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ABSTRACT. In this paper we study some classes of rings which have a finite
lattice of preradicals. We characterize commutative rings with this condition as
finite representation type rings, i.e., artinian principal ideal rings. In general,
it is easy to see that the lattice of preradicals of a left pure semisimple ring
is a set, but it may be infinite. In fact, for a finite dimensional path algebra
A over an algebraically closed field we prove that A-pr is finite if and only if
its quiver is a disjoint union of finite quivers of type A, ; hence there are path
algebras of finite representation type such that its lattice of preradicals is an
infinite set. As an example, we describe the lattice of preradicals over A = kQ

when @ is of type A,, and it has the canonical orientation.
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1. Introduction

A good tool to make a description for the lattice of preradicals over the category
of left modules over a ring R is to have a set Z of left modules such that every
module is isomorphic to a direct sum of modules in Z. By results due to Gruson
and Jensen (see [10]), in this case, the set Z can be taken to consist of finitely
presented and indecomposable modules and, therefore, R is a left pure semisimple
ring. Such is the case, for example, of the following classes of rings:

(1) Kothe rings,

(2) semisimple artinian rings (see [12]),
(3) local uniserial rings (see [7]),

(1)
()

5

artin algebras of finite representation type (see [3]) or, in general,

rings of finite representation type.

We recall that it is an open question, known as the pure semisimple conjecture,
whether a left pure semisimple ring has finite representation type.
In Section 3 we prove that for a commutative ring R, the lattice of preradicals

is finite if and only if R has finite representation type, that is, if and only if R is
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an artinian principal ideal ring. Since the lattice of preradicals of such a ring is
already described in [7], a consequence is that all finite lattices of preradicals for
commutative rings are known.

In the non-commutative case, there are finite representation type rings with
an infinite lattice of preradicals. We prove in Section 4 that among all finite-
dimensional hereditary artin algebras over an algebraically closed field, only those
that are Morita equivalent to a finite product of path algebras over quivers of type
A, have a finite lattice of preradicals. Finally, in Section 5 we describe some prop-
erties of this finite lattice when the quiver of type A,, has the canonical orientation.
Our tool-kit to prove these results is the Auslander-Reiten theory applied to the
study of the lattice of preradicals of path algebras.

2. Lattices and preradicals

In this section we list some definitions and propositions that are used later,
together with the references where they can be found.

For basic definitions and results on posets and lattices see, for example, [5] and
[9]. We just recall a theorem that will be used later on this paper.

The following theorem gives equivalent conditions for the Jordan-Dedekind prop-
erty in finite posets (see [5, p. 11] and [9, p. 233]). It will be useful in Section 5 to

describe a particular lattice of preradicals.

Theorem 2.1. For a finite poset P with least element 0 and greatest element 1 the

following conditions are equivalent:

(a) For any x,y € P all mazimal chains between x and y have the same length.
(b) All mazimal chains in P have the same length.

(¢) There exists a function p: P — N such that:

(i) p(0) =0.
(ii) For any x,y € P if y covers x then p(y) = p(z) + 1.

As in [14, p. 99], a finite poset P which satisfies any of the conditions of Theo-
rem 2.1 is called graded and it has rank n if p(1) = n.

Let R be an associative ring with identity. R-Mod denotes the category of all
unital left R-modules. The unadorned term R-module means left R-module.

For N, M € R-Mod we write N <y; M meaning N is a fully invariant submodule
of M. For each M € R-Mod we denote by L£(M) the lattice of submodules of M
and by L;;(M) the lattice of fully invariant submodules of M.
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The terminology and basic concepts about preradicals can be found in [12] and
[13]. A (left) preradical over the ring R is a subfunctor of the identity functor
on R-Mod. We denote by R-pr the class of all preradicals over R. Similarly, we
define right preradicals and denote by pr-R the class which consists of them. There
is a natural partial ordering in R-pr given by o = 7 if o(M) < 7(M) for every
M € R-Mod.

The following result is immediate from the definition of preradical, and very

important to describe lattices of preradicals.

Proposition 2.2. Let 0 € R-pr and let {M,} 1 be a family of R-modules. Then

(DB M,) = Do(M,).

vyel yel

There are four usual operations in R-pr, namely A, V, - and : which are defined
as follows, for o, 7 € R-pr and M € R-Mod.
(1) (e AT)M) = o(M)N7(M),
(2) (eVvT7)(M) =0o(M)+7(M),
(3) (67)(M) =o(7(M)) and
(4) (o:7)(M) is such that (o : 7)(M)/o(M) = 7(M/o(M)).

