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ABSTRACT. Let Cpn, Qn and D, be the cyclic group, the quaternion group
and the dihedral group of order n, respectively. Recently, the structures of
the unit groups of the finite group algebras of 2-groups that contain a normal
cyclic subgroup of index 2 have been studied. The dihedral groups Da2,,n > 3
and the generalized quaternion groups Qan,n > 2 also contain a normal cyclic
subgroup of index 2. The structures of the unit groups of the finite group alge-
bras FQi2, FD12, F(C2 x Q12) and F(C2 x D12) over a finite field F are well
known. In this article, we continue this investigation and establish the struc-
tures of the unit groups of the group algebras F(Cp x Q12) and F(Cyp X D12)

over a finite field F' of characteristic p containing p* elements.
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1. Introduction

Let F'G be the group algebra of a finite group G over a finite field F of characteris-
tic p having ¢ = p* elements. Let U(FG) be the unit group of FG and let J(FG) be
the Jacobson radical of FG. f V =1+ J(FG), then U(FG) 2V xU(FG/J(FQ))
[16]. A good description of the structure of U(FG) has applications in various areas
like the group ring cryptography [10] and the combinatorial number theory [5], etc.
This necessitates finding the explicit structure of U(FG). A comprehensive review
of the well-known properties of U(F'G) is given in [3].

If K is a normal subgroup of G then the natural group epimorphism G — G/K
can be extended to an F-algebra epimorphism FG — F(G/K). The kernel of
this epimorphism w(K), is the ideal of F'G generated by {k —1 | k € K}. In
particular, if K = G, then the epimorphism € : FG — F given by E(deG agg) =
dec ag is called the augmentation mapping of F'G and the ideal w(G) is called
the augmentation ideal of F'G. Clearly, FG/w(G) 2 F.
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Let Cy, @, and D,, be the cyclic group, the quaternion group and the dihedral
group of order n, respectively. The four non-isomorphic nonabelian groups of or-
der 2™ which have a cyclic subgroup of index 2 are the dihedral group Dayn, the
generalized quaternion group @on, the semidihedral group SDs» and the modular
group Man, see [4]. Certain properties of the group of normalized units of the mod-
ular group algebras of these groups were studied in [1,2]. Moreover, the structures
of the semisimple group algebras of these groups have been obtained in [17,21].
The groups Dsj,n > 3 and Q4,7 > 2 also contain a normal cyclic subgroup of
index 2 and the unit groups of the group algebras of these groups and their ex-
tensions have been extensively studied [6,7,9,11,13,14,16,17,18,21,23,25,26]. In this
paper, we aim to contribute in this direction further by describing the structures
of U(F(Cy, X Q12)) and U(F(C,, x D12)).

There is only one nonabelian group of order 2p, up to isomorphism, namely Dy,
for any prime p > 3. The structure of U(ZsD5,) for an odd prime p is described in
[11]. This was extended to a field containing 2* elements in [13]. In [14], the struc-
ture of the centre of the maximal p-subgroup of U(F Da,n) for n > 2 is discussed.
Further, by using an established isomorphism between F'G and a certain ring of
n X n matrices in conjunction with other techniques, Gildea [6] has obtained the
order of U(F Dayn) for an odd prime p as p?*®" =1 (p* — 1)2 whereas in [7], he has
proved that the centre of the maximal p-subgroup of U(F Dy,) is C;f P+D/2 e
three nonabelian groups of order 12 are D15, Q12 and A4, the alternating group on
4 letters. The structures of the unit groups of FQ12 and F(Cs X @Q12) have been
studied in [9,18,25,26]. Also, the unit groups of F D15 and F(Cy x D13) have been
obtained in [9,16,18,23,25], whereas U(F Ay4) is given in [8,24].

Throughout the paper, C¥ is the direct product of k copies of C,,, F, is the
extension field of F' of degree n and GL(n, F') is the general linear group of degree
n over F. For co-prime integers [ and m, ord,,(l) denotes the multiplicative order
of I modulo m.

