. r @ ro € L®? and let v’ = > 7} @ r, be another copy of r. Using
a([—,—]) = [~, =] o @®? and the definition [, —], = a([—, —]), we have
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[(a®2)"(r), (@®2)" (1)]]* = [a"(r1), " (r])]a @ a(a™(r2)) @ (™ (1))
+a(a”(r1)) @ [@"(r2), " (r])]a ® a(a”(r5))
+ a(a”(r1)) ® a(a”(r])) @ [@"(r2), " (13)]a
=" {r, 1] @ra @1y + 11 @ [ro, 1] @75+ @1 © [r2, 5]}

= a" " ([[r, 7))
=0.
In the last line above, the CYBE
[[r,7]) =0
is taking place in the Lie algebra L. (I

Theorem 2.2 is useful as long as we can compute endomorphisms of interesting
Lie algebras and the induced solutions (a®?)"(r) of the CHYBE. Let us illustrate
Theorem 2.2 with the complex Lie algebra s[(2) [27, p.13-14]. This is the three-
dimensional complex Lie algebra with a basis {H, X, X_}, whose Lie bracket is
determined by

[X;, X_]=H and [H Xi]=+2X.. (2.2.1)
Our notations follow [35, Example 8.1.10]. The Lie algebra s[(2) has a standard
non-trivial solution of the CYBE defined as [5,6,7,10,13,28,29]

1
r=X, ®X_ + HeH (2.2.2)

Note that this 7 lies in a two-dimensional subspace of s(2)®2. We will describe all
the solutions of the CHYBE in the Hom-Lie algebras s[(2),, of the form (a®2)"(r).

Let us first recall from [56] the classification of Lie algebra endomorphisms on
5[(2). With respect to the basis {H, X, X_} of sl(2), a non-zero linear map
a: sl(2) — sl(2) is a Lie algebra morphism if and only if its matrix has one of

the following three forms, where a, b, and ¢ are complex numbers:

1 c a
op = | —2ab b —a®b | with b+#0 and ac =0, (2.2.3a)
—2b7te —b7ic? b1
-1 c a
as=|2b"te —b71c? bt with b # 0 and ac = 0, (2.2.3b)
2ab b —a’b
1—c?
c a ”
as=| b a—bl b(14_ ) with ab # 0 and ¢ # £1. (2.2.3¢)
1—¢2 a(cl —c) (- 1)a(c+ 1)

b b 4ab
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Now we describe the solutions (a®2)"(r) of the CHYBE in the Hom-Lie algebra
5[(2), for all these maps a.

Proposition 2.3. Suppose a = aq: sl(2) — sl(2) is the Lie algebra morphism in
(2.2.3a) and r € sl(2)®?2 is the classical r-matriz in (2.2.2). Forn > 1, we have

(@) (r) =7
+ (ab) { <nzl bi) (;X+ ® H—-2H® X+> +3ab?d, X4 ® X+}
=0

n—1
) 1
Teht {(Z b—z) <2H RX_—-2X_® H) +3b 2ce, X_ @ X} )

K2

(2.3.1)
where
d1 = €1 = 0,
n—1 _ n—1 .
Aoy =02dy + D V', and enp =b e, + > b (2.3.2)
1=0 1=0

Proof. In a = a3 (2.2.3a), either a = 0 or ¢ = 0. Suppose ¢ = 0. In this case, we

have
a(H) = H — 2abX 4,

XJr) = bX+7

o
o(X_)=aH —a*hX, +b71X_.

By direct computation, we obtain

1
a®?(r) = r + (ab) (2X+ ® H — 2H®X+) ,

1 1
a®2 <2X+®H—2H®X+> :b(2X+®H—2H®X++3abX+®X+>,

Ol®2(X+ ® X+) = b2X+ ® X+.
(2.3.3)

In particular, (2.3.1) holds when n = 1 and ¢ = 0. Inductively, suppose (2.3.1)
holds for some n > 1 (still with ¢ = 0). Using (2.3.3) we have

n—1
2ynHlg @2 i 2 (1
(@®H" T (r) = a®?(r) + (ab)(i_gob >a® <2X+ ®H—2H®X+)
+ (ab)(3ab’dn)a®*( Xy @ Xy)

1
=1+ (ab) (2X+ ®@H—-2H® X+> + (ab)(3ab®d, ) 0* X, @ X,
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n—1

N\, (1
+ (ab) <Z bZ) b (2X+ ®@H—2H® X, +3abX, ® X+)
1=0

n—1
, 1
=r+ (ab) (1 + Z bm) <2X+ ®H-2H® X+>
=0
n—1

+ (ab)(3ab?) (den + Z bi> X, ®Xy.

i=0

Comparing this with the definition (2.3.2) of d,, 41, we conclude that the formula
(2.3.1) holds for the case n + 1 as well. This proves (2.3.1) when ¢ = 0. The case
a = 0 is proved similarly. [

For the maps s and «g, let us introduce a notation that will simplify the
typography below. If Y, Z € {H, X, X_} are basis elements of sl(2), we set
YRZ =Y®Z-ZY csl(2)%2. (2.3.4)
For example, | X+ @ X_| =X, X_ - X_® X,.

The following two results are proved by induction arguments that are very similar

to the proof of Proposition 2.3, so we will omit the proofs.

Proposition 2.4. Suppose a = aq: sl(2) — sl(2) is the Lie algebra morphism in
(2.2.3b) and r € sl(2)%? is the classical r-matriz in (2.2.2). Using the notation
(2.3.4), for n > 0, we have

(@®)"(r) =714 ju| X4 @ X_| + kn|H® Xy | + 1| H® X_|, (2.4.1)
where
Jo=ko=1=0,
Jnt1 = —1—jn +2(a+c)kn,
b1 (g ¥ Cjn — Pl — ln) ifa=0,

kn+1 =
b1, ifc=0,
_ (@ . 2
Lyt = b<2+a]n+kn aln>.

Proposition 2.5. Suppose o = as: sl(2) — sl(2) is the Lie algebra morphism in
(2.2.3¢) and r € sl(2)%? is the classical r-matriz in (2.2.2). Using the notation
(2.3.4), for n >0, we have

(@®)"(r) = r 4+ pp| Xy @ X_| 4+ quH® Xy| + 80| H® X_|, (2.5.1)
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where
Po = qo = so =0,

c—1

Prt1 = 2a

b 4a c—1
dn+1 = 1+2pn+ — | gn + Sn ()
4 c—1 a
-1 142 + 4a + c+1
Sn = n - n Sn (-
T Pn\cr1)? a

Remark 2.6. Note that in Proposition 2.3, (a®2)"(r) in general lies in a five-

-1

dimensional subspace of s5(2)%?, since either a = 0 or ¢ = 0. Moreover, eight of
the nine basis elements in 51(2)®? are used in (2.3.1). Likewise, in Propositions 2./

and 2.5, (a®2)"(r) in general lies in a seven-dimensional subspace of s1(2)%2.

