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ABSTRACT. Let R be an associative ring with an endomorphism ¢ and FU{0}
the free monoid generated by U = {u1,...,us} with 0 added, and M a factor
of F setting certain monomial in U to 0, enough so that, for some n, M™ = 0.
Then we can form the skew monoid ring R[M;c]. An element of a ring R is
strongly clean if it is the sum of an idempotent and a unit that commute. In
this paper, we prove that deM rgg € R[M;o] is a strongly clean element, if
re or 1 —re is strongly m-regular in R. As a corollary, we deduce that if R is a
strongly m-regular ring, then the skew monoid ring R[M; o] is strongly clean.

These rings is a new family of non-semiprime strongly clean skew monoid rings.
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1. Introduction

Throughout this article, all rings are associative with identity and e will always
stand for the identity of the monoid M. Suppose that F'U {0} is a free monoid
generated by U = {uq,...,us} with 0 added, and that M is a factor of F setting
certain monomial in U to 0, enough so that, for some n, o™ = 0, for any a # e.
Let R be a ring with an endomorphism ¢. Then we can form the skew monoid ring
R[M; 0], by taking its elements to be finite formal combinations »_ .,/ rgg, with
multiplication subject to the relation u;r = o(r)u,;. Notice that, we use u; instead
of uw;, for each 1 <1 <t.

According to Nicholson [13], a ring R is called clean if every element of R can
be written as a sum of a unit and an idempotent. Nicholson [14] also defined the
notion of strong cleanness. An element of a ring R is strongly clean if it is the sum
of an idempotent and a unit that commute. A ring R is strongly clean if every
element of R is strongly clean. Local rings are obviously strongly clean.

An element a € R is called right m-regular if the chain aR D a’R D --- ter-
minates. The left m-regular elements are defined analogously. An element a € R

is called strongly m-regular if it is both left and right m-regular, and R is called a



STRONGLY CLEAN ELEMENTS OF A SKEW MONOID RING 165

strongly m-regular ring if every element is strongly - regular. According to Burgess
and Menal [4, Proposition 2.6] and [14, Theorem 1], strongly w-regular rings are
strongly clean. It was a question in [14] whether the matrix ring over a strongly
clean ring is again strongly clean. The answer is ‘No’ by [17] where it was shown
that for the localization Z ) of Z at (2), Ma(Z3)) is not strongly clean.

Let R be a ring, E;; an elementary matrix, n any positive integer, o an endo-
morphism of R and I,, the identity matrix in M,(R). In [6] J. Chen, X. Yang
and Y. Zhou introduced skew triangular matrix ring as a set of all triangular ma-
trices with addition pointwise and a new multiplication subject to the condition
Eijr =077 (r)E;j. So (ai;)(bij) = (cij), where ¢;; = a;ibij + aiit10(biv1 ) + ...+
;0774 (b;;), for each i < j and denoted it by T, (R, o).

The subring of the skew triangular matrices with constant main diagonal is
denoted by S(R,n, o). Also, the subring of the skew triangular matrices with con-
stant diagonals is denoted by T'(R,n,o). We can denote A = (a;5) € T(R,n,0) by

(agy...,an—1). Then T(R,n, o) is a ring with addition pointwise and multiplication
given by:
(0,07 e ,an_l)(bo, ceey bn—l) = (aobo,ao xby+ayxbg,...,a0%by_1+ -+ an_1 *bo),

with a; x b; = a;0"(b;), for each i and j. On the other hand, there is a ring iso-
morphism ¢ : R[z;o0]/(z™) = T(R,n,o), given by go(éil a;xt) = (ag, a1, ..., an_1),
witha; € R,0<i<n—1. So T(R,n,0) = R[z; 0]/(;3:’%, where R|x; o] is the skew
polynomial ring with multiplication subject to the condition xr = o(r)z for each
r € R, and (z™) is the ideal generated by ™. We have

ay az as ... Ay
0 ay az ... Qap_—1

T(R,n,o) = 0 0 a ... an—2 ||a; €ER
0 0 0 ai

We also consider two following subrings of S(R,n,0):

5] n—j+1 n n—j+1
A(R,n, o) := Z Z a;jFiivj_1+ Z Z @ijitj—1Eiivj—1 | aj,aik € R

j=1 i=1 j=L2]+1 =1

B(R,n,0) :={A+rE|A€ A(Rn,0), r€ R} n=2k>4.