It is well known that, if G and H are groups, then F(G x H) & (FG)H, the
group ring of H over the ring F'G, see [20, Chap 3, Page 134]. This result will be

used frequently. Now we state here some of the Lemmas needed for our work.

Lemma 1.1. [15, Theorem 2.1] Let F be a field of characteristic p having q¢ = p*
elements. If (n,p) =1, where n € N, then

FC, ~F & (@m, I F(jl’),

where d; = ord;(q) and e; = %l),
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Lemma 1.2. [25, Lemma 3.3] Let F be a finite field of characteristic p with |F| =
q=pF. Ifp#2, then
F4, if p=1 mod 4 or n is even;
FCy =
F2qF,, ifp=—1 mod4 andn is odd.

Lemma 1.3. [15, Lemma 2.3] Let F' be a finite field of characteristic p with |F| =
q=p~. Then

CPrV x Cpy,  ifn=1;

I, C;f: X Cpi_y, otherwise,

where hy, = k(p —1) and hy = kp"~*"1(p —1)2, for all s, 1 < s < n.

U(FCl) =

Lemma 1.4. [22, Lemma 3.2] Let F be a finite field of characteristic p with |F| =
q=pF. Ifp#2, then
UFCy) = C> .

q

2. Units in F(C, x Q12)

The quaternion group Q12 = (z,y | 2% = 1,2% = y2, 2y = yx°). The structures
of the unit groups of the finite group algebras FQi12 and F(Cy x Q12) have been
studied in [9,18,25,26]. In this section, we establish the structure of the unit group
of F(C), x @Q12). We shall use the following presentation of C,, X Q12:

Cp X Q12 = <-T,y,2 | ‘TS :y4:2n: 1,xy:y:c2,xz:zx,yz:zy>.

Theorem 2.1. Let F be a finite field of characteristic 2 containing ¢ = 2* elements
and let G = C, X Q12. If n is odd, then

U(FG) = (C5mF x OTF) x <<Cq1><GL(2, F)> x ( I (Ca_ixGLe, Fd;))el>> .

I1>1, Un
Proof. Since n is odd, FC,, is semisimple. Thus by Lemma 1.1,
FG = (FC,)Q12,
= (F@ (®i>1, n F;;))Qm,
=2 FQ12® (EB;>1, IIn (Fdem)el)-
Now by [26, Theorem 3.2], U(FQ12) = (C5* x C§) x (Cy—1 x GL(2, F)) and so

U(Fy,Qr2)* = (C37 % x 07V%) %0 (Cay_y x GL(2, Fyy)) ™.
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As >y, ¢(1) =n, so

U(FG) (Cfmkxczk))q <<Cq_1 XGL(2, F)) ><< H (qul1XGL(2,Fdl))el>>.

>1, ln
(]

Theorem 2.2. Let F' be a finite field of characteristic 3 containing ¢ = 3* elements
and let G = C,, X Q2. Then

U(FG) = (C§™ % C3™) x U(F(C,, x Cy)).

Proof. Let K = (z). Then G/K = H = (y,z) = C,, x Cy. Thus from the ring
epimorphism F'G — FH given by

n—1 n—1 3
E E aiq3j4121%" y 2t E E g @itz 4121y’ Z
=037 =0 j=0 ©=0

we get a group epimorphism 6 : U(FG) — U(FH).

Further, from the inclusion map FH — F'G, we have i : U(FH) — U(FQG) such
that 07 = 1y (ppy. Therefore U(FG) is a split extension of U(FH) by V = ker(0) =
1+ w(K). Hence

U(FG) 2=V x U(FH).