3. Hom-Lie bialgebras

In this section, we introduce Hom-Lie bialgebra, which is the Hom version of
Drinfel’d’s Lie bialgebra [10,13]. The connections between Hom-Lie bialgebras and
the CHYBE (1.1.3) will be explored in the next two sections. Here we observe
that Lie bialgebras can be twisted along any endomorphism to produce Hom-Lie
bialgebras (Corollary 3.6). When the twisting maps are invertible, we give a group-
theoretic characterization of when two such Hom-Lie bialgebras are isomorphic
(Theorem 3.8 - Corollary 3.10). Then we show that the dual of a finite dimensional
Hom-Lie bialgebra is also a Hom-Lie bialgebra (Theorem 3.11), generalizing the
self-dual property of Lie bialgebras. At the end of this section, we illustrate these
results with the Lie bialgebra s[(2) (Corollary 3.12 - Corollary 3.15).

3.1. Notations. Let V and W be vector spaces.
(1) Denote by 7: V@ W — W ® V the twist isomorphism, 7(z ® y) = y ® .
(2) The symbol O denotes the cyclic sum in three variables. In other words, if
o is the cyclic permutation (123), then ¢ is the sum over Id, o, and o2.
With this notation, the Hom-Jacobi identity (1.1.1) can be restated as:

Ol= —Jeo([--]l®a)=0.

(3) For a linear map A: V. — V%2 we use Sweedler’s notation A(z) =
2T ®@ag for z € V. We will often omit the summation sign -,
to simplify the typography.

(4) Denote by V* = Hom(V, k) the linear dual of V. For ¢ € V* and z € V,
we often use the adjoint notation (¢, z) for ¢(z) € k.
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(5) For an element = in a Hom-Lie algebra (L, [—, —],«) and n > 2, define the
adjoint map ad, : L& — L®" by

ad; (11 ® -+ @yn) Za (Y1) @ @a(yi-1) @[z, ys| @ a(yit1) - - @a(yn). (3.1.1)
=1

Conversely, given v = y; ® - - - ® yp,, we define the map ad(y): L — L®" by

ad(y)(x) = ads(7)
for z € L.
First we define the dual objects of Hom-Lie algebras.

Definition 3.2 ([39]). A Hom-Lie coalgebra (L, A, «) consists of a vector space
L, a linear self a: L — L, and a linear map A: L — L®? such that

ToA=-A and O(a®A)oA=0,

called anti-symmetry and the Hom-co-Jacobi identity, respectively. We call A the
cobracket. If, in addition, A oo = a®? o A, then L is called co-multiplicative.

A Hom-Lie coalgebra with a = Id is exactly a Lie coalgebra [41]. Just like
(co)associative (co)algebras, if (L, A, «v) is a Hom-Lie coalgebra, then (L*, [—, —], )
is a Hom-Lie algebra, as defined in the introduction (the paragraph containing
(1.1.1)). Here [—, —] and « in L* are dual to A and «, respectively, in L. Conversely,
if (L,[—, -], ) is a finite dimensional Hom-Lie algebra, then (L*, A, ) is a Hom-
Lie coalgebra, where A and « in L* are dual to [—,—] and «, respectively, in L.

These facts are also special cases of [39, Propositions 4.10 and 4.11].

Definition 3.3. A (multiplicative) Hom-Lie bialgebra is a quadruple
(L,[—, -], A, a) such that
(1) (L,[—, -], @) is a (multiplicative) Hom-Lie algebra,
(2)
)

(L
(L, A, ) is a (co-multiplicative) Hom-Lie coalgebra, and
(3) t

he following compatibility condition holds for all x,y € L:
Al2,y]) = adaga) (A)) — adagy) (A(@)). (3.3.1)
A morphism f: L — L’ of Hom-Lie bialgebras is a linear map such that
aof=foa, f([-—])=[-—-]of%, and Aof=f®cA.
An isomorphism of Hom-Lie bialgebras is an invertible morphism of Hom-Lie

bialgebras. Two Hom-Lie bialgebras are said to be isomorphic if there exists an

isomorphism between them.
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A Hom-Lie bialgebra with o = Id is exactly a Lie bialgebra, as defined by
Drinfel’d [10,13]. One can also use this as the definition of a Lie bialgebra. We can
unwrap the compatibility condition (3.3.1) as

A(lz, y]) = [e@), 11] @ alyz) + alyr) @ [a(x), yo]

(3.3.2)
= [a(y), 71] ® a(z2) — a(r1) @ [a(y), z2].

Remark 3.4. The compatibility condition (3.3.1) is, in fact, a cocycle condition in
Hom-Lie algebra cohomology [38, section 5|, just as it is the case in a Lie bialgebra
with Lie algebra cohomology [13]. Indeed, we can regard L®? as an L-module via
the a-twisted adjoint action (3.1.1):
T (Y1 @ y2) = adaa) (11 @ y2)
= [a(2), y1] ® a(y2) + a(y1) @ [a(z), y2]

for x € L and y; ®@ yo € L®%. Then we can think of the cobracket A: L — L®? as
a 1-cochain A € C*(L, L®?). Here C*(L, L®?) is defined as the linear subspace of

Hom(L, L®?) consisting of maps that commute with . Generalizing [38, Definition
5.3] to include coefficients in L®?%, the differential on A is given by

O (,y) = Az, y]) —2- AQy) +y - A=)
= A([z, y]) — ada(2)(A(y)) + adagy) (A(2)).
Therefore, (3.3.1) says exactly that A € C*(L, L®?) is a 1-cocycle.

(3.4.1)

(3.4.2)

The following result shows that a Hom-Lie bialgebra deforms into another Hom-
Lie bialgebra along any endomorphism.

Theorem 3.5. Let (L,[—,—],A,«) be a Hom-Lie bialgebra and 5: L — L be a
morphism. Then

Lg=(L, (- _]ﬁ = B[, _]’A/J’ = A, Ba)
is also a Hom-Lie bialgebra, which is multiplicative if L is.

Proof. It is immediate that [—, —]g and Ag are anti-symmetric. The Hom-Jacobi

identity holds in Lg because
Ol=, =1s ([=, ~1s ® Ba) = B {0, ~)([-, -] ® )}
=0.
Likewise, the Hom-co-Jacobi identity holds in Lg because
O(Ba ® Ag)Ag = (8%°)? {O(a @ A)A}
=0.



22 DONALD YAU

To check the compatibility condition (3.3.1) in Lg, we compute as follows:
Ag ([z,9]5) = (6%2)* Az, y))
= (692 {la(z), 1] @ a(y)} + (%%)* {a(y1) @ [a(w), ya]}
— (8% {[a(y), 11] ® alz2)} — (8%%)? {a(z1) © [a(y), 2]}
[Ba(x), By1)ls ® Ba(B(y2)) + Ba(B(y1)) @ [Ba(x), B(y2)]s
— [Ba(y), Blz1)lp @ Ba(B(x2)) — Ba(B(z1)) @ [Baly), B(2)]s
adga(a)(As(y)) — adga(y) (Ap(z)).

We have shown that Lg is a Hom-Lie bialgebra. The multiplicativity assertion is

obvious. O

Now we discuss two special cases of Theorem 3.5. The next result says that
one can obtain multiplicative Hom-Lie bialgebras from Lie bialgebras and their
endomorphisms. A construction result of this form for Hom-type algebras was first
introduced by the author in [53].

Corollary 3.6. Let (L,[—,—],A) be a Lie bialgebra and B: L — L be a Lie bial-
gebra morphism. Then
Lﬂ - (Lv [73 7]5 = B[*v 7]7AB = Aﬂaﬂ)

is a multiplicative Hom-Lie bialgebra.

Proof. This is the a = Id special case of Theorem 3.5. O

The next result says that every multiplicative Hom-Lie bialgebra gives rise to an

infinite sequence of multiplicative Hom-Lie bialgebras.