For example:



166 A. KARIMI MANSOUB, A. MOUSSAVI AND M. HABIBI

A(R,4,0) = 0 0 o a | a1,az2,a,b,c € R
1 a2

0 0 0 a

In the special case, when o = idg, we use S(R,n), A(R,n), B(R,n) and T(R,n)
(see [11]) instead of S(R,n,0), A(R,n,0), B(R,n,0) and T(R, n,o), respectively.

The rings S, (R, o) and T, (R, o) fit into the structure introduced above with
U = {Ei2,Es3- ,Ep_1,} and U = {E12 + Eo3 + --- + E,_1,}, respectively.
Therefore, all the results obtained in this note are also true for these important
classes of rings.

Useful ring constructions for building examples and counterexamples in the ring
theory literature are the skew monoid rings. This article investigates a variety
of conditions and related properties that R[M;o]| might inherit from a ring R.
Our results generate new families of examples of rings (with zero-divisors) subject
to a given condition. These rings are perhaps the most interesting class of non-
semiprime rings. In this paper, we prove that for 3 ) 799 € R[M;0], if re or

1 —r, is strongly m-regular in R, then ) rgg is a strongly clean element in the

geM
skew monoid ring R[M;o]. As a corollary, we deduce that if R is strongly m-regular,

then R[M; o] is strongly clean.

2. Strongly clean elements of skew monoid rings

A ring R is strongly m-regular if for each a € R there exist a positive integer n
and z € R such that a" = a""z. By results of Azumaya [2] and Dischinger [7],
the element = can be chosen to commute with a. In particular, this definition is
left-right symmetric. Strongly m-regular rings were introduced by Kaplansky [10] as
a common generalization of algebraic algebras and Artinian rings. Following [18],
a ring R is an exchange ring if pR satisfies the (finite) exchange property. By [18,
Corollary 2], this definition is left-right symmetric. Every strongly m-regular ring
is an exchange ring [14, Example 2.3]. The strong m-regularity has roles in module
theory and ring theory as we see in Ara [1], Azumaya [2], Birkenmeier et al. [3],
Burgess and Menal [4], Hirano [9], [14], Rowen [15], [16], and so on.

Lemma 2.1. An element r € R is strongly m-regular if and only if there exists
m > 1 such that r™ = fw = wf, where f>=f € R, w € U(R) and r, f and w all

commute.

Proof. By [2] or [14, Proposition 1] hold. O
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We adapt similar techniques which have been employed in [5].
Theorem 2.2. Let R be a ring and
Y =Te+ Z Tiy Wiy + Z TiqigWig Wig + *+ + Z Tig, ey Wiy =" Wi
1<igp <t 1<iy,ig<t 1<iy,ig - ,ip—1<t
be an element in R[M;o]. If either r. or 1 —r. is a strongly w-reqular element of

R, then v is a strongly clean element of R[M;o].

Proof. We first note that r. is strongly clean in R[M, o] if and only if 1 — r, is
strongly clean in R[M; o], so we need only to prove the claim for the case where r,
is a strongly m-regular element of R. Thus, by Lemma 2.1, there exists m > 1 such
that

T = fewe = wefea

where f.? = f. € R, w. € U(R) and r, , w, and f, all commute. Next we show
that there exist

o= e + § @iy Uiy + E Qiyip Wiy Uiy + -+ + E Qiy e i g Uiy = Wiy g
1<ig <t 1<iy,ig<t 1<iy ig e ,ip—1<t

B =be+ E biy uiy + E biyip Uiy Uiy + -+ + E bigooe iy Wiy o Uiy -
1<ip <t 1<iy,ig<t 1<iy,ig - ,ip—1<t

in R[M; o] such that,
y=a+ph, a*=qa, BeURIM;o) and af=pa.

