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Abstract. A reality-based algebra (RBA) is a finite-dimensional associative

algebra that has a distinguished basis B containing 1A, where 1A is the iden-

tity element of A, that is closed under a pseudo-inverse condition. If the RBA

has a one-dimensional representation taking positive values on B, then we

say that the RBA has a positive degree map. When the structure constants

relative to a standardized basis of an RBA with positive degree map are all

integers, we say that the RBA is integral. Group algebras of finite groups are

examples of integral RBAs with a positive degree map, and so it is natural to

ask if properties known to hold for group algebras also hold for integral RBAs

with positive degree map. In this article we show that every central torsion

unit of an integral RBA with algebraic integer coefficients is a trivial unit of

the form ζb, for some ζ is a root of unit in C and b is an element of degree 1 in B.
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1. Introduction

A reality based algebra (RBA) is a pair (A,B), where A is a finite-dimensional

algebra over C with involution ∗ and has a distinguished basis B = {b0, b1, . . . , bd}
for which:

(i) the involution ∗ : A → A is R-linear and C-conjugate linear and satisfies

(uv)∗ = v∗u∗, for all u, v ∈ A;

(ii) b0 = 1A ∈ B;

(iii) (bi)
∗ = bi∗ ∈ B, for all bi ∈ B, for a transposition ∗ : {0, 1, . . . , d} →

{0, 1, . . . , d};
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(iv) multiplication in A defines real structure constants in the basis B, i.e. for

all bi, bj ∈ B, we have

bibj =
∑
bk∈B

λijkbk, for some λijk ∈ R;

(v) for all bi, bj ∈ B, λij0 6= 0 ⇐⇒ j = i∗; and

(vi) for all bi ∈ B, λii∗0 = λi∗i0 > 0.

Reality-based algebras were introduced by Blau in [1] to provide a bridge be-

tween adjacency algebras of association schemes, table algebras, the C-algebras of

Kawada, fusion rule algebras, and several other kinds of discrete hypergroups.

When the map δ : A→ C given by δ(α) =
∑
i αiδ(bi) is an algebra ∗-homomorphism

of A that takes positive values on elements of the basis B, then we say that δ is a

positive degree map for the RBA (A,B). The degree map is unique to the RBA,

and the distinguished basis can be rescaled to a standardized RBA-basis that has

δ(bi) = λii∗0 for all i = 0, . . . , d. If, in addition, the structure constants λijk with

respect to a standardized RBA-basis are all integers (resp. rationals), then we say

that the RBA (A,B) is an integral (resp. rational) RBA with positive degree map.

The prototypical example of an integral RBA with positive degree map is the

complex group algebra CG of a finite group G, whose distinguished RBA-basis G is

a standardized RBA-basis for the degree map given by the augmentation map (or

the trivial character) having δ(g) = 1 for all g ∈ G. Bose-Mesner algebras of finite

association schemes and integral table algebras give other useful and interesting

cases of integral RBAs with positive degree map.

For an integral RBA (A,B), the fact that the structure constants are integral

means that ZB is a subring of A. An important theme in integral representation

theory is to study the groups of units of Z-orders of semisimple algebras over C. In

this article we study torsion units (i.e. units of finite order) in ZB, when (A,B) is

an integral RBA with positive degree map. It is easy to see in this case that the

elements of B of degree 1 form a finite subgroup of B, which we denote by L(B).

The units of A having the form ζbi, where ζ ∈ C× and bi ∈ L(B), are called trivial

units of A. The main result of this article shows that central torsion units of ZB
must be trivial units whenever (A,B) is an integral RBA with positive degree map.

Motivated by the Zassenhaus conjecture for integral group rings of finite groups,

we ask if every torsion unit of ZB will be conjugate in A to a trivial torsion unit

when (A,B) is an integral RBA with positive degree map.
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2. C∗-algebra representation theory for RBAs

In this section our goal is to show that every RBA (A,B) has a faithful ∗-
representation Γ : A → Mn(C) for which Γ(u∗) = Γ(u)

>
for all u ∈ A. This is

a consequence of the representation theory of finite-dimensional semisimple C∗-

algebras. First we establish that RBAs are semisimple algebras. This was observed

previously in [1, Proposition 2.3]. The easy proof presented here is from [4].