The meet A and join V can be defined for arbitrary families of preradicals as in
[12]. This makes sense because for any left R-module M, a sum (or an intersection)
of submodules of M which is indexed by a class can also be indexed by a set. With
the partial ordering described above, R-pr results a complete big lattice, i.e. a
class (not necessarily a set) having joins and meets for arbitrary families (indexed
by a class) of elements. The smallest and largest elements of R-pr, which are the
zero functor and the identity functor of R-Mod, are denoted respectively by 0 and

1. This big lattice is atomic and co-atomic; the atoms and co-atoms are described

W W

below. The operation is called product and the operation “:” is called coproduct.

Some preradicals are of particular interest, such as idempotent preradicals, radi-
cals, left exact preradicals and t-radicals. For basic definitions and results on these
classes of preradicals see [15, VI.§1], and [4] or [12].

The following types of preradicals have special importance.

Definition 2.3. [12, Definition 4] Let N be a fully invariant submodule of M. The
preradicals o} and w)! are defined as follows. Let K € R-Mod.
ay (K) = {f(N) | f € Homp(M, K)}
wi (K) = {1 (N) | f € Homg (K, M)}
A preradical is called an alpha preradical (omega preradical) if it is of the form a%
(wif) for some M € R-Mod and N <j; M.
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Every preradical can be expressed in terms of alpha and omega preradicals.

Remark 2.4. [12, Proposition 5] Let 0 € R-pr and M, N € R-Mod. Then o (M) =

N if and only if N is a fully invariant submodule of M and oy < o < Wil

The previous remark says, in particular, that for a fully invariant submodule N
of M, o}l is the least preradical (and w)/ is the greatest preradical) that assigns
N to M.

Remark 2.5. If K < N < M with K and N fully invariant in M then o} < ol

M M
and wy 2wy .

The atoms and coatoms of R-pr are, respectively, {ag(s) | S € R-simp} and
{wl | I is a maximal ideal of R} (see Theorem 7 of [12]).

We can list some situations in which the lattice of preradicals can be described.

Examples 2.6. (1) [4, Proposition 1.9.1] Let R = [[;_, R;. Then R-pr is
lattice isomorphic to the product of the lattices R;-pr.

(2) [4, Proposition 1.9.2] Let R and S be Morita equivalent rings. Then the
lattices R-pr and S-pr are isomorphic. In particular, if S = M, (R) is
the full ring of n x n matrices over R then the lattices R-pr and S-pr are
isomorphic.

(3) [12, Theorem 11] R is a semisimple artinian ring with n non-isomorphic
simple modules if and only if R-pr is a finite Boolean lattice with 2™ ele-
ments.

(4) [7, Theorem 5.1] For any local uniserial ring R with composition length n,
R-pr is a finite distributive lattice with 2™ elements. As a consequence, if
R is an artinian principal ideal ring then R-pr is a finite distributive lattice

with 2™ elements, for some m > 1.

3. Pure semisimple and finite representation type rings

The following definitions can be found in [11].

Definition 3.1. A ring R is said to have finite representation type if it is left

artinian and if there are, up to isomorphism, finitely many indecomposable finitely
generated left R-modules.

A ring R is said to be left pure semisimple if every left R-module is pure-injective

or, equivalently, if every left R-module is pure-projective.

The condition of having finite representation type is actually left-right symmet-

ric, as was shown by Eisenbud and Griffith [6].
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It is a long standing open question, known as the pure semisimple conjecture,
whether a left pure-semisimple is also right pure semisimple. We refer to [11] for
an excellent survey on this question.

For further quoting we state the following theorem, which summarizes the char-
acterizations of pure semisimple rings that will be useful to us, as well as the relation

between pure semisimple rings and rings of finite representation type.

Theorem 3.2. For a ring R the following conditions are equivalent:
(a) R is left pure semisimple.
(b) Ewvery left R-module is a direct sum of left finitely generated R-modules.
(¢) Every left R-module is a direct sum of left indecomposable (finitely gener-
ated) R-modules.
(d) Ewery indecomposable left R-module is finitely presented.
(e) There exists a set T of left R-modules such that any left R-module is iso-

morphic to a direct sum of modules in Z.