Choose a. =1 — fe and b, = r. — (1 — fe). Then b. € U(R) by the proof of [14,

Theorem 1] and hence 7, = a, + b, is a strongly clean expression of r. in R. Let

2

p = 2m, then 72 = fow? = w?f.. Now let w = w2, then we have

m

= (1 — ae)we = we(l — ae), (1)
P =(1—ac)w=w(l-—a.). (2)

Thus 7, a. and w, all commute and

m _ m o __ -1 _ —1 _.m—1,_m _
rlta. =aery' =0, acr?™  =rla. =" rta, = 0. (3)
Note that a? = « is equivalent to
2
Q™ = Qe,
7j—1
_ Z h j .
Ay iy = Qeliy i + Ajy .5, O (aih+1"~ij) + ai1'~~ij0.j (ae) v] - 17 cees = 17
h=1
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and aff = fa is equivalent to

aebe = bea87

Jj—1
aebili..l—j + Z ai1~--ih0h(bih+1---i_7~) + ail.“ij o’ (be) =
h=1
j—1
beail...ij + Z bil---ihah(athry--ij) + bil...ijO'j (ae) Vi=1,...,n—1. (5)
h=1

And v = a4+ f is the same as

Te :ae+bea Tilmij

= Gy i +bi1mij Vi=1,...,n—1. (6)

Clearly a. and b, satisfy 4, 5 and 6. Since b, € U(R), by [8], 8 is a unit of R[M; o]
no matter how we choose b;,...;; for all j =1,2,---,n — 1. Thus it suffices to show
that there exist a;,...;;, b;,...;; such that 4, 5 and 6 are satisfied for all j = 1,---n—1.
By induction assume that ae, @, Giyiy, - 5 @iyiy, a0d be, b5y, bijiy, -+ 5 biy.s, have
been obtained so that 4, 5 and 6 are satisfied for all j = 1,2,--- k. We next find

Ay .vipy, and by .., that satisfy 4, 5 and 6. Let
So — lo = mgy = O,
k
— E R 75 N .
Sitig- iy — Qjyig-ip O (blh+1"'7fk+1)’
h=1
k
— h
lili’z"'ik - E bili’z“'iha (aih+1"'ik+1)a
h=1

k
_ § o She .
Miyigvif = Aiyig-ip O (a1h+1“'1k+1)7
h=1

k+1(a€) + Slllk - lil"'ik'

Ligigewvip, = AeTiyevipyy = Tigovigg1 O

Thus s, [, mi and t; are well-defined elements of R.

Step 1.

k+1 _
Miyein, 00 (Ge) = QM iy -
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Proof of Step 1. Using 4 for j € {1,2,--- ,k}, we have

mili..ikakﬂ(ae) — WMy iy,
= (i, 0(igerigsr) + @iyip 0 (Qigeigsy) + o+ F @iy, 0% (@1,,)] 0¥ (ae)
— elai, 0(Qiy.iy ) + Giyiy 02((11-3..41-“1) + oy, Jk(aikJrl)]
= i, 0[aiyip,, 07 (ae)] + Qiyiy 02 [@igeip 0" (@) 4+ iy iy, Faiy,, o(ac)]
— ey 0(Qigeoiyyy) — - — aeail...ikak(aikﬂ)
= @i, Oyt — Ceigeripyy — iy O(Qigeiiyyy) =+ = Qo Uk_l(aiHl)]
+ Wiy Ol@igeiyyy = Qeligmipyy — Wiy O(Qigeiyyy) = =0 — Qg Uk_Z(al-Hl)]
+o g, ok[aik+1 — Qe Uiy y ] = e A3, 0(Qiy.iy ) =+ — e Wiy oig O (i)
= (ai; — a;, 0(ae) — aeai, )o(aiy-iy)
+ (—ai, 0(aiy) + Qiiy — Qiyiy 0°(e) — Aeliyin) 0 (Qig.ig )
ot (—aiy 0(@igeiy) = Qigiy 02 (igeiy) =+ F Qi )0 (@i 1)
= 00(aiyoip) + 00 (ig.ip ) + -+ + 00" (az,,,) = 0,
Step 2.