Corollary 3.7. Let (L,[—,—], A, «) be a multiplicative Hom-Lie bialgebra. Then
Lon = (L, [, —]an = a"[—, =], Agn = Aa",a" ")

is also a multiplicative Hom-Lie bialgebra for each integer n > 0.

Proof. This is the 8 = a™ special case of Theorem 3.5. O

Next we consider when Hom-Lie bialgebras of the form Lg, as in Corollary 3.6,
are isomorphic.

Theorem 3.8. Let g and b be Lie bialgebras and a: g — g and B: h — b be Lie
bialgebra morphisms with B and $®? injective. Then the following statements are
equivalent:
(1) The Hom-Lie bialgebras g, and bg, as in Corollary 3.6, are isomorphic.
(2) There exists a Lie bialgebra isomorphism v: g — b such that yo = (7.
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Proof. To show that the first statement implies the second statement, suppose that
v: ga — bg is an isomorphism of Hom-Lie bialgebras. Then ya = B~ automatically.
To see that v is a Lie bialgebra isomorphism, first we check that it commutes with

the Lie brackets. For any two elements x and y in g, we have
Bylz,y] = yalz, y]
= ([, yla)
= (@),7(®)ls
= Bl (@), (y)]-
Since ( is injective, we conclude that
Y, yl = [y(2), v ()],

i.e., v is a Lie algebra isomorphism.

To check that v commutes with the Lie cobrackets, we compute as follows:
B2 (2 (A(2))) = (B7)%*(A(x))
= (va)**(A(x))
792 (a®*(A(2)))
=77 (Aa(@))
= Ap(y(2))
= B2 (A(y(2))).

The injectivity of 52 now implies that v commutes with the Lie cobrackets. There-

fore, y is a Lie bialgebra isomorphism.
The other implication is proved by a similar argument, much of which is already
given above. O

For a Lie bialgebra g, let Aut(g) be the group of Lie bialgebra isomorphisms from
g to g. In Theorem 3.8, restricting to the case g = §h with « and 5 both invertible,
we obtain the following special case.

Corollary 3.9. Let g be a Lie bialgebra and o, 8 € Aut(g). Then the Hom-Lie
bialgebras g and gg, as in Corollary 3.6, are isomorphic if and only if o and 3
are conjugate in Aut(g).

Corollary 3.9 can be restated as follows.

Corollary 3.10. Let g be a Lie bialgebra. Then there is a bijection between the
following two sets:
(1) The set of isomorphism classes of Hom-Lie bialgebras g, with o invertible.

(2) The set of conjugacy classes in the group Aut(g).
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As we will show later in this section, Corollary 3.10 implies that there are un-
countably many isomorphism classes of Hom-Lie bialgebras of the form s[(2),,.

The next result shows that finite dimensional Hom-Lie bialgebras, like Lie bial-
gebras, can be dualized. A proof of this self-dual property for the special case of
Lie bialgebras can be found in [35, Proposition 8.1.2].

Theorem 3.11. Let (L,[—, —], A, «) be a finite dimensional (multiplicative) Hom-
Lie bialgebra. Then its linear dual L* = Hom(L, k) is also a (multiplicative) Hom-

Lie bialgebra with the dual structure maps:
a(¢) =poa,
<[¢7¢]a9€> = <¢®¢7A(I)>v (3.11.1)

<A(¢)7x®y> = <¢7 [a:,y])
forxz,y € L and ¢,9p € L*.

Proof. As we mentioned right after Definition 3.2, (L*,[—, —],«) is a Hom-Lie
algebra, which is true even if L is not finite dimensional. Moreover, (L*, A, a) is a
Hom-Lie coalgebra, whose validity depends on the finite dimensionality of L. Thus,
it remains to check the compatibility condition (3.3.1) between the bracket and the
cobracket in L*, i.e.,

(Alg, 9], @ y) = (ada(e) (AY) — ada(y) (Ad), z @ y) (3.11.2)

for z,y € L and ¢, 9 € L*.

Using the definitions (3.11.1), the compatibility condition (3.3.1) in L, and its
expanded form (3.3.2), we compute the left-hand side of (3.11.2) as follows:
(Alg, ¥,z @ y) = (6, 9], [z, y])
¢ ® P, Alz,y]))
¢ ® 1, ada(a) (A(y)) — ada(y) (A(2)))
@1, [a(x), 1] @ ay2)) + (¢ @ ¢, a(yr) @ [a(z), y2])

— (@@ ¢, [a(y), ©1] © a(x2)) — (¢ @ P, a(z1) @ [a(y), z2])
= (01 © 2 @Y, a(z) @Y1 @ ay2)) + (¢ @ Y1 @ tha, Y1) ® () @ y2)

— (01 ®@ P2 @Y, a(y) @ z1 @ aw2)) — (¢ @ Y1 @ tha, (1) @ ay) @ T2).
= (a(¢1) @ P2 @ a(¥),z @ y1 ©y2) + (a(d) @ th1) @ P2,51 @ T @ y2)

—(a(¢1) ® p2 ® a(¥),y @ 11 @ 22) — (a(P) ® th1) @ P2, 21 @Y @ T2).

=
=
=
=

Using, in addition, the anti-symmetry of the bracket and the cobracket in L*, the above

four terms become:

= —<C¥(¢1) ® [Ol(’(/)),¢2],$ ® y> + <0‘(1/J1) ® [Ol(@),’(pg},l‘ ® y>
— ([a(¥), 1] ® ald2), 2 @ y) + ([a(), ¥1] ® a(¥2), z @ y).
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This is exactly the right-hand side of (3.11.2) in expanded form (3.3.2), as desired.
O

Let us illustrate the results in this section with the Lie bialgebra s[(2). As
we recalled in the previous section, this complex Lie algebra has a basis {H, X4}
(2.2.1). It becomes a Lie bialgebra when equipped with the cobracket A: s[(2) —
51(2)®2 [10,13] (see also [35, Example 8.1.10]) defined as

A(H) =0,
1 (3.11.3)
A(Xy) = 5(X¢®H7H®Xi).
We will construct all the Hom-Lie bialgebras of the form sl(2), using Corollary 3.6.
First we classify the Lie bialgebra morphisms on s[(2).

Corollary 3.12. With respect to the basis {H, X1}, a non-zero linear map
a: sl(2) — sl(2) is a Lie bialgebra morphism if and only if

alH)=H and o(Xs)=>b1X4
for some non-zero complexr number b.