If, in addition, R is right pure semisimple then the above statements are further

equivalent to

(f) R has finite representation type.
(g) All left modules have finite length over its endomorphism ring.

In the case of a commutative ring we can add other equivalent conditions to
Theorem 3.2. Recall that an artinian principal ideal ring is a ring which is both

left and right artinian and a left and right principal ideal ring.

Theorem 3.3. Let R be a commutative ring. Then R has finite representation

type if and only if R is an artinian principal ideal ring.
We recall the following basis-free definition of finite matrix subgroups.

Definition 3.4. Let R be a ring. Let (X,x) be a pointed R-module, i.e. a left
R-module X and a “point” x € X. We let Hx (M) be the image of the map
€z Homp(X, M) — M given by ¢,(h) = (z)h. Clearly, Hx, can be seen as a
subfunctor of the forgetful functor R-Mod — Z-Mod that commutes with products.
We call Hx , a matriz subgroup. If the module X is finitely presented then Hx ,

is said to be a finite matriz subgroup.

The characterizations in Theorem 3.2 depend on the characterization of X-pure-
injective modules as the modules satisfying the descending chain condition on ma-
trix subgroups. For commutative rings, a matrix subgroup is a preradical (that
commutes with products) so this yields the following characterization of rings of

finite representation type in terms of the lattice of preradicals.
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Theorem 3.5. For a commutative ring R the following conditions are equivalent:
(a) R is an artinian principal ideal ring.
(b) R-pr is finite.
(¢) R-pris an artinian (and/or noetherian) lattice.
)

(d) R is a ring of finite representation type.

Proof. (a) < (d) Follows from Theorem 3.3. It is clear that (b) implies (¢).

(¢) = (d) If R-pr is artinian then, by Remark 2.4, every module M has an
artinian and noetherian lattice of fully invariant submodules. Since R is commuta-
tive, for each M € R-Mod, every Endg(M)-submodule of M is also a fully invariant
R-submodule of M. Therefore every R-module is artinian over its endomorphism
ring and, hence, pure injective. By Theorem 3.2, R has finite representation type.

If R-pr is noetherian, then any module satisfies the ascending chain condition on
finite matrix subgroups and by [16, Theorem 6] also the descending chain condition
on finite matrix subgroups. Therefore (d) also holds.

(a) = (b) As an artinian principal ideal ring is a finite product of local artinian

principal ideal rings, the implication follows from Examples 2.6. (I

Example 3.6. Let R = Zy x Z3 be the trivial extension of Zo by Z3. R is a
commutative finite local ring with 8 elements, but it is not a principal ideal Ting, so

R-pr is infinite and neither artinian, nor noetherian by Theorem 3.5.

Let R be a ring, and assume that we can fix a set Z of left R-modules such that
any module is isomorphic to a direct sum of copies of modules in Z. By Theorem 3.2,
if such a set Z exists then R is a left pure semisimple ring and Z can be taken to be
a set of representatives of isomorphism classes of finitely presented indecomposable
left R-modules.

Let N € [] £(X). For simplicity, we write Nx instead of N(X) and (Nx)xez
Xez
instead of N. The following concept generalizes fully invariant submodules.

Definition 3.7. Let N € [] £(X). We say that N is an Z-compatible set of
Xez
submodules if for each X,Y € Z and f(Nx) < Ny for each homomorphism f: X —

Y.
The family of all Z-compatible sets of submodules will be denoted as C¥. The set

CE is a partially ordered set with the component-wise order. That is (Nx)xer <
(N%)xer if and only if for any X € Z, Nx C N%. It is easy to see that CE is in

fact a lattice.
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Remark 3.8. Notice that:

(1) If N € CE then Ny <p; X for each X € T.

(2) CE is a complete sublattice of [] L(X).
Xez

Lemma 3.9. If N € CE then ( V a%x) (Y) = Ny foreachY € T.
Xxez

Proof. By Definition 2.3 and since N € Cf, ay (Y) < Ny for each X,Y € 7.
Therefore ( V a)l\(fx> (Y) < Ny. Conversely, by Remark 2.4, Ny = ay (V) <
Xez

(X\ézaﬁx) ). -

As a consequence we have a functor between partially ordered sets. Ag: R-pr — C?
such that for each o € R-pr, Ag(co) is the Z-compatible set such that for each
X € I, Mg(o)x = o(X). Also let ug: CE® — R-pr be such that for each N €
CF. pr(N) =V ag,.
XezT
The definition of order in R-pr implies that Ar is indeed a functor, and Re-
mark 2.5 implies that pgr is an order morphism. By Lemma 3.9, Agur = 1C§- We

show in the next result that one is inverse of each other.