k+1 k+1
eliy iy, +Tiynif, O + (ae) =ty iy T MGy O + (7“@) — VM. iy -

Proof of Step 2. Because of 4 and 5 for all j € {1,2,...,k}, we have

i iy 0" T N ae) + aeSiy .,
k k
h k h
= (Z Wiy O (D sy ovvinsn))O +1(ae) + ae(z iy @ (Dip i)
h=1 h=1

k k
= Z Ay gy, Uh(bi}L+1"'ik+1 )ak+1(a€) + Z Qe air“ihah (bilz+1“‘ik+1)
h=1 h=1

k
h k
= Zail"‘ih,a (bih+1“'ik+1)g +1(a6)
h=1

k h—1
+ Z(ail...ih - Z ail...ih,ah (aih,+1...ih) — ail»--ihUh(ae)>0h(bih+1---ik+1)(by 4)
h=1 h'=1

= ailg[biz"'ik+1 + bi2"'ik+1ak(ae) - aebi2"'ik+1 - ai2a(b13"'ik+1)

— e — aiQ,,,ikO'kil(bik+1 )}
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+ Qiyiy 0 Bigeip sy + Digeinsn 0 (e) — Qebigeipyy — = Qg0 2 (biyg1)]
+...
F Qiyigeiy 10" igip iy + bigin 07 (ae) = acbigiy ., — ai, 0 (bi,,)]
+ Qiyeiy by, + bigyy 0 (ae) — achy, ]
=i, 0(biyeify,) + ai1i202(b¢3mik+1)
4.
+ ail...ikflakfl(bikikﬂ) + ail...ikak(bikH)
—a;,0[ai,0(biy. )
+...
+ Qigigein 0 (big )+ Qebigeip 1 — biginyr 0 (ac)]
— Q4,150 [A3g 0 (Diyviyy) + o F Qigeiy 2 (b))

+ aebiS...Z‘k+1 — b¢3...ik+10'k_1(ae)]

k—1
T Qiyigeeif 1 O [

@i 0 (bigsy) + Aebigin,y — bigins, 0 (ac)]

— ail...ikak[aebiHl — by, 0(ae)]
= Siyeiy, — Uiy O[3y 0 (Qigiy ) + o bi2...ikak*1(aik+l)

+ beliy.. iy — aiz...ikﬂok(be)]

— aimaz[bigo(au...iﬂl) + -4 big...ikak_z(aiHl) + beliy-.if
Uk_l(be)}

—ai3...ik+l

— ail...ikflakfl[biko(aiﬂl) + ety ip,, — aikiHlaQ(be)]
— ail...ikak[beaiHl — ajy,,0(be)]

= Siyeiy, — Uiy O [beiy. iy — ai2...ik+1ok(be)]

Uk_l(bE)]

2
= Q4y4,0 [beai3“-ik+1 T Qigeeiiggy

- ail...ikok[beaiwl — @iy, 0(be)]
— [ai, 0 (biyeiy) + @iy iy 02 (big..i))
+...

+ ail...ikflak_l(bik)]Uk(aikﬂ)

- [a’ila(biT”ik—l) + ai1i202(bi3'"ik71>
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+ ail“'ikfzo'kiZ(bika)]Ukil(aikilwl)

- [a’ilg(biz)]02(ai3"'ik+1) = Siyeip T Il - 127
where

I = sil...ik_lok(aikH) + sil...ik_z,ak_l(aikiﬂl) +- Sile(aiS...ikH)
Iy = a;,0[be Qiyeip ) — Qigenvigrr 0 (be)]

+ @iy 02 [Deig. iy ) — aiS...ikﬂak(be)]

+.-

+ ail...ikak[beaik+1 — ajy,,0(be)]
Similarly, it can be verified that
eliyoiy + liyein 0" ae) = Uiy iy — J1 — Ja,
where

Ji = a3,0(liyoi) + Qiyin0° (ligeiy) +++ + Qigigeip_, 0" (1)
Jo = [ai,..;,0% (be) — beail...ik]ak(aikﬂ)