Now, let u = l”:_Ol Z?:o Z?:o airzjry’ 2t € U(FG), then u € V if and
only if Z?:o a; =1 and Z?:o ai+3; =0 for j =1,2,...,(4n — 1). Therefore
n-1 3 2
EED D USRI
1=0 j=0 i=1

and |V| = 3%, Since w(K)3 =0, V3 = 1. We now study the structure of V in the

following steps:
Step 1: Cy(z) = {v €V | vz = zv} = C§"*.

fo=1+Y"% ZJ o iy (@ = Dbigajasy’zl € Cv(x) = {v € V | vz = v},
then v —zv =T )", ((b3+81 —bayg)y + (briss — bsig)y® )zl Thus v € Cy (x) if

and only if bj g1 = bi4j48 for j =3,7and { =0,1,...,n — 1. Hence
n—1 1 2
Cy(x) :{1 + Z Z(xl —Veirojray® 2
1=0 j=0 i=1
n—1 1
+7 Cantnjis1y T2 i€ F}
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So Cy(z) is an abelian subgroup of V and |Cy (x)| = 3. Therefore Cy (z) =
C§nk,

Step 2: Let T be the subset of V' consisting of elements of the form
n—1
14y (i(tﬂ +tjoy?) + (x4 222)(tjsy + tj4y3))zﬂ,

where t;, € F'. Then T is an abelian subgroup of V' and T' = Ccink.
Let
n—1
t1 =1+ Z (E(rﬂ +1j0y?) + (z + 222) (rj3y + Tj4y3))zj eT
j=0

and
n—1

ta=1+Y (f(3j1 + sj2y%) + (x + 22%) (sj3y + 8j4y3))zj €T
i—0
Then ]
tity =1+ "z: (E((rﬂ + 551 +71) + (rjo+ 82 + 72)y2)
+ (2 +22°%) ((rj3 + 853)y + (rju + sj4)y3)>zj eT,

where

7 =2) (13514 +1j45i3)2",

Yo =2 (1383 +1;j48i4)2"

So T is an abelian subgroup of V and |T'| = 3*"*. Therefore T = C3"*.
Now, let

n—1 1 2
TS - Ve
=0 j=0 =1
n—1 1
+7 Zc4n+nj+l+1y It e Cy(x)
=0 j=0

and

t=1+ Z (ff(tjl + tj2y2) + (x4 2%2)(15]'324 + tj4y3)>2j eT.
=0
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Then
=142 ) (Bt + tay®) + (2 + 200 (tay + Lay?) )
i=0
+2 Z (2 + 20y2 + 25t ) 2
and
n—1ln—1
cd=c+ fz Z ((cl+4i — Cotai)tjs + (c344i — C4+4i)tj4>yzl+J
i=0 j=0
n—1ln—1
+ 552 Z ((C1+4¢ — Coqai)tja + (C34ai — C4+4i)tj3)yzl+]
i=0 j=0

Clearly, ¢ € Cy(z). Thus T normalizes Cy (z). Now, if U = Cy(z) N T, then

{ Z i1+ tay?) 2 \tj,eF} ok,
7=0

So for some subgroup W =2 C2"% of T, we have T = U x W, Cy(z) "W = 1 and
|Cy ()W | = |V| = 3%"%. Hence V = Cy (z) x W =2 C§"F x C2nk, O

For U(F(C,, x Cy4)), we prove the following:

Theorem 2.3. Let F be a finite field of characteristic 3 containing ¢ = 3* elements
and let H = Cy, x Cy, where n = 3"s such that r > 0 and (3,s) =1. Then U(FH)
is isomorphic to
(1) If 34 n, then
(a) C4 1 X (Hl>1 In C4dll 1) if q =1 mod 4;
(b) C2 | x Cpr_y x (Hl>1 lln(CQ;,l L X C;fl;_l)), if g = —1 mod 4.
(2) If 3|n, then
(a) 04 1 X (Hl>1 1\50401; 1) (H;l Ogtsm)7 if ¢ =1 mod 4;
(b) €2y % oo x (Mo, s (O, x C5fy ) (TTy (G5 % O57)),
if g =—1 mod 4;
where dj = ordi(¢*), €} = %?, n, = 2k, n, = 4.37 """k, for all
1<t<randn),=2n, forall1 <t <r.

Proof. As FH = (F(C4)C,, so using Lemma 1.2, we have

(FC,)4, if g =1 mod 4;
(FC,)? ® F»,C,, ifg=—1mod 4.