Proof. In the previous section, we recalled the classification of Lie algebra mor-
phisms on sl(2) given in [56]. The non-zero Lie algebra morphisms on s{(2) must
have one of the three forms: «a; (2.2.3a), as (2.2.3b), or a3 (2.2.3c). In the context
of this classification, the Corollary is equivalent to saying that the Lie bialgebra
morphisms on s[(2) are exactly the a; with a = ¢ = 0. It is immediate that a; with
a = ¢ = 0 commutes with the cobracket A (3.11.3) and is, therefore, a Lie bialge-
bra morphism. It remains to check that they are the only non-zero Lie bialgebra
morphisms on s[(2).
If @« = @ (2.2.3a) is a Lie bialgebra morphism on s[(2), then we have
0=a®*(A(H))
= A(a(H))
=A(H —2abX, —2b"'cX )
=—ab| X @ H|-b"'e|]X_®H|,
where the abbreviation (2.3.4) is used. The above element in s[(2)®? is 0 if and
only if @ = ¢ = 0. Next we show that maps of the forms as and ag are not Lie
bialgebra morphisms on s[(2).
If @« = ap (2.2.3b) is a Lie bialgebra morphism on s((2), then a similar compu-
tation as in the previous paragraph implies a = ¢ = 0. In other words, we must

have
a(H)=-H, oXy)=bX_, a(X_)=b'X,.
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In this case, on the one hand, we have

1
a®?(A(X4)) = la(X4) ® a(H)|
; (3.12.1)
=——|X_®H|
On the other hand, we have
A(a(X)) = BACX-)
b (3.12.2)
=—-|X_®H|.
SIX o H
The equality between (3.12.1) and (3.12.2) then implies b = 0, which is a con-
tradiction. Therefore, maps of the form as are not Lie bialgebra morphisms on
50(2).
Finally, suppose that o = a3 (2.2.3c) is a Lie bialgebra morphism on s(2). Then
a similar computation as above, applied to

a®?(A(H)) = 0= Ala(H)),
implies b = 0. This is again a contradiction. Therefore, maps of the form ag are

not Lie bialgebra morphisms on sl(2). O

Combining Corollary 3.6, Corollary 3.12, and the definitions (2.2.1) and (3.11.3)
of the (co)bracket in s[(2), we obtain the following family of Hom-Lie bialgebras.

Corollary 3.13. Suppose that «: s((2) — sl(2) is the Lie bialgebra morphism given
by
alH)=H and o(Xy)=>b""Xg

for some non-zero complex number b. Then there is a Hom-Lie bialgebra

5[(2)(1 = (5[(2)? [_) _}057 Aaa Oé),
in which the bracket and the cobracket are determined by
[H, Xi]o = £20T1 X,
[X+7 X*]a =H,
Ao(H) =0, (3.13.1)
+1
Aa(Xi) = T(Xi QH-H® Xi>.
As we will see in Corollary 4.6 in the next section, the Hom-Lie bialgebras s1(2),,
have the additional property of being quasi-triangular (Definition 4.1). This means
that the classical r-matrix r € s(2)®? (2.2.2) is fixed by a®?, that it induces the

cobracket A, via the adjoint map ad(r) (3.1.1), and that r is a solution of the
CHYBE.
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Corollary 3.12 also tells us that the group Aut(sl(2)) of Lie bialgebra isomor-
phisms on s[(2) is isomorphic to C*, the multiplicative group of non-zero complex
numbers. In particular, it is an abelian group, and so two elements in it are con-
jugate if and only if they are equal. Combining Corollary 3.9 and Corollary 3.13,
we have the following result, which implies that there are uncountably many non-
isomorphic Hom-Lie bialgebras of the form s((2),.

Corollary 3.14. Two Hom-Lie bialgebras of the form s1(2),, as in Corollary 3.13,
are isomorphic if and only if the associated scalars b are equal. In particular, there
is a bijection between the set of isomorphism classes of Hom-Lie bialgebras of the

form s1(2), and the set of non-zero complex numbers.

Next we describe the dual
s[(2)F = Hom(sl(2),, C)

of the three-dimensional Hom-Lie bialgebra sl(2), in Corollary 3.13.  Let
{¢,¢¥4,%_} be the dual basis of sl(2)%. In other words, these basis elements are

[e3%

determined by

(0, H) = 1= (Y, Xx),
where {H, Xy} is the standard basis of s[(2) (2.2.1). The following result is a
generalization of [35, Example 8.1.11], which describes the dual Lie bialgebra s[(2)*.

Corollary 3.15. Let sl(2),, be the Hom-Lie bialgebra in Corollary 3.13. Then the

structure maps of its dual Hom-Lie bialgebra s1(2)*

*, in the sense of Theorem 3.11,

are determined by:
a(¢) =¢oa, a(i)=vioa,
b:tl
[wi7¢]a = Twi,
[¢+7 wf]a = 07 (3151)

An(¥y) = £205 (@ @ Yt — s ® 9),
Au(@) =Y @Y — Y@y

Proof. One can check directly that (3.15.1) defines a Hom-Lie bialgebra structure
on sl(2)%. It remains to check that the bracket and the cobracket in s[(2)% are
dual to, respectively, the cobracket and the bracket (3.13.1) in sl(2),, in the sense
of (3.11.1). Using the anti-symmetry of these (co)brackets, we only need to check
these duality properties for the determining brackets on the basis elements. Most

of these equalities hold because both sides are zero. The remaining non-trivial ones
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are:
+1

(15810, Xa) = 55 = (92 @ 6, Aa(Xa),

<Aa(¢)7X+ Y X—> =1= <¢’ [X+7X—]a>a
(Ag (1), H® X1) = £206%1 = (4, [H, X1]a).

4. Coboundary and quasi-triangular Hom-Lie bialgebras

The connections between the CHYBE (1.1.3) and Hom-Lie bialgebras (Definition
3.3) arise in the sub-classes of coboundary and quasi-triangular Hom-Lie bialgebras.
We first prove the analogue of Corollary 3.6 for coboundary/quasi-triangular Hom-
Lie bialgebras (Corollary 4.4), which gives an efficient method for constructing these
objects from coboundary/quasi-triangular Lie bialgebras. As an example, we ob-
serve that the Hom-Lie bialgebras s[(2), in Corollary 3.13 are all quasi-triangular
(Corollary 4.6). Then we show how a coboundary/quasi-triangular Hom-Lie bial-
gebra can be constructed from a Hom-Lie algebra and a suitable element r € L®?
(Theorem 4.7 and Corollary 4.4). This section ends with several characterizations
of when a coboundary Hom-Lie bialgebra is a quasi-triangular Hom-Lie bialgebra
(Theorem 4.11).

Recall the adjoint map in (3.1.1). Here are the relevant definitions.

Definition 4.1. A (multiplicative) coboundary Hom-Lie bialgebra
(L,[—,—],A,a,r) consists of

(1) a (multiplicative) Hom-Lie bialgebra (L, [—, —], A, ) and
(2) an element r = Y 7} ® ry € L&?
such that
a®?(ry=r
and
Az) = ad.(r) = Z[m,rl] ® a(re) + a(r)) @ [z, re] (4.1.1)

for all x € L. A (multiplicative) quasi-triangular Hom-Lie bialgebra is
a (multiplicative) coboundary Hom-Lie bialgebra in which r is a solution of the
CHYBE (1.1.3). In these cases, we also write A as ad(r).

A coboundary/quasi-triangular Hom-Lie bialgebra in which o = Id is exactly a
coboundary/quasi-triangular Lie bialgebra, as defined by Drinfel’d [10,13]. One can
also use this as the definition of a coboundary/quasi-triangular Lie bialgebra, which
we denote by (L,[—,—],A,r). To be more precise, a coboundary Lie bialgebra is a
Lie bialgebra in which the Lie cobracket A takes the form (4.1.1) with o = Id. A

quasi-triangular Lie bialgebra is a coboundary Lie bialgebra in which r is a solution
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of the CYBE, which is the CHYBE (1.1.3) with @ = Id. Note that we do not
require 7 to be anti-symmetric in a coboundary Hom-Lie bialgebra, whereas in [13]
r is assumed to be anti-symmetric in a coboundary Lie bialgebra. Our convention
follows that of [35].