+ (@i, iy, 0" (be) — beailH.ikfl]ak*l(aikikﬂ)

4

+ [ailg(be) - beail]g(aiz'“ik+1)'
Moreover, we have

Ji = aila(liz“'ik) + ai1i202(li3'“ik) et ailiz"'ik—lak_l(lik)
= aila[biza(a’ia'”ik+1) + biz iSUz(ai4“'ik+1) +- 4+ bi2~~ik0'k_1(aik+1)]
+ ai1i202[bi30(a’i4'”ik+1> + bi3i402<ai5'“ik+1) +o big---ikak_2(

+ a’il"'ik—lak_l [bika<aik+1 )]

171

aik+1)]
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= [ai, 0 (bigeip) + @iy 0% (bigeiy) + -+ + Qipiy_ 0703 )]0 (@44 ,)
+[as,0(bigeiy )+ Qiyig0 (Digoriy ) + -
+ ail...ik720k72(bik71)]kal(aikaikﬂ)
4.

[ail U(biQ )]Uz(aiS"'ik+1)

= Sil"'ik—lak(aik+1) + 511"'ik720—k71(aikik+1) +oeeet Silo—Q(ai&“ikJrl)
- Ila
and
— L+ Jy= —aila[beaiz...ikﬂ — aiz...ik+10k(be)}
- ai1i202 [beai3"'ik+1 - aiS"'ikJrlUk_l(be)]

— ailu.ikok[beaikﬂ — aj,,,0(be)]
+ [@s, i 0" (be) = besy i Jo* (as, )
+ (@i iy 0" Hbe) = beiy iy 110" @i,y )
4.
+ lai, 0 (be) — beaiyJo(aiy iy )
= [as,0(aiy.cipry) + a¢1¢202(ai3mz‘k+1)
4.
+ Qiy iy, Jk(aikJrl)]akJrl(bc)
— a3, 0(be)o(Aiy.i ) — ai1i202(be)02(ai34..ik+l)

- air“iko—k(be)o—k (aik+1)

k—
! (aikik+1)

— be [ail..iikak(aikﬂ) + Qi1 O
4.

+ i, 0(iy. iy, )]

+ ail...ikak(be)ak(aikﬂ) + ail...ik_lok_l(be)ak_l(aikikH)
4.

+ i, 0(be)o(@iy.. iy, )

k+1
= Myiy...5,0 + (be) — bemil...ik.
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Thus we obtain

e (Siy iy, — Liyoiy ) + (Siyoiy, — Ly )0 (@)
= [85,..6, 0" ae) + aesiy iy ] — [liy i 0T () + aeli, i, ]
= (8iyi, — Lo = I1) = (Liy.i, — J1 — J2)

= Siviy — liyiy — In + J

_ k+1
= Sipeiy — li1---ik + Mmy,...5,0 (be) — bemil...ik

= Siyip — liyoiy, F My iy, 0T (re — ae) — (re — ae)ma, ..,
= Siyeip — liyeip + Miyeiy 0T (re) = Temiy iy (by Step 1).
Hence,
etiyip + tiy i 0" ae) = Qel@eriy iy — ril...iHlakH(ae) + Siy i,
+[aeriy ipy — 7“1‘1.-'1'“10“1(%) + Siyeiy — ligei )0 T (ae)

= QeTiqvipyr — ri1~~~ik+1gk+1(a€) + ae(sir"ik - lir'"ik) + (Sil“'ik - lil"'ik)a

= QeTiyigyy — ril...ikﬂakﬂ(ae) + Siqeiy, — li1~-~ik + mil...ikO'kJrl(’l”e)
= tiy iy + Miyeiy 0T (1) = TeMiy iy
proving step 2.

Step 3.

aetil...ikakﬂ(ae) = aemil...ika“‘l(re) — TeQeMiy . iy -

173

(7)

—liyooiy]

Proof of Step 3. Multiplying the equality in step 2 by a. from the left, we obtain

k+1
Qeliy iy, + Qeliy i) O (ae)
_ k+1
= Qetiyoiy + QMg iy (Te) — Te@eMiy iy -

Thus, Step 3 follows.