FH =
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(1) If 3t n, then by Lemma 1.1,

FC,=2F&® (@l>1, ln F;;)
and so
FCo 2 By ® (@151, 1 Fy )
)

. Hence

where d) = ord;(¢*) and €] =

e FY*® (@51, ”nF;f’), / if ¢ =1 mod 4;
FPoFRe (B, e (Fi @ Fy), ifq=—1mod 4.
It is obvious that
a = dy/2, if d; is even;
dy, if d; is odd.

Also

2e;, if d; is even;
e, if d; is odd.
(2) If 3|n, then by Lemma 1.1,

FC, = (FC;s)Csr,
= (F @ (@51, 4sFg'))Car,
= FCST S (@l>1, l|s (FdzC3T)el)'

By Lemma 1.3,

U(FCsr) = Cqe_q ¥ (HC:?)
t=1
where n, = 2k, n, = 4.3""t~1k. Thus
U(Fd C T)el ~ oe (H C‘i’(l)nt)
13 3dik _q 3t .
=1
Since 2, o(1) = s,

U(FC,) = Cy_, x ( I ¢ 1) X (Hcgn)

1>1, s t=1
and
!’ r ’
el SN
U(FCy) = Coon_y X ( Csdzu) x (Hog,,t),
I1>1, Is t=1

where n} = 2n, for all 1 < ¢ <r. Hence the claim holds.
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(]

Theorem 2.4. Let F be a finite field of characteristic p > 3 containing ¢ = p*
elements and let G = C,, X Q12 where n = p"s, r > 0 such that (p,s) = 1. If
V=14 J(FQG), then U(FG)/V is isomorphic to

(1) C*_, x GL(2, F)? x (Hz>1, e (Chy GL(Q,Fdl)2)el), if g = 1,5 mod
12;

(2) C2_, xCpry x GL(2, F)? % (Hz>1, o (C2 X Cpann_y X GL(2, Fdl)2)”),

if = —1,—5 mod 12;

where V is a group of exponent p” and order p*2sF® =1

Proof. Let K = (2°). Then G/K 2 H = Cy x Q12. If 0 : FG — FH is
the canonical ring epimorphism, then J(FG) = ker(§), FG/J(FG) = FH and
dimp(J(FQG)) =12s(p" —1). Hence U(FG) =V xU(FH), where V =1+ J(FQG).

Clearly, exponent of V = p” and |V| = p!2sk®"—1),

By Lemma 1.1,

FH = (FC)Q12,
~ (F@ (Sr>1, l\sF;ll))Ql%
= FQu2® (@1, 1fs (Fu,Q12)%").

Now, by [25, Theorem 4.2],

FQ ~ F4 D M(27F)27 if q = 1,5 mod 12,
12 =
FPoF,oM(2,F)?, ifqg=-1,-5mod 12,
and so
(F Q )elN F;EZ@M(Qdel)zelv if g=1,5 mod 12;
d 12 =
l Fd216l ® FQECZII, @ M(27 Fd1)2ela if q= _17 —5 mod 12. O

In the above theorem, if » = 0, then we have the unit group of the semisimple
group algebra F'G given by
(1) U(FG) 2 C4_, x GL(2, F)? (Hl>1, T (o GL(Q,Fdl)2)61>, if g =
1,5 mod 12.
(2) U(FG) = C2, x Cp_y x GL(2,F)? x (Hz>1, i (C2,_y % Copay
GL(2,FdL)2)€’), if g = —1,~5 mod 12.

X
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3. Units in F(C, x D1s)

The dihedral group Dip = (z,y | 2° = y?> = 1,yz = 2°y). The structure
of the unit group of the finite group algebra FDjs has been studied in [9,16,25]
whereas the structure of unit group of F(Cs X D12) is described in [12,18,23]. In
this section, we establish the structure of the unit group of F(C), X D13). We shall

use the following presentation of C,, x D1s:
Cp X Dig = (m,y,2 | 2% = y? = 2" = 1,yx = 2%y, 22 = 21, y2 = 2y).