Remark 4.2. Let us explain why (4.1.1) is a natural condition. Recall from Remark
3.4 that the compatibility condition (3.3.1) in a Hom-Lie bialgebra L says that the
cobracket A is a 1-cocycle in CY(L, L®?%), where L acts on L®? via the a-twisted
adjoint action (3.4.1). The simplest 1-cocycles are the 1-coboundaries, i.e., images
of 6%;. We can define the Hom-Lie 0-cochains and Oth differential as follows,
extending the definitions in [38, section 5]. Set C°(L,L®?) as the subspace of L®?
consisting of elements that are fixed by a®2. Then we define the differential

6% C%UL, L®?) — CH(L, L®?)
by setting
3grp(r) = ad(r),
as in (3.1.1). It is not hard to check that, for r € C°(L, L®?), we have
8103 (r) =0,
where 6%, is defined in (3.4.2). In fact, what this condition says is that
0= 5}{L(5?1L(7"))(I, Y)
= 0p77 (ad(r)) (z, y) (4.2.1)
= ad[z (1) — ada(z) (ady(r)) + ady(y) (ade(r))
for all x,y € L. We will prove (4.2.1) in Lemma 4.8 below. Thus, such an element
8%, (r) = ad(r) is a 1-coboundary, and hence a 1-cocycle. This fact makes ad(r)

(with a®%(r) = r) a natural candidate for the cobracket in a Hom-Lie bialgebra and

also justifies the name coboundary Hom-Lie bialgebra.

The following result is the analogue of Theorem 3.5 for coboundary/quasi-
triangular Hom-Lie bialgebras. It says that coboundary/quasi-triangular Hom-Lie
bialgebras deform into other coboundary/quasi-triangular Hom-Lie bialgebras via

suitable endomorphisms.

Theorem 4.3. Let (L,[—,—],A = ad(r),a,r) be a coboundary Hom-Lie bialgebra
and B: L — L be a morphism such that $%%(r) = r. Then
Lﬂ = (L’ [_7 _]B = ﬂ[_a _]aA,@ = Aﬂ,ﬁa,r)

is also a coboundary Hom-Lie bialgebra, which is multiplicative if L is. If, moreover,

L is quasi-triangular, then so is Lg.
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Proof. By Theorem 3.5 we know that Lg is a Hom-Lie bialgebra, which is multi-
plicative if L is. To check that Lg is coboundary, first note that

(Ba)®2(r) = B2 (r)
=7
To check the condition (4.1.1) in Lg, we compute as follows:
Ap(x) = 8% (A(2))
= B9 {[z,m] ® a(r2)} + %% {a(r) @ [, 72]}
= [z,71]g @ Ba(ry) + Ba(ri) ® [z, re]s.
The last expression above is ad,(r) in Lg, which shows that Lg is coboundary.

Finally, suppose in addition that L is quasi-triangular, i.e., r is a solution of the
CHYBE in L. Using the notations in (1.1.4), we have:
0 = 8% {[r12,r13] + [r12,723] + [r13,723]}
= [r12,713]p + [r12,723] g + [113, 723,
where the last expression is defined in Lg. This shows that r is a solution of the

CHYBE in Lg, so Lg is quasi-triangular. g

The following result is the analogue of Corollary 3.6 for coboundary/quasi-
triangular Hom-Lie bialgebras. It says that these objects can be obtained by twist-

ing coboundary/quasi-triangular Lie bialgebras via suitable endomorphisms.

Corollary 4.4. Let (L,[—,—],A,r) be a coboundary Lie bialgebra and §: L — L
be a Lie algebra morphism such that 3%%(r) =r. Then
Lﬂ = (L7 [_7 _]ﬁ = 6[—7 _]7AB = A/87B7T)

is a multiplicative coboundary Hom-Lie bialgebra. If, in addition, L is a quasi-
triangular Lie bialgebra, then Lg is a multiplicative quasi-triangular Hom-Lie bial-

gebra.

Proof. This is the a = Id special case of Theorem 4.3, provided that we can show
that B%2A = AB. We compute as follows:
B2 (A(x)) = %% (ad,(r))
= 92 ([z,11] @ r2) + B%2 (11 @ [z, 72])
= [B(z), B(r1)] ® B(r2) + B(r1) @ [B(x), B(r2)]
[B(z), 1] @1y + 71 @ [B(x),72]

:adﬁ(x)(r)
= A(B(x))-
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The next result says that every multiplicative coboundary /quasi-triangular Hom-
Lie bialgebra gives rise to an infinite sequence of multiplicative coboundary/quasi-

triangular Hom-Lie bialgebras. It is similar to Corollary 3.7.

Corollary 4.5. Let (L,[—,—],A,a,r) be a multiplicative coboundary/quasi-
triangular Hom-Lie bialgebra. Then

LO&” = (L7 [*a *]a" = an[*, *}, Aan = AOén, an+17 7”)

is also a multiplicative coboundary/quasi-triangular Hom-Lie bialgebra for each in-

teger n > 0.
Proof. This is the § = a™ special case of Theorem 4.3. (|
The following result is an illustration of Corollary 4.4.

Corollary 4.6. The Hom-Lie bialgebras sl(2), in Corollary 3.13 are all quasi-
triangular with

1
r=X,®X_ + HoH
as in (2.2.2).

Proof. It is known that sl(2) is a quasi-triangular Lie bialgebra [10,13] (or [35,
Example 8.1.10]) with the Lie cobracket A (3.11.3) and the classical r-matrix

1
r=X.eX_+ HoH

in (2.2.2). In Corollary 3.13, the maps «:: s[(2) — s[(2) are Lie bialgebra morphisms
(computed in Corollary 3.12) of the form

of(H)=H, ofXy)=>b"1X,

for some non-zero scalar b. By Corollary 4.4, to show that sl(2), is a quasi-

triangular Hom-Lie bialgebra, it remains to show a®?(r) = r. This is true because
1
03 (r) = a(X1) © a(X_) + Ja(H) @ a(H)

=(bX) @O0 X))+ iH ® H
=r.
O
In fact, the only Lie algebra morphisms on s[(2) that fix the classical r-matrix
7"=X+®X,+3H®H»

i.e., a®?(r) = r, are the non-zero Lie bialgebra morphisms (Corollary 3.12). This
follows from the classification of non-zero Lie algebra morphisms on s((2) ((2.2.3a)
- (2.2.3¢)) and Propositions 2.3 - 2.5 (the case n = 1).
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In the following result, we describe some sufficient conditions under which a Hom-
Lie algebra becomes a coboundary Hom-Lie bialgebra. It is a generalization of [35,
Proposition 8.1.3], which deals with Lie algebras and coboundary Lie bialgebras.

In what follows, for an element r = > r; ® r9, we write roy for 7(r) = > ro @ rq.

Theorem 4.7. Let (L,[—,—],a) be a multiplicative Hom-Lie algebra and r € L®?
be an element such that

a®2(r)y =7, 7T9 = -1,
and

a®3(ad, ([[r,r]]*)) = 0 (4.7.1)

for all x € L, where [[r,r]]* is defined in (1.1.3). Define A: L — L®? as
A(z) = ad,(r)
as in (4.1.1). Then
(L7 [_a _]7 A,O{,T)

is a multiplicative coboundary Hom-Lie bialgebra.