For each integer ¢ > 0, let

ci = aert, bi = " () = oF (aer?).

Step 4. Choose
m—1 m—1
. .
i=0 i=

where

a=wtr,7L b= akH(a) = U’H'l(w_lrep_l).

(®)

iningn = — O Cilliyiy b My i )b+ Y @t (ati, iy — iy )b My

9)
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Then
ail...iHl = aeail...iHl + aila(ai2...ik+1) + -+ ail...ik+1ak+1(ae)7
that is
ail...ikH = aeail...ikH + aili..ikﬂakﬂ(ae) + My gy, -
Proof of Step 4. Notice that the following hold:
co=ae, bo=0""(a) (by8), (10)
Cm = aery' =0 (by 3), (11)
by = o'kJrl(aer;n) =0, (12)
coa = aew Pt = qrP Tt =0 (by 3), (13)
bby = Jkﬂ(a)akﬂ(co) = 0k+1(aco) = (TkJrl(Coa) =0, (14)
bob; = b;by = b;, (15)
CoC; = C;Co = C5. (16)

Note that

ae) = ail...ik+lbo

o
+
=
— o~

m—1
= — Ci(tilvv-ikb + mil...ik)bibo + Z ai(atil...ik - mil...ik)bibo + TGy eiy, bo
i =0

m—1
= —Co(til...ikb + mllzk)bo + Z ai(atil...ik — mlllk)bz + mil...ikbo (by 14 )
=0

m—1
= al(atil...ik — m“lk)bl — COtilu-ikbe — Coml‘l.“ikbo + mil...ikbo
i=0
m—1
= atlaty, ..i, —Miy.ip )b — aemi, i, 0™ (ae) + my, i 0" (ae)  (by 14)
=0
m—1

ai(atil...ik — mil...ik)bi. (by Claim 1)

S
I
=)
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Since ¢y = a., we have

m—1 m—1
Qe ailu.ikﬂ = — Z Co Cz(tzlikb + m“lk)bl + Z Co a’(atili..ik - m“lk)bl + ¢o My .eiy,
=0 1=0
m—1
= — Z Cz(tzlzkb + milmik)bZ + Co (atil...ik - mil.‘.ik)bo + Co Mgy ...q,, (by 13)
=0

m—1
i
= — E Ci(tiy i b4+ My iy )" + co aty, iy, bo — Co My, i bo + Co My, iy
i=0

= — ci(b+my, .. b — AeMyy...i o2 Ae) + QeMy, ... by 13, 10
1k 1y 1k

And hence

2
Aeliy iy + Aiy i1 0 (ae) T My iy,

m—1 m—1
: i
= — E Ci(tiln-ikb + mil-nik)bl + E a (atil...ik - mil...ik)bi + My, .y,
=0 =0
= Qg eeigqq -

Step 5. Choose

bil“'ik+1 = Tiyeevipgr = Figeeipy -

Then we have
Aebiyoipyy + @iy 0(Digeig )+ + Qiyoi 0 T (be)
= Deliy gy + 0iy0(Qigeipy) + o+ bieiy 07 ae).
That is,
Wiy i1 0T (be) + Qebiy iy + iy
= bil.‘.ikﬂakﬂ(ae) + ey vig g liyoiy (17)

Proof of Step 5. Equation (17) is equivalent to

k+1 . o L

Qg oevipg 1 O (’I’e - ae) + a‘e(rll'“lk-H - all"'lk+1) + Siq i,

— (r. S k+1 S S
- (rll"'1k+l - all"'lk+1)0 ((le) + (’I“e - ae)all“'lk-H + lZl"'lk7

that is
o S k+1

Teliy iy — Qiyeig O (Te)

— o o k+1 T S

= QeTiymvipyy — Tigoving1 O (Ge) F Siyeciyy = liyoviy, = tiyooeiy, -
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So it suffices to show that

S S k+1 —t.
TeQiy gy — Qigeoig 10 (Te) - th"'lk'

Because
, -
TeCi = Tetere’ = aere' ™ = ciqq,
we can deduce (20)-(24):

bio" T (r) = 0" T (aer oM () = oF T (aer ) = iy,

TeQ = 'rew_lrep_l = w_lrep =1- Qe, (by 2)

bo* L (r.) = " (ar.) = " (rea) = 1 — 0¥ (ar),
rea’ = (1 —ac)a=a —ac.a = a— coa = a, (by 13)

b20k+1(7“€) = ak+1(a2re) = akH(a) =b.