Proposition 3.10. Let R be a left pure-semisimple ring, and fix a set T of left
R-modules such that any left R-module is isomorphic to a direct sum of copies of
modules in Z. The functor Ag: R-pr — CE is an equivalence with inverse ug.

Therefore R-pr and CE are isomorphic lattices.

Proof. We have only to prove that urAr = lgpr. For each M € R-Mod we

can write M = @ X#xm) for some cardinals kx,m. Let o € R-pr. Since
Xez

o= \/{a%M) | M € R-Mod}, Proposition 2.2 yields o = \/ aff(x) = pur(Ar(0)).
Xez

We conclude that Ar and pug are order, and hence lattice isomorphisms, one inverse

to each other. ]

As a consequence we have the following important property for left pure semisim-

ple rings.

Corollary 3.11. Let R be a left pure semisimple ring then the class R-pr is a set.
If the set T of indecomposable finitely presented modules is finite, that is, if R is of
finite representation type, and L(X) is finite for each X € T then R-pr is finite.

The class of rings such that R-pr is a set is not determined. Our guess is that it

might well coincide with the class of left pure-semisimple rings.
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Corollary 3.12. Let R be a ring of finite representation type. Let U be a left
R-module that is an injective cogenerator of R with finite dual Goldie dimension.

Set T'= Endg(U), then R-pr is anti-isomorphic to pr-T.

Proof. By hypothesis, rU is linearly compact. Therefore, the bimodule rUr in-
duces a Morita duality between R and T. Therefore T is a right artinian ring.
By a well known result of Auslander [2, Theorem 3.1], for a right artinian ring T'
the condition of being of finite representation type can be characterized in terms of
sequences of morphisms between finitely presented right 7" modules. This condition
is preserved via Morita duality, so T is also a ring of finite representation type.
Let Z be a set of representatives of the indecomposable finitely generated left
R-modules. Since the duality takes indecomposable modules to indecomposable

modules,
J =Hompg(Z,U) = {Homgr(X,U) | X € T}

is a set of representatives of the indecomposable right T-modules.

The duality gives a lattice anti-isomorphism
: CE - C§
defined by ¢(Nx)xez = (Muomy(x,0)) xez With
Mtiomz(x,v) = {w € Hompg(X,U) | w(Nx) = 0}

for each X € Z. In view of Proposition 3.10, ¢ yields the claimed lattice anti-
isomorphism between R-pr and pr-T. (]

4. Finite lattices of preradicals for path algebras

For basic definitions and results on artin algebras, quivers and their representa-
tions the reader can see [1] or [3]. Let us first recall some basic facts about path

algebras that will be useful for this paper.

Remark 4.1. Let Q = (Qo, Q1) be a finite quiver, with set Qo of n vertices and
a finite arrows set Q1. We assume that QQ has not oriented cycles. Let A = kQ be
the path algebra of the quiver @ over the field k. Then:

(1) If e; is the trivial path corresponding to the vertex i then {Aes,...,Aey} is
a complete irrendundant set of projective indecomposable A-modules.

(2) For each i,j € Qo, ejAe; has as a k-basis all the paths from i to j.

(3) In particular for each i € Qo we have Endp(Ae;) = e;Ae; = ke; = k.
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Now we recall the famous theorem of Gabriel [8] which states that there is a one-
to-one correspondence between indecomposable basic finite-dimensional hereditary
algebras over an algebraically closed field, and connected finite quivers without

oriented cycles. See also [3, Corollary I11.1.10].

Theorem 4.2. [8] Let A be an indecomposable basic finite-dimensional algebra
over an algebraically closed field k. Then there is a connected finite quiver Q and
a finitely generated ideal I < kQ such that A =2 kQ/I. Moreover, if A is hereditary
then @ has no oriented cycles and I = 0. The quiver Q) is uniquely determined by
A and is called the Gabriel quiver of A.

The Gabriel quivers associated to an artin algebra of finite representation type

are classified, according to the following theorem also due to Gabriel.

Theorem 4.3. [3, VIII, Theorem 5.5] Let A be an indecomposable basic finite-
dimensional hereditary algebra over an algebraically closed field k, and let Q be the

Gabriel quiver of A. The following statements are equivalent.