Theorem 3.1. Let F be a finite field of characteristic 2 containing ¢ = 2F elements
and let G = Cy, X D1s. If n is odd, then

U(FG) = CI"F % (C’q_1 x GL(2,F) x ( H (qu_l X GL(Q,Fdl))Ez))
>1, Iln
Proof. Since n is odd, F'C), is semisimple. Thus by Lemma 1.1,
FG = (FC,)Dsa,
= (F & (@151, ynky')) Dia,
= FD1o & (@51, i (Fa,D12)*).
Now by [16, Theorem 2.6],
U(FDyp) = CI* x (Cq_1 X GL(Q,F))
and so
U(Fy, D12)" = €370 x (Cel

41 x GL(2aFdz)el)'
Since 3, (1) = n,

U(FG) = C3™F % <C’q1 x GL(2,F) x ( H (quz_1 X GL(Z,FdZ))ez)) O
i>1, ln
Theorem 3.2. Let F be a finite field of characteristic 3 containing q = 3 elements

and let G = C,, X D1o5. Then
U(FG) = (C§™ % C3"%) x U(F(C,, x C3)).

Proof. Let K = (22). Then G/K = H = (23,y,2) = Cy x C3 x C,. Thus from
the ring epimorphism FG — FH given by

1 n—-1 2

21
E E E T az+6 (7+nl) +z az+6(]+nl)+3)y Zj
=0 j=0 i=0
1 -1 2

(@it6(j+n) + $3Gi+6(j+nz)+3)ylzj

N
I
=}
<.
Il
<
-
Il
o
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we get a group epimorphism 0 : U(FG) — U(FH).

Further, from the inclusion map i : FH — FG, we have i : U(FH) — U(FQ)
such that 07 = 1y (pp). Therefore U(FG) is a split extension of U(FH) by V =
ker(8) =1+ w(K). Hence

U(FG) =V x U(FH).

Let u = Zl 0 2 Zl 0 T2 iy 6(j+nt) T T30i16(j4n1)13)Y 20 € U(FG), then
w e Vifand only if Y27 ja; = 1 and 37 aiis; = 0 for j = 1,2,..., (4n — 1).

Therefore
1 2
{ + Y > @ = Dbigagonn + 2 biagrans2)y'z | bi € F}
=0 j=0 i=1

and V| = 3%, Since w(K)3 =0, V3 = 1. We now study the structure of V in the

following steps:
Step 1: Cy(22) = {v € V | va? = 2?0} = C§*.

Ifv= 1"_21 OZ Zz 1( - )(bz+4(J+nl)+x bl+4(j+nl)+2)ylzj € CV(mz) =
{v e V| vz? = 2%}, then vz? — 2?0 = z2 >ico ((b1+4(j+n) — boya(jan)) +
x3(b3+4(j+n)—b4+4(j+n))) 2. Thusv € Cy (2?) if and only if by a(jsn) = bititaj+n)
for j=0,1,...,n—1and i = 1,3. Hence

n—1 2
Cy (z%) :{1 + Z(ﬂc2’ 1)(Ciyaj + x°Cigajt2)
j=0 i=1
/\nfl 1
+ 22 Cn(ita)+j 122 y2 | ¢ € F}.
j=0 i=0

So Cy (x?) is an abelian subgroup of V and |Cy (22)| = 35"k, Therefore Cy (2?) =
cgnk.
Step 2: Let S be the subset of V' consisting of elements of the form

n—1

1+ Z x2(1 - xz)(sjl + 5j2$3)(1 + y)zj’
j=0

where s,, 85, € F. Then S is an abelian subgroup of V and S = C3"k.
Let

n—1
s1 =1+ Z 22 (1 —2?)(rj, +rj2*) (1 +y)2l € S
3=0
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and
s2=1+ > 2?(1—a?)(t), +t;,2°)(1+y)2? € 8.
Then
n—1 )
sisp =1+ a°(1— x2>((m +t,) + (rg, + tJ2)9C3)(1 +y)z’ €.
=0