Proposition 2.1. Let (A,B) be an RBA. Then A is a finite-dimensional semisim-

ple algebra.

Proof. A is a finite-dimensional algebra, so its radical J is nilpotent. Since the

involution ∗ is an antiautomorphism, J∗ = J . Let m be the least positive integer for

which Jm = 0. Then I = Jm−1 is a nonzero ideal of A with I2 = 0. If x =
∑
i xibi

is a nonzero element of I, then x∗ ∈ I, so x∗x = 0. But the coefficient of b0 in x∗x

is
∑
i |xi|2λii∗0 > 0, a contradiction. Therefore, J = 0, so A is semisimple. �

If u ∈ A, u0 denotes the coefficient of b0 in the expression of u in terms of the

basis B. Every RBA (A,B) has a feasible trace u 7→ u0; this is ∗-linear on A and

satisfies (xy∗)0 = (yx∗)0. This implies that

〈x, y〉 = (xy∗)0, for all x, y ∈ A,

is a nondegenerate hermitian form on A. In particular, ||x|| =
√
〈x, x〉 defines a

norm on A. Being a finite-dimensional vector space over C, A is complete with

respect to this norm, so A is a C∗-algebra.

Now that we have established that our RBA A is a finite-dimensional semisim-

ple C∗-algebra, we can apply the construction of [5, §11] to obtain a regular ∗-
representation. First, every simple component of the Wedderburn decomposition

A = ⊕χAeχ is a two-sided ∗-ideal of A, as χ runs through the distinct irre-

ducible characters of A. Each of these simple components Aeχ is a simple finite-

dimensional C∗-algebra. The construction of [5, Theorem 11.2] produces a faithful

∗-representation Γχ : Aeχ → Mnχ(C) for every simple component of A, where

nχ = tr(Γχ(eχ)) for all χ ∈ Irr(A). Each Γχ lifts to a representation Γ̂χ of A, and

taking the direct sum of these representations produces a faithful ∗-representation

Γ : A = ⊕χAeχ → ⊕χMnχ(C) ↪→Mn(C),

where n =
∑
χ nχ.

The next proposition shows how we can apply a faithful ∗-representation to

torsion units of an RBA.
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Proposition 2.2. Let (A,B) be an RBA. Then every torsion unit of A is conjugate

in A to a ∗-unitary torsion element of A.

Proof. Let Γ be the faithful ∗-representation of A as constructed above. When

u ∈ A is a torsion unit of multiplicative order k, then Γ(u) is a torsion matrix of

order k. This means each block of Γ(u) is a torsion matrix, and hence diagonalizable.

Let Wχ be invertible nχ × nχ matrices for which W−1χ Γχ(ueχ)Wχ is diagonal, for

all χ ∈ Irr(A). Since each block constituent representation Γχ : A → Mnχ(C)

is irreducible, it is also surjective. Let weχ ∈ Aeχ with Γχ(weχ) = Wχ, and set

w =
∑
χ weχ. Then Γ(w−1uw) is a diagonal torsion matrix, and hence ∗-unitary:

Γ(w−1u−1w) = Γ(w−1uw)−1 = Γ(w−1uw)
>

= Γ((w−1uw)∗).

Since Γ is a faithful ∗-isomorphism, this proves (w−1uw)−1 = (w−1uw)∗, as re-

quired. �

3. Torsion units for RBAs with positive degree map

Suppose now that the RBA (A,B) has a positive degree map δ. When the RBA-

basis B is standardized with respect to δ, we can define the order of the RBA to

be

n := δ(B+) =

d∑
i=0

δ(bi).

The positive degree map also puts us in a position to define the standard feasible

trace ρ : A → C with ρ(α) = nα0 for all α =
∑
i αibi ∈ A. Being a nonsingular

trace function on the finite-dimensional semisimple algebra A, ρ can be expressed as

a linear combination of the irreducible characters of A [3, §5]. The coefficients mχ

in this linear combination ρ =
∑
χmχχ are the multiplicities of the RBA. Higman’s

character formula [3]

eχ =
mχ

n

∑
i

χ(b∗i )

δ(bi)
bi

tells us how to express the centrally primitive idempotents of A in terms of the

standardized basis B. Since χ(bi∗) = χ(bi) for all bi ∈ B, we have

χ(eχ) = χ(b0) =
mχ

n

∑
i

χ(bi)χ(bi)

δ(bi)
.