(a) A is of finite representation type.
(b) @ is of Dynkin type, that is, its underlying graph belongs to the following

list.
1 2 3 n—1 n
A, : ° ° T °
2
D, : °
1 3 4 n—1 n
[ ] [ ] [ ] L] [ ]
3
EG : (]
1 2 4 5 6
[ ] [} [ ] [ ] [}
3
E7 : ®
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Eg: (]
1 2 4 5 6 7 8
[ ] [ ] [ ] [ ] [ ] L] [ ]

As we said in the introduction of this paper, concerning with preradicals over
artin algebras of finite representation type, we can focus on their behavior only on
the finite set A-ind of the indecomposable finitely generated modules. This leads
us to study just the finite-dimensional representations of the quiver associated to
the artin algebra.

The following concepts can be found in [3, V.5, V.7 and VII]. Let M and N be
modules. A homomorphism f: M — N is an irreducible morphism if f is neither
a split monomorphism nor a split epimorphism, and if f = hk for some h: M — X
and k: X — N then h is a split monomorphism or k is a split epimorphism. Let
A be an artin algebra and let M, N € A-mod. The radical of Homp(M,N) is
defined as rady (M, N) = {f € Homa (M, N) | hfg is not an isomorphism for any
X € A-ind,g: X - M,h: N = X}.

We recall the following result.

Proposition 4.4. Let k be an algebraically closed field. Let Q be a quiver of Dynkin
type, A = kQ and M, N € A-ind. Then:

(1) Endp(M) = k.

(2) Every submodule of M is fully invariant.

(3) Fach f € Homp (M, N) is a sum of compositions of irreducible morphisms.

Example 4.5. Let A,, be the oriented quiver:

Qp—1 Anp—2 Qg
L] [ ] [ ] [ ] [ ]
en en—1 €n—2 €2 €1
k 0
Let k be a field and A = kA, = - .. o |. A complete set of repre-

sentatives of the isomorphism classes of indecomposable projective A-modules is
{P1, Pa,...,P,} where:

Py = Aey = keq,

Py, = Aey = kes + kay,

Py = Aeg = kesz + kas + kajas,
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P, = Ae, = ke, + ka,,_1 +kap_os0ay_1+ - +Fkajag - ay_q.
The AR-quiver of A is:

[Pn 1] [Pn/rn_lpn]
: [Pn/TQP ]
/ \ NN
[ [P2/TP2} " [Pn—l/TPn—l] [Pn/rpn]

For each A-module P; we denote by rP; the Jacobson radical of P;. Observe that for
each 1 < i <n the composition length of P; is ¢(P;) = i and the lattice of submodules
of P; is the chain 0 = P, < r""'P; < ... < rP; < P;. The corresponding
irreducible homomorphisms between representatives that appear in the AR-quiver
are natural monomorphisms, corresponding to arrows that go upwards, and natural

epimorphisms, corresponding to arrows that go downwards.

In view of Corollary 3.11, in the case of an artin algebra of finite representation
type A, Z-compatible sets of submodules, and so, A-preradicals, can be determined

by the AR-quiver 'y, as follows.

Corollary 4.6. Let A be an indecomposable basic finite-dimensional hereditary
algebra over an algebraically closed field k of finite representation type. Let N €

1 L(X). Then the following conditions are equivalent.
XeA-ind

(a) N eCA/[\X-ind'
(b) For each X,Y € A-ind and each irreducible homomorphism f: X — Y,
f(Nx) < Ny.

Proof. (a) = (b) It is immediate.

(b) = (a) Let X,Y € A-ind and let f: X — Y be any homomorphism. If X =Y
then, since Endy (X) & k, f(Nx) < Nx. On the other hand, if X # Y then,
by Proposition 4.4, f is a sum of compositions of irreducible morphisms between
indecomposable modules, so the hypothesis implies that f(Nx) < Ny. We conclude
that N € CX,. .- O

Lemma 4.7. Let R be a ring, and let X be a left R-module of finite length. If X
has no repeated composition factors then L(X) is finite.

In particular, if k is any field, and A is the path k-algebra over a quiver of type
A, then L(X) is finite for any indecomposable A-module X .
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Proof. It follows easily by induction on the length of X. (]

Corollary 4.8. Let k be an algebraically closed field and let Q a quiver of type A,,.
Then the path algebra kQ has a finite lattice of preradicals.