Hence
k+1
Teliyoipy = Qi O (Te)
m—1
_ E : i
= — Teci(til--~ikb+mi1""ik)b

=0

m—1
+ TeQ (CL tlllk — mzllk)lh + TeMy . 4y
=0

m—1
+ Ci(tilmikb+mi1~~z’k)bigk+1(re)
=0

3

i k+1
- a (atil...ik — mhlk)bza

i=

(re) — My, 0

[}

m—1
= — Ci+1(ti1~--ikb+mil-nik)bl
=0

+re(aty.ipy —Miy.iy)bo + (1= ae)(atiy...iy —miy..i, ) b1

-1
§ i—1
+ a (a t“lk — mlllk)bl + TeMMlgy .- iy
=2

+ CO(ti1~-ikb + mir"ik)o-k—‘rl(re)

k+1(

Te)

(18)
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k+1
+ c1(tiyin b+ miy ) (1= 0 (ae))

+ Z Cz(t“lkb + mili..ik)bifl
1=2

i1t mil"'ik)bi-i-l - mil"'ik0k+1(re) (by 19_24)

= —c1(tiy iy b4+ iy i) — Con(tiy i b+ Mg, g, O™
—(aty,..q, — Mgy )b1 — @™ Hatsy iy — My iy )bm
+re(atiy.q, —mipi)bo + (1 — ae)(ats,...q,, — Miy ., )b1
+ cotsyiyb +my, i, )" (re)
+e1(tiyi b+ my, i) (1 — o™ (ae))
+ Ty iy, — Mgy i, 0T (1)

= —c1(tiy i b+ My )t ae)
—ac(atiy..ip — Miyiy)b1 + re(atsy ., —Miy.ip )bo

+ Co(til..‘ikb + miln-ik)akJrl(re)

k+1(

F My iy, — My i O Te)

k+1(

= —C1ti1...ikb0' ae) — Qe atil‘..ik b1

k+1 k+1
+ rea til-nikbO + Cotil.uik bo (7‘6) — C1My...5,0 (

k+1(

+ aemil...ikbl — TeMyy ..y, bo + COMyjy iy O 7’6)

k+1(

F Ty iy — My iy O Te)

= (1 — ae)ti1~-~ikb0 =+ COtilu-ik [1 - a’”l(ae)] - reaemil..,ik

+ aemil...ikakﬂ(ae)okﬂ(re) - reml-l...ikakﬂ(ae)

+ aemiy i 0T () F Temiy i, — My 0T () (by 13, 14, 21, 22)

— til...ikakﬂ(ae) + aetiy.if, — 2aeti1..iikak+1(ae) — Te@eMiy iy, + aemil...ikakﬂ(re)
— TeleMiy .y, + Qe iy 0T (1)

+ reMiy iy — My iy 0 T (1) (by Step 1)

= ti, iy — 200ti, i, 0" (a0) = 2reaemi, i, + 2aemy, i, 0" (1) (by step 2)

=ti1ips (by step 3)

verifying step 5. Thus, by step 4 and step 5, a;,4,...4,,, and w4, satisfy 4, 5

and 6. Now the proof is complete by the induction principle. O

ikt
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Corollary 2.3. If R is a strongly m-regular ring, then R[M;o] is a strongly clean

ring.

Corollary 2.4. If R is a strongly mw-regular ring with an endomorphism o, then
the rings S(R,n,c), A(R,n,0), B(R,n,0) and T(R,n,o) are strongly clean.

Corollary 2.5. If R is a strongly m-regular ring with an endomorphism o, then

the ring Rlx;o]/(x™) is a strongly clean ring.