So S is an abelian subgroup of V and |S| = 32"*. Therefore S = C2"*.
Now, let

n—1 2
c=1+ Z(ZEZZ 1)(Citaj + 2°Citaj42)?
7=0 i=1
An—l 1
+ x2 Z Cn(i+4)+j+1'r32y'z] € CV(Iz)
§=0 i=0
and
n—1
s=1+ Z (1 — 2?) (55, + 85,2%) (1 +y)2? € S.
=0
Then
¢ = c+a2(n1 + )y,
where
n—1ln—1
=y > (Sh Clyai — C244i) + 8j5 (Ca44i — C4+42)) p
7=0 =0
n—1n—1
Yo = (Sjl (€344i — Cavai) + 8j, (C144i — 02+4i))2’ﬂ .
§=0 i=0

Clearly, ¢* € Cy (2?). Thus S normalizes Cy (2?). Since Cy (2?)NS = 1, |Cy (22)S| =
387k — |V|. Therefore

V =Cy(2%)S = Cy(2?) x § = CE"F x C2"F,
Hence the claim holds. O
For U(F(C,, x C3)), we prove the following:

Theorem 3.3. Let F be a finite field of characteristic 3 containing ¢ = 3* elements
and let H = C,, x C2, where n = 3"s such that v > 0 and (3,s) = 1. Then U(FH)

is 1isomorphic to

(1) Ci_y X (Iisn, 4 Coit_,), if 314 m;
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(2) Gy x (Hl>1, Us 03511_1) x (H::10§fnt)v if 3In;
where n, = 2k and ny = 4k3"717Y, forallt, 1 <t <r.

Proof. By Lemma 1.4, we have
FH = (FC3)C,, = (FCp)*.
(1) If 31 n, ie., if r =0, then by Lemma 1.1,
FCp 2 F & (@i, un Fl)-

Hence

vrH) =l x (T can,)-

i>1, ln
(2) If 3|n, i.e., if r > 0, then by Lemma 1.1,
FC, = (FCs)Csr,
= (F@ (@l>1, ”SF(ZL))Cgr’

= FCs @ (@151, 115 (Fu,C3r)).

By Lemma 1.3,

r

U(FCyr) = Cyr_y x (Hcg;),
t=1
where n, = 2k and n; = 4k37 "1 forall ¢, 1 <t < r and
. 1
U(Fdzc?)T)el = Cgtlizk—l x (H Cg‘( )m).
t=1
Since 2, o(1) = s,

U(FC,) = Cgr_y X ( H C:;l’“—l) x (ILIIC’;?‘)
i

>1, l|s
and hence
vrm) = Choy < (] e, < (TLcsm). 0
1>1, s t=1

Theorem 3.4. Let F be a finite field of characteristic p > 3 containing q¢ = p*
elements and let G = C,, X D1a, where n = p"s, v > 0 such that (p,s) = 1. If
V =14 J(FQG), then
U(FG)/V = C*_| x GL(2, F)? x ( [T (ch_, x GL(z,Fdl)Q)”),
I>1, Is

where V is a group of exponent p” and order p*2sF® =1
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Proof. Let K = (2°). Then G/K =% H = Cy x D1p. It 0 : FG — FH is
the canonical ring epimorphism, then by [19, Theorem 7.2.7 and Lemma 8.1.17],
J(FG) = ker(9), FG/J(FG) =2 FH and dimp(J(FG)) = 12s(p” — 1). Hence
U(FG) =V x U(FH). Clearly, exponent of V = p" and |V| = p'2s*®" =1 Now
by Lemma 1.1,

FH = (FCS)Dlg,
= (F @ (@151, 4sFy')) Dia,
= FDis & (@51, 15 (Fa, D12)).
Now, by [25, Theorem 4.3], FD1 = F* & M (2, F)?. Hence
U(FH) 2 C'_, x GL(2,F)? x ( IT (¢t % GL(z,Fdlf)“). O
I>1, l|s
In the above theorem, if » = 0, then we have the unit group of the semisimple
group algebra F'G given by
U(FG) = Cl_, x GL(2, F)? x ( [T (ch_, x GL(2,Fdl)2)€‘).
1>1, l|n
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