Proof. The number of appearances of the n different simple modules as composi-
tion factors of a given indecomposable modules over kQ is classified by the positive
roots of the Tits integral quadratic form, in n variables z1, ..., z,, ¢(x1,...,2,) =
S a2 =S aws . Tt is well known that all such roots have only 0 and 1 as
entries. By Lemma 4.7, each indecomposable module over k@ has a finite lattice
of submodules and, by Theorem 4.3, it has finite representation type. By Proposi-

tion 3.10, the lattice of preradicals of k@ is finite. (Il

Lemma 4.9. Let R be a left hereditary ring. Let S be a simple left R-module such
that its injective hull E has finite length. Then S appears only once as a composition
factor of E.

Proof. Let F' be a submodule of E such that Soc(E/F) C S. As R is left
hereditary, E/F is injective so it contains an injective hull of S as a direct sum.
As the injective hull of a module is unique up to isomorphism, we deduce that
length(E/F) > length(FE). Hence F' = 0, which implies that S appears only once

as a composition factor of F. O

Proposition 4.10. Let R be a left hereditary ring, and let S be a simple left R-
module such that its injective hull E(S) has finite length. Fizn > 0. If M is a left
R-module of finite length such that S appears n times as a composition factor of
M, then there exists N < M such that Soc(M/N) D S™.

Proof. If n = 0 then take N = 0. Assume that n > 0 and that the statement
is true for modules of finite length such that S appears m times as a composition
factor where m < n.

Let K be a submodule of M minimal with respect to the property that Soc(M/K)
contains a submodule isomorphic to S. The minimality of K implies that M/K has
n composition factors isomorphic to S. Hence, we can assume that S C Soc(M),
and we can fix a decomposition E(M) = E(S) @ E, where E(M) denotes the
injective hull of M.

Let m: M — E(S) denote the restriction of the canonical projection. By Lemma 4.

m(M) only has one composition factor isomorphic to S, therefore Kerm has n — 1
composition factors isomorphic to S. By the inductive hypothesis, there exists
N < Ker 7 such that Soc(Ker7/N) contains a submodule X isomorphic to S™~1.
Then Soc(M/N) contains X @& S which is isomorphic to S™. O
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Corollary 4.11. Let k be an infinite field. Let A be a hereditary finite dimensional
k-algebra such that it has an indecomposable module of finite length M such that
(i) Endp (M) =k, that is, M is a brick;
(ii) a composition series of M has repeated factors.

Then the lattice of preradicals of Mod-A is infinite.

Proof. Condition (i) ensures that all submodules of M are invariant. Since A is
finite dimensional, the injective hull of any simple left A-module has finite length
so that we can apply Proposition 4.10 to deduce that there exists NV < M such that
Soc(M/N) D S™ for some simple module S and some n > 2. Since k is infinite,
the lattice of submodules of M containing N is also infinite. Now for each one of
these submodules we can construct the preradicals in Definition 2.3, this yields an

infinite family of preradicals in Mod-A. O

Proposition 4.12. Let k be a field, and let Q be a quiver of Dynkin type. The
algebra A = kQ has no indecomposable modules with repeated composition factors

in its composition series if and only if Q s of type A,,.

Proof. If @ is of type A, then, as discussed in the proof of Corollary 4.8, the
indecomposable A-modules satisfy the desired property.

Now suppose that @ is not of type A,,. We have the following cases, assuming
that the vertices of @) are numbered as in Theorem 4.3. If @ is of type D,, then
the Tits quadratic form of Q is qq(z) = Y20, a2 — w123 — 1y wixir1 and @ =
(1,1,2,1,...,1) is a positive root of gg. If @ is of type Eg then z = (1,1,1,2,1,1)
is a positive root of gg(z) = Z?:l T? —T1T9 — ToXy — T3T4 — T4T5 — T5T6. Similarly,
if Q is of type E7 then 2 = (1,1,1,2,1,1, 1) is a positive root of gg(z) = 23:1 x? —
T1Xg — ToXy — Z?:g x;xi41, and if Q is of type Eg then x = (1,1,1,2,1,1,1,1) is
a positive root of ¢g(z) = E?Zl X2 — 21Ty — ToTy — ZZZS x;Zi+1. Therefore in all

cases there is a finite length module over A with repeated composition factors. [

Now we are ready to prove a characterization of hereditary finite-dimensional

algebras with a finite lattice of preradicals.