Proof. We will show the following statements:

(1) A =ad(r) commutes with a.

(2) A is anti-symmetric.

(3) The compatibility condition (3.3.1) holds.

(4) The condition (4.7.1) is equivalent to the Hom-co-Jacobi identity of A.

Write r as .7 ® r9. To show that A = ad(r) commutes with «, pick an
element x € L. Using the definition A = ad(r), a([—, —]) = [, =] 0 a®?, and the

assumption a®?(r) = r, we have
Ala(z)) = a([z,11]) ® 0*(r2) + *(r1) @ af[z,72])
= a®?(A(z)).

This shows that A commutes with a.
Now we show that A = ad(r) is anti-symmetric. We have

A(z) + 7(A(2)) = [z, 1] ® a(r2) + a(r) ® [z, 7]
+ a(re) ® [z, 1] + [z,72] @ a(ry)
g;(’l“ +791) (4.7.2)

since
r41ro1 = Z(Tl ®T2+T2®T1).
We will prove that the compatibility condition (3.3.1) holds in Lemma 4.8 below.
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Finally, we show that the Hom-co-Jacobi identity (Definition 3.2) of A = ad(r)
is equivalent to (4.7.1). Let us unwrap the Hom-co-Jacobi identity. Fix an element

x € L, and let ' = > 7] ® r} be another copy of ». Then we write
7= (a®A)(A(x))
= (a® A)([z,m1] ® a(re) + a(r)) @ [z, 73])
= a(lz,m]) ® [a(r2), 1] ® a(ry) + afz,m]) @ a(rl) @ [a(ra), 5]

Aq B
+a(r1) @ [z, m2], 7] @ a(rh) + ®(r1) @ alrh) @ [[x, ro), 5] .
Cq D1y

Recall from 3.1 that o is the cyclic permutation given by o(1) = 2, ¢(2) = 3, and
o(3) = 1. Applying o and o2 to 7 above, we obtain four similar but permutated

tensors in each case. As above, we have
o(y) = A2 + By + Ca + Do,
0*(v) = A3 + B3 + C3 + D3,
where
Ei ;=0'E
for E € {A,B,C,D} and i € {1,2}. With these notations, the Hom-co-Jacobi
identity of A = ad(r) (applied to x) becomes
0=0(a®A)(A(x))

=v+a(y)+0*(v) (4.7.3)

(A; + B; + C; + D).

I
)
iingl
i

Therefore, to prove the equivalence between the Hom-co-Jacobi identity of A and
(4.7.1), it suffices to show

3

#(ady ([[r,7]]%) = Y _(Ai + Bi + Cs + Dy), (4.7.4)
i=1

which we will prove in Lemma 4.9 below.
The proof of Theorem 4.7 will be complete once we prove the two Lemmas
below. (]

Lemma 4.8. Let (L, [—, —], @) be a multiplicative Hom-Lie algebra and r € L®? be
an element such that a®?(r) =r. Then A = ad(r): L — L®? satisfies (3.3.1), i
)=

adpg (1) = ady(a)(ady (1)) — ada(y) (ade(r))

forxz,y € L.
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Proof. We will use a®?(r) = r, the anti-symmetry and the Hom-Jacobi identity of
[—,—] (1.1.1), and o([—, —]) = [, =] oa®? in the computation below. For z,y € L,

we have:
adjz,y)(r) = [[z, Y], 1] @ alre) + a(r) @ [[z, y], ]
= [z, ], a(r1)] ® & (r2) + o®(r1) @ [[, 9], a(r2)]
= {la(), [y, r1]] + laly), [r1, 2]} ® o (r2)
+a?(r1) ® {la(x), [y, r2]] + [o(y), [r2, 2]]}
= [a(@), [y, 1]l ® o®(r2) + a(ly, m1]) @ [a(@), a(r2)]
@), a(r1)] ® a(ly, m]) + o*(r1) @ [a(z), [y, r2]]
y), lo,m1]] @ a®(r2) — o[z, 1)) @ [a(y), a(r2)]
)
(

alx

o

2

(z)
+ [a(
— o
= la(y), a(r)] ® a(lz, r2]) — a®(r1) @ [a(y), [z, 72]]

= ada(a) ([y,71] ® ar2) + a(r1) @ [y, r2])

— aday) ([7,m1] ® a(r2) + a(r1) ® [z, 72])

= adq(y) (ady (7)) — adq(y) (ads (7).

In the fourth equality above, we added four terms (those not of the forms a?(r;) ®

(-+-)and (--+) ® a?(r2)), which add up to zero. Thus, the compatibility condition
(3.3.1) holds. O

Lemma 4.9. The condition (4.7.4) holds.

Proof. It suffices to show the following three equalities:

a®(ad, ([r12,m13])) = Az + Bz + C3 + D, (4.9.1a)
a®(ad,([r12,723])) = A1 + Bs + C1 + Ds, (4.9.1b)
a®(ad,([r13,7m23])) = A2 + By + Cy + Dy, (4.9.1c)

where the three brackets, which add up to [[r, 7]]*, are defined in (1.1.4). The proofs
for the three equalities are very similar, so we will only give the proof of (4.9.1a).

Since r = ' and r91 = —r, we have
Az = [a(ra), ] ® a(ry) @ a(lz,r1])
= [a(ry), ] ® a(r2) @ a([z, 1))
= —[a(r)),m] @ a(ry) @ a([z,15)) (4.9.2)
= —[a?(r]), a®(11)] ® o’ (r2) ® afz, a(r3)]
a® {a([r1,r]) ® a?(r2) @ [z, a(r))]} -

In the fourth equality we used (a®?)2(r) = r and a®?(r') = r’. In the last equal-
ity we used the anti-symmetry of [—, —] and «a([—,—]) = [, —] 0 a®2. Similar
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computations give
By = [a(r2), r) @ a([z, m1]) @ a(r})
a®? {a([r,r]) @ [z, a(ra)] ® CVQ(TIZ)} )

= [fo,m], 1] @ a(ry) ® o®(r1)
/ (4.9.3)
= [[r. 2], a(r)] @ a®(r1) © o® (1),
= [fw, ], 73] ® a®(r1) ® a(r))
= [fw, ], a(ry)] @ a2 (r1) © o®(rY).
Using, in addition, the anti-symmetry and the Hom-Jacobi identity of [—, —], we
add C3 and Ds:
C3 + Dy = {[[rh, z], a(ra)] + ([, 2], a(15)]} @ *(r1) @ o® (1))
= [a(x), [r2, )] @ a®(r1) © o® (1)
- [a(x)a [7”1, rll]] Y 0[2(7'2) & Oéz(ré) (494)
= [a(z), [a(r1), a(r)]] ® o®(r2) ® o (ry)
= a®3 {lz, [r1,71]] ® a?(ry) ® a2(r’2)} .

Combining (4.9.2), (4.9.3), and (4.9.4), and using the definition (3.1.1) of ad,, we
now conclude that:
Az + B2+ C5+ Dy
= o {[z, [r1,71]] ® 0 (r2) ® a®(r}) }
+a® {a(r,r]) ® [, a(r2)] ® a®(r}) }
+a® {a([r,r]) @ a®(r2) ® [z, (1))}
= a® {ady([r1,71] ® a(r2) ® a(r}))}
= a®(ad,([r12,13]))-

This proves (4.9.1a).