χ(b0) = nχ is the degree of χ so it is always a positive integer. When the degrees

δ(bi) are all positive and real, then n is positive and real, so the multipicity mχ

is positive and real. It follows then that e∗χ = eχ. (Note that this implies that
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every two-sided ideal of A is ∗-invariant, in agreement with the finite-dimensional

C∗-algebra theory.)

The next lemma was proved in [2], and in [6] for commutative RBAs with positive

degree map. We include a proof here for completeness.

Lemma 3.1. Let (A,B) be a rational RBA with positive degree map and suppose

B is a standardized RBA-basis. Suppose the degrees of B satisfy δ(bi) ≥ 1 for all

i. Then the only ∗-unitary units of A with totally real algebraic integer coefficients

are the trivial units of the form ±bi for some bi ∈ L(B).

Proof. Let u =
∑
i uibi be a ∗-unitary unit with coefficients ui ∈ Z̄ for all i. Then

b0 = uu∗ implies that 1 =
∑
i |ui|2δ(bi). Since the |ui|2 are nonnegative real and

all of the δ(bi) are ≥ 1, we have that |ui|2 ≤ 1 for all i.

Let Q̄ denote an algebraic closure of Q in C. Since the structure constants in the

basis B are all rational, the action of any Galois automorphism σ ∈ Gal(Q̄/Q) on

coefficients yields an automorphism of the algebra A. If ui is a totally real algebraic

integer, then σ(ui) = σ(ui) = σ(ui) for all i, and hence σ(uu∗) = σ(u)σ(u)∗. In

particular, σ(u) is also a ∗-unitary unit of A. Therefore, for every i we have that

|σ(ui)|2 ≤ 1 for all σ ∈ Gal(Q̄/Q), and so by a classical result of Kronecker, every

ui is either 0 or a root of unity. Since u 6= 0, 1 =
∑
i |ui|2δ(bi), and δ(bi) ≥ 1 for

all i, it follows that there is a unique i for which ui is a root of unity, and for this i

the degree of bi is 1. Since the basis B is standardized with respect to the positive

degree map δ, this impies bib
∗
i = b0, so u = uibi is a trivial unit. Since ui is also

totally real, it must be the case that u = ±bi. �

Theorem 3.2. Let (A,B) be a rational RBA with positive degree map δ and stan-

dardized RBA-basis B. Assume that δ(bi) ≥ 1 for all bi ∈ B. Then every central

torsion unit of A with algebraic integer coefficients is a trivial unit.

Proof. If u is a central torsion unit with uk = b0, then u =
∑
χ uχeχ is a C-linear

combination of the centrally primitive idempotents of A, and the coefficients uχ are

all k-th roots of unity. In particular, we have ui = u−1i for all i, and so u∗ = u−1.

If σ ∈ Gal(Q̄/Q), then every σ(ui) is a k-th root of unity, so

σ(u∗) =
∑
χ

σ(ui)
−1σ(eχ) =

∑
χ

σ(ui)σ(eχ) = σ(u)∗.

As before it follows that 1 =
∑
i |σ(ui)|2δ(bi) for all σ ∈ Gal(Q̄/Q). If all of the ui

are algebraic integers, then this implies as before that all of the ui are either 0 or

roots of unity, and it again must be the case that there is a unique nonzero ui for
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which δ(bi) = 1. In this case u = uibi where ui is a root of unity and bi ∈ L(B) is

central in A. �

Corollary 3.3. If (A,B) is an integral RBA with positive degree map, then every

central torsion unit of ZB is a trivial unit.

We can ask if the Zassenhaus conjecture for integral group rings holds in the more

general setting of integral RBAs with positive degree map. This is the statement

that every torsion unit of ZB is conjugate in CB to a trivial unit. Corollary 3.3

is a necessary step in this direction. In fact the only torsion units of ZB that are

guaranteed to exist are the trivial units and their conjugates, so the problem is

to show these are the only torsion units present. The Zassenhaus conjecture has

been studied extensively for integral group rings of finite groups. For an up-to-date

account, see [4].
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