Theorem 4.13. Let A be a finite-dimensional hereditary algebra over an alge-
braically closed field k. Then A-pr is finite if and only if its basic subalgebra is a

product of indecomposable algebras each one having Gabriel quiver of type A, .

Proof. Assume that A-pr is finite. Since A is Morita equivalent to its basic sub-
algebra, me may assume that A is basic. A basic artin algebra is a finite product

of indecomposable basic artin algebras, thus we may also assume that A is basic,
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indecomposable and hereditary (see Examples 2.6 (1) and (2)). Then, by Gabriel’s
Theorem 4.2, A = kQ for a suitable connected, acyclic quiver Q.

First we claim that @ is a tree. If this is not the case then, by [1, proof of
Proposition VII.2.3], A has a family {M, }.ck of finite dimensional A-modules with
endomorphism ring isomorphic to k and Homp (M, M) = {0} for a # b. Therefore
the preradicals a%j (see Definition 2.3) give an infinite family of preradicals in A-pr,
which is a contradiction. Hence Q is a tree.

If Q' is a subquiver of @ then there is a full and faithful embedding of £Q’- Mod
into A- Mod [1, Lemma VII.2.2]. Hence any preradical o over kQ' can be extended
to a preradical over A, namely \/ME,CQ,_Mod ag/[M. In view of Proposition 4.12 and
Corollary 4.11, this implies that ) cannot contain a subquiver of type D,, for n > 4.
Hence, @ is of type A,,. O

5. The lattice of preradicals of a specific path algebra

In this section we study the finite lattice of preradicals over A = k@), where k is an
algebraically closed field and @ is the quiver of Dynkin type A,, with the canonical
orientation, as in example 4.5. First we recall that A is a left pure semisimple ring,
where (see Theorem 3.2) Z = A-ind can be taken as the set {X; ; |1 <i <j <n},
where X; ; = Pn+i_j/riPn+i_j, as in the AR-quiver of Example 4.5. We have the
following properties of these A-modules, including those stated in Corollary 4.4.

Recall that a module is called uniserial if its lattice of submodules is a chain. If

X is a module of finite length, the denote by ¢(X) its composition length.

Proposition 5.1. For each 1 <i < j <n let X;; as above. Then:

(1) X;; is a uniserial module.

(2) End(Xi;) = k.

(3) Every submodule of X ; is fully invariant.
)

(4) e(Xij) =i

We consider irreducible homomorphisms between elements of Z as follows.

frn— 17 \qnn

nln nlnl

X2 N

N N AN

Xln 1
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For each 7, j the f; ; are natural inclusions and the g; ; are natural epimorphisms.

Let T, be the set of all triangular arrays

Cn,n Cp—1n—-1 - C22 Ci1
Cn—1n Cn—2m—1 *°° C12
[ci,j] =
C2.n Cln—1
L Cin J

with entries ¢; ; € N for 1 < ¢ < j < n satisfying the following conditions:
(1) 0<e¢;<i
(2)i<j=cij<ciy1
(3) i,j>2=¢; <c-1;-1+1L

In T,, we can define order, join and meet coordinate-wise. In other words:

[ci ] < [c;]} &y < cg’j, for every 1 <i < j <

[cij] V [ei ;] = [max{c;j, c; ;};
[cij] A eg ;] = [minfei z, ¢ ;-

This defines a lattice (T, <,V,A) with least element [z; ;] and greatest element

[ui ;], where for each 1 <i < j <n, z;; =0and u; ; = 1.
Proposition 5.2. The lattices A-pr and T,, are isomorphic.

Proof. By Proposition 3.10 it is enough to prove that the lattices C% and T,, are

isomorphic. For simplicity, for each Y €  [[ L(X; ;) we write Y; ; instead of
1<i<j<n

Yy, ,. Let us consider the function ¢: C2 — T, such that p(Y) := [¢; ], where

for each 1 < i < j < n, ¢ ; = c(Y;;). Therefore we have for each 1 < ¢ <

5"

j < nthat 0 < ¢;; <4, which is condition (1) stated above. Now, if i < j then
fi,;(Yi ;) < Yiyq1 ;. Since f; ; is a monomorphism then ¢(f; ;(Y; ;)) = ¢; ;. Therefore
¢ij < Cit1,, which is condition (2). Finally, if 4,7 > 2 then ¢; ;(Yi;) < Yi1 ;1.
By definition of g; ; we have ¢(g; ;(Y5;)) = ¢i,; — 1. Therefore ¢; ; —1 < ¢;—1,j-1,
which is condition (3). This proves that [¢; ;] € T),.