The equalities (4.9.1b) and (4.9.1c) are proved by very similar computations.
Therefore, the equality (4.7.4) holds. Together with (4.7.3) we have shown that the
Hom-co-Jacobi identity of A = ad(r) is equivalent to a®3(ad,([[r,r]]*)) =0. O

The following result is an immediate consequence of Theorem 4.7. It gives suffi-
cient conditions under which a Hom-Lie algebra becomes a quasi-triangular Hom-
Lie bialgebra.

Corollary 4.10. Let (L,[—, =], @) be a multiplicative Hom-Lie algebra and r € L®?
be an element such that

a®2(ry=r, 1o =-r, and [rr]]*=0.
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Then
(Lv [*7 7]7 ad(r), Q, T’)
is a multiplicative quasi-triangular Hom-Lie bialgebra.

To end this section, we provide several equivalent characterizations of the
CHYBE (1.1.3) in a coboundary Hom-Lie bialgebra. Let us first define some maps
that will be used in the following result. Fix a coboundary Hom-Lie bialgebra
L = (L,[-,-],A,a,7) with r = > r1 @ r2. Recall that L* = Hom(L, k) is the
linear dual of L. Define the linear maps p1, p2, A1, Ao: L* — L as follows:

p1(¢) = (¢, a(r1))r2,
p2(¢) = (¢, 1)c(r2),
A(¢) = alr1)(¢,72),
A2(9) = 11(9, a(r2))

for ¢ € L*. The following result is a generalization of [35, Lemma 8.1.6], which

(4.10.1)

deals with coboundary Lie bialgebras.

Theorem 4.11. Let (L,[—,—], A, a,r) be a coboundary Hom-Lie bialgebra. Then
the following statements are equivalent, in which the last two statements only apply
when L is finite dimensional.
(1) L is a quasi-triangular Hom-Lie bialgebra, i.e., [[r,7]]* =0 (1.1.3).
(2) The equality
(a® A)(r) = —[r12,713]
holds, where the bracket is defined in (1.1.4).
(3) The equality
(A ® a)(r) =[ris,re3)
holds, where the bracket is defined in (1.1.4).
(4) The diagram

rer (4.11.1)

p?zl Jpz
[777]

LOL——
commutes, where the bracket in L* is defined as in (3.11.1).
(5) The diagram

rer (4.11.2)

A;‘Ml J)\l
—[=-]

L®L —

commutes.
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(6) The diagram
AR STy (4.11.3)

PlJ{ Jp?z

L—5 Lol
commutes, where the cobracket A on L* is defined as in (3.11.1).
(7) The diagram
25 oL (4.11.4)

)\QJ lA?Z

L—2 Lol
commutes.
Proof. The equivalence between the first three statements clearly follows from the
equalities
(@@ A)(r) = [r12, 23] + [r13, 23],
(4.11.5)
(A®a)(r) = —[riz,r13] — [r12,723]-

To see that (4.11.5) holds, let 7’ = 3" 7} ® r5 be another copy of r. Since A = ad(r)
(4.1.1), the first equality in (4.11.5) holds because:

(@ ® A)(r1 @ 1) = a(r1) @ [ry, 1] @ alry) + a(r1) ® a(rh) @ [r2, 9]
= [r12,723] + [r13,723].
The second equality in (4.11.5) is proved similarly. In view of the definitions (1.1.3)
and (1.1.4), the equalities in (4.11.5) imply that the first three statements in the
Theorem are equivalent.
Next we show the equivalence between statements (1), (4), and (6). Indeed, the
CHYBE (i.e., [[r,7]]* = 0) holds if and only if
<¢ ® QZ) ® Id7 —[[’f‘, T]]a> =0
for all ¢,¢ € L*. Using the second equality in (4.11.5) and the definition of [—, —]
in L* (3.11.1), we compute as follows:
(@Y @Id,~[[rr]") ={p@¢ @ Id,(A®a)(r) — a(r) ® a(ry) @ [r2,3])
= {[¢, ¥, r1)e(ra2) — (&, a(re)) (@, a(rh))[r2, 5]
= p2([9,9]) = [p1(¢), p1(¥)].

The last line above is equal to zero if and only if the square (4.11.1) is commutative.
This shows that statements (1) and (4) are equivalent.

Now we show the equivalence between statements (1) and (6). The the CHYBE
([[r,7]]* = 0) holds if and only if

(p@Id® Id,[[r,r]*) =0
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for all ¢ € L*. Using the first equality in (4.11.5) and the definition of A in L*
(3.11.1), we compute as follows, where A(p) = > @1 & ¢a:

(pId® Id,|[[r,r]]*) = (¢ @ Id @ Id,[r1,7]] @ a(rs) @ a(ry) + (a @ A)(r))
= (p1,71) (b2, r)u(r2) @ a(ry) + (b, a(r1)) A(r2)
= pF%(A(9)) + Apr(9)).

The last line above is equal to zero if and only if the square (4.11.3) is commutative.
This shows that statements (1) and (6) are equivalent. The equivalence between

statements (1), (5), and (7) is proved similarly. O

5. Cobracket perturbation in Hom-Lie bialgebras

The purpose of this final section is to study perturbation of cobrackets in Hom-
Lie bialgebras, following Drinfel’d’s perturbation theory of quasi-Hopf algebras [11,
15,16,17,18]. The basic question is this:

If (L,[—,-],A,a) is a Hom-Lie bialgebra (Definition 3.3) and t €
L®2 under what conditions does the perturbed cobracket Ay = A +
ad(t) give another Hom-Lie bialgebra (L,[—,—], Ay, ) ¢

This is a natural question because A is a 1-cocycle (Remark 3.4), ad(t) (3.1.1) is
a l-coboundary when a®?(t) = t (Remark 4.2), and perturbation of cocycles by
coboundaries is a natural concept in homological algebra. Of course, we have more
to worry about than just the cocycle condition (3.3.1) because (L, A, «) must be
a Hom-Lie coalgebra (Definition 3.2).

In the following result, we give some sufficient conditions under which the per-
turbed cobracket A; gives another Hom-Lie bialgebra. This is a generalization
of [35, Theorem 8.1.7], which deals with cobracket perturbation in Lie bialgebras.
A result about cobracket perturbation in a quasi-triangular Hom-Lie bialgebra is
given after the following result. We also briefly discuss triangular Hom-Lie bialge-
bra, which is the Hom version of Drinfel’d’s triangular Lie bialgebra [13].

Let us recall some notations first. For ¢ = > t; @ty € L®2, the symbol to;
denotes 7(t) = > t2 ® t1. We extend the notation in (2.3.4) as follows: If f(z,y) is

an expression in the elements x and y, we set

|f(x,y)| = f(xay) - f(:%x)

For example, the compatibility condition (3.3.1) is

A([z, y]) = [ada@) (AW))],
and the Hom-Jacobi identity (1.1.1) is equivalent to

[z, 9], a(2)] = |[a(2), [y 2]l -
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Note that we have

[f(z,y) + g(z,9)| = [f(z, )] + |g(2,y)].
Also recall the adjoint map ad,: L®" — L®™ (3.1.1).

Theorem 5.1. Let (L,[—,—], A, «) be a multiplicative Hom-Lie bialgebra and ¢ €

L®? be an element such that
a® (t) =t, to = —t,

and
a® {ad, ([[t.t]]* + O(a®@ A)(t))} =0 (5.1.1)
for allx € L. Then

Lt = (L, [—, —], At =A + ad(t), CY)
is a multiplicative Hom-Lie bialgebra.