Remark 2.6. By [5], a ring R is said to satisfy the condition (*) if for each a € R,
either a or 1 — a is strongly w-regular. By [5, Remark 2.5], there exists a ring R

which is not strongly w-regular, but it satisfies (*).

Example 2.7. The condition (*) is sufficient for R[M; o] to be strongly clean, but

—1

it is mot necessary. Let R = T(2,Z3)) and let A = € R. It is easy to

see that neither A nor I — A is strongly m-regular. But

Zz)[X]
(X?)

R[M, o] ~ [M; o]

is strongly clean. Because Zay is local, by [12], R is also a local ring. Thus by [8],
R[M; o] is a local ring.

References

[1] P. Ara, Strongly w-regular rings have stable range one, Proc. Amer. Math. Soc.,
124(11) (1996), 3293-3298.

[2] G. Azumaya, Strongly m-regular rings, J. Fac. Sci. Hokkiado Univ. Ser. I, 13
(1954), 34-39.

[3] G. F. Birkenmeier, J.-Y. Kim and J. K. Park, A connection between weak
regularity and the simplicity of prime factor rings, Proc. Amer. Math. Soc.,
122(1) (1994), 53-58.

[4] W. D. Burgess and P. Menal, On strongly ©-regular rings and homomorphisms
into them, Comm. Algebra, 16(8) (1988), 1701-1725.

[5] J. Chen and Y. Zhou, Strongly clean power series rings, Proc. Edinb. Math.
Soc., 50(1) (2007), 73-85.

[6] J. Chen, X. Yang and Y. Zhou, On strongly clean matriz and triangular matriz
rings, Comm. Algebra, 34(10) (2006), 3659-3674.

[7] F. Dischinger, Sur les anneauz fortement m-reguliers, C. R. Acad. Sci. Paris,
Ser. A-B, 283(8) (1976), 571-573.



STRONGLY CLEAN ELEMENTS OF A SKEW MONOID RING 179

[8] M. Habibi and A. Moussavi, Annihilator properties of skew monoid rings,
Comm. Algebra, 42(2) (2014), 842-852.

[9] Y. Hirano, Some studies on strongly w-reqular rings, Math. J. Okayama Univ.,
20(2) (1978), 141-149.

[10] I. Kaplansky, Topological representations of algebras II, Trans. Amer. Math.
Soc., 68 (1950), 62-75.

[11] T.-K. Lee and Y. Zhou, Armendariz and reduced rings, Comm. Algebra, 32(6)
(2004), 2287-2299.

[12] A. R. Nasr-Isfahani and A. Moussavi, On a quotient of polynomial rings,
Comm. Algebra, 38(2) (2010), 567-575.

[13] W. K. Nicholson, Lifting idempotents and exchange rings, Trans. Amer. Math.
Soc., 229 (1977), 269-278.

[14] W. K. Nicholson, Strongly clean rings and Fitting’s lemma, Comm. Algebra,
27(8) (1999), 3583-3592.

[15] L. H. Rowen, Finitely presented modules over semiperfect rings, Proc. Amer.
Math. Soc., 97(1) (1986), 1-7.

[16] L. H. Rowen, Ezamples of semiperfect rings, Israel J. Math., 65(3) (1989),
273-283.

[17] Z. Wang and J. Chen, On two open problems about strongly clean rings, Bull.
Austral. Math. Soc., 70(2) (2004), 279-282.

[18] R. B. Warfield, Jr., Fzchange rings and decompositions of modules, Math.
Ann., 199 (1972), 31-36.

A. Karimi Mansoub (Corresponding Author) and A. Moussavi
Department of Pure Mathematics

Faculty of Mathematical Sciences

Tarbiat Modares University

P.O. Box 14115-134, Tehran, Iran

e-mails: arezoukarimimansoub@gmail.com (A. K. Mansoub)

moussavi.a@modares.ac.ir (A. Moussavi)

M. Habibi

Department of Mathematics
Tafresh University

P.O. Box 39518-79611, Tafresh, Iran

e-mail: mhabibi@tafreshu.ac.ir