Now we define the function v: T,, — C2 as follows. For each [ci ;] € T, there is a

unique set Y €[] L(X;;) such that ¢(Yx, ) = ¢, for each 1 <i < j < n.
1<i<j<n '

We claim that Y € C2. To prove this we use Corollary 4.6. So let h: X — X'
be an irreducible morphism, where X, X’ € A-ind. Then there must be an arrow
[X] — [X'] in the AR-quiver of A so that either X = X;; and X' = X;41;
for some 1 < i < j <mn,or X =X;,; and X' = X,_1 ;1 for some 2 < i <

j < n. In the first case, h must be a monomorphism, so that h(Y; ;) = Y;; has
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composition length ¢; ; < ¢;41,5, due to the fact that [¢; ;] € T,. Since every
X, ; is uniserial we must have h(Y;;) < Yi41;. In the second case h must be
an epimorphism, so that X; ;/Ker(f) = X;_1;-1. Furthermore, ¢(Ker(f)) =1,
because ¢(X;—1,;-1) =1 —1=c(X; ;) — 1. If h(Y;;) = 0, we are done, so we can
assume that Ker(f) <Y; ;, since X; ; is uniserial. Therefore h(Y; ;) =2Y; ;/Ker(f),
so c(h(Y;;)) = ¢i; —1 < ¢i—1,j-1, since [¢; ;] € T,,. This proves that in this case
h(Y; ;) <Yi_1j-1, s0 in any way h(Yx) < Yx/ and we conclude that ¥ € C%.

It is obvious that ¢ and v are order (and hence lattice) isomorphisms inverse one
to each other. O

Theorem 5.3. Let A = kQ, where k is an algebraically closed field and @ is the

quiver of Dynkin type A, with the canonical orientation. Then:
Claim 1. A-pris a finite distributive lattice.

Proof. That A-pr is finite is a consequence of Corollary 4.6. On the other hand,

by Proposition 5.2, A-pr 22 C4, a sublattice of the lattice ~[[ £(X;;), which is
1<i<j<n
distributive, being a product of chains. Therefore A-pr is distributive. O

Claim 2. A-pris a self-dual lattice.

Proof. By Proposition 5.2 it is enough to prove that T;, is a self-dual lattice. Let
[cij] € Th,. Foreach 1 <i<j<nlet ¢;j=1—Cinyi—j. We claim that [ch] eT,.
If1 <i<j<nthen 0 < ¢pti—j <4, hence we have 0 < c¢f; < i, which is
condition (1). If ¢ < j then, since [¢; ;] satisfies condition (3) we have ¢;41,n+it1—5 <
Cin+i—j+1. Therefore ¢f ; = i—cjnyi—j <it+1—Cit1ntit1-j = Cj4q j, 50 that [c;“J]
satisfies condition (2). Now suppose that ¢,j > 2. Since [¢; ;| satisfies condition
(2) we have ¢;—1,n4i—j < Cinyi—j- Therefore ¢} ; =1 —¢ippij <8 —Cimtnyi—j =
ci_1,j-1+1, and [c] ;] satisfies condition (3). We conclude that [c} ;] € T’,. Therefore
we can define the function 6: 7, — T, such that &([c; ;]) := [c] ;]. Notice that for
each 1 <7 < j <n we have c;"; = ¢;,j, so that 52 = 17, . Notice also that § reverses

order. We conclude that it is an order anti-isomorphism. (]

. , , . n o i(if1
Claim 3. A-pr is a graded lattice with rank ), %
Proof. By Proposition 5.2 it is enough to prove that T,, is a graded lattice. Let
p: T, = N be such that p([¢; ;]) == >, ¢;,;. Then p([z;;]) = 0. Suppose that

1<i<j<n
¢ = [¢;j],d = [d; ;] € T;, are such that d covers c. Then there exist 1 <k <[ <n

such that dy; = cr; + 1 and for each 1 <3 < j < n with £ # ¢ and [ # j we have
d;j = ¢i ;. Therefore p([d; ;]) = p([ci;]) +1. We conclude, by Theorem 2.1, that

T, is a graded lattice with rank p([u;;]) = Y wij =Y i, w O
1<i<j<n
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