Proof. To show that L; is a multiplicative Hom-Lie bialgebra, we need to prove
four things:

(1) a®20A; = Ayoa.

(2) A; is anti-symmetric.

(3) The compatibility condition (3.3.1) holds for A; and [—, —].

(4) A; satisfies the Hom-co-Jacobi identity (Definition 3.2).
We will reuse part of the proof of Theorem 4.7.

For (1), we know that o commutes with ad(¢), which was established in the
second paragraph in the proof of Theorem 4.7. Since ov commutes with A already,
we conclude that it commutes with Ay = A + ad(¢) as well, proving (1).

Next we consider (2), the anti-symmetry of A;. Since A is already anti-
symmetric, A; is anti-symmetric if and only if ad(¢) is so. As we already proved in
(4.7.2), the anti-symmetry of ad(t) follows from the assumption ¢ + to; = 0.

Now we explain why (3) (the compatibility condition (3.3.1) for A; and [—, —])
holds. We need to show that
At([xa y]) = |ada(x)(At(y>)| (512)
Since
At =A + ad(t)’

(5.1.2) is equivalent to
A([z,y]) + adg 4 (t) = ’ada(m A(y)) + adg(q) (ady( )|

Moreover, since

A(lz,y]) = |ada(a) (A1))]
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because L is a Hom-Lie bialgebra, (5.1.2) is equivalent to
adjzy)(t) = |ada () (ady ()] , (5.1.3)

which holds by Lemma 4.8.
Finally, we consider (4), the Hom-co-Jacobi identity of A;, which states

O(a® Ag)(Ay(z)) =0 (5.1.4)
for all 2 € L. Using the definition
Ay = A+ ad(t),
we can rewrite (5.1.4) as
0=0(a® A)(Az)) + O(a ®@ ad(t))(A(z))
+ O(a®@ A)(ad,(t)) + O(a ® ad(t))(ad.(t)).
We already know that

(5.1.5)

O(a® A)(A(z)) =0,
which is the Hom-co-Jacobi identity of A. Moreover, in (4.7.3) and (4.7.4) (in the
proof of Theorem 4.7 with ¢ instead of r), we already showed that
Ola® ad(t)) (ady (1)) = o (ada ([[t, t]]7)).- (5.1.6)

In view of (5.1.5) and (5.1.6), the Hom-co-Jacobi identity of A; (5.1.4) is equivalent
to

0 = a®*(ada ([[t, £]]%))
+ O{(a®ad(t))(Az)) + (a ® A)(ad.(t))} -
Using the assumption (5.1.1), the condition (5.1.7) is equivalent to
O{(a®ad(t)(Az) + (a® A)(ad, (1)} = a®3 (Oad,((a® A)(t))). (5.1.8)
We will prove (5.1.8) in Lemma 5.2 below.

(5.1.7)

The proof of Theorem 5.1 will be complete once we prove Lemma 5.2. (]
Lemma 5.2. The condition (5.1.8) holds.

Proof. Write A(z) = > 21 ® x2. Then the left-hand side of (5.1.8) is
O{(a®@ad(t))(A(r)) + (e ® A)(adx(t)) }
— 0 {a(nr) @ adyy (@ 1) + (0 ® A) ([z,11] @ alta) +alt1) @ [z, t2])}
= O{a(z1) ® [2,11] ® altz) + a(1) ® aty) © [xg, ta]}
+ O {a([z, t1]) ® Aa(t)) + & (t) @ A([z, t2]) } -
Write A(te) = >t @ t5. Recall from (3.3.1) that

A([z,t2]) = ada(z) (A(t2)) — ada(s,) (A(2))
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because L is a Hom-Lie bialgebra. Making use of the fact that we have a cyclic
sum, we can continue the above computation as follows:

= O{a(z1) ® [12,11] ® alts) + az1) @ alty) @ [22, 1] + a([z,11]) ® a®*(A(t)) }
+ 0 {0 (t) ® [a(x), to] ® a(ty) + () ® a(ty) @ [a(z), 5]}
— O {a(z) ® &*(t1) @ [a(tz), 1] + a(z1) @ [a(t2), 22] ® o*(t1) }

It follows from the anti-symmetry of A applied to z (i.e., Y xo®@x1 = — > 1 Qx2),
ty = —t, and a®?(t) = t that the first two terms and the last two terms above
cancel out. Using the commutation of o with [—, —] and A and a®2(t) = ¢, the
above computation continues as follows:

= 0{a([z, t1]) ® a®*(A(t2)) + o (1) @ [o(x), 1] @ a(ts) + o’ (1) @ a(ty) ® [o(x), t3]}
= 0{a([z, a(t1)]) ® a®*(Aa(t2))) + o’ (1) © [a(z), a(t)] ® o ()}

+0{a’(t) @ a®(t3) ® [a(w), a(t3)]}
= a® (0 {[z,a(t1)] ® Aa(t2)) + &®(t1) @ [z, t5] ® a(ts) + o’ (t1) @ a(ts) @ [z, t5]})
=a® (Vad, (alt1) @ty @ 15))
=a® (0ad.((a ® A)(1))).

This proves (5.1.8). O
The following result is a special case of the previous Theorem.

Corollary 5.3. Let (L, [—,—], A, ) be a multiplicative Hom-Lie bialgebra and t €
L®2 be an element such that
a®2(t) =t, tog=—t, and [[t,t]]*+O(a® A)(t) =0.
Then
Li=(L,[—,-],A: = A+ ad(t),a)
is a multiplicative Hom-Lie bialgebra.
The following result gives sufficient conditions under which the cobracket in

a quasi-triangular Hom-Lie bialgebra (Definition 4.1) can be perturbed to give

another quasi-triangular Hom-Lie bialgebra.

Corollary 5.4. Let (L,[—,—],A = ad(r),a,r) be a multiplicative quasi-triangular
Hom-Lie bialgebra and t € L®? be an element such that
a®?(t) =t,
to1 = —t,

0=1tt]* + Ola® A)(t)
0= [[rt])* + [[t, r]]* + [[t, ¢]]*.
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Then
L= (L,[—,—],Ar=ad(r +t),a,r +1)

is a multiplicative quasi-triangular Hom-Lie bialgebra.

Proof. Indeed, Corollary 5.3 implies that L; is a coboundary Hom-Lie bialgebra,
since
ad(r) 4+ ad(t) = ad(r +¢)
and
a®(r+1t) = a®*(r) + a®*(t)

The sum r + t satisfies the CHYBE (1.1.3) because
[+t )% = [ 7 ]]™ 4 6] [ ] + [0, 2]
and r satisfies the CHYBE, i.e., [[r,r]]* = 0. O

Let us give an interpretation of the previous Corollary. Define a triangu-
lar Hom-Lie bialgebra as a quasi-triangular Hom-Lie bialgebra (L,[—, =], A =
ad(t), a,t) (Definition 4.1) in which ¢ is anti-symmetric (i.e., to; = —t). A triangu-
lar Hom-Lie bialgebra with o = Id is exactly a triangular Lie bialgebra, as defined
by Drinfel’d [13]. Corollary 5.4 implies that every triangular Hom-Lie bialgebra is
obtained as a perturbation of the trivial cobracket A = ad(0). Of course, one can

infer this fact from Corollary 4.4 as well.
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