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1. Introduction

Let R be an associative ring with the unit 1. If a € R, we have the next
image ideals aR = {ax : z € R}, Ra = {za : * € R}; and the kernel ideals
a® ={r € R:ax =0}, °a ={r € R:za = 0}. The symbol az' denotes the
inverse of a in a subring B of R.

An element a € R is regular if there is z € R such that aza = a. In this case,
x is an inner inverse of a. The set of all regular elements of R is denoted by R~
and the set of all inner inverses of a € R~ will be marked as a{1}. For a € R, if
zax = x holds for some z € R\{0}, then x is an outer inverse of a.

An element ¢ € R has a Drazin inverse z = a% € R if

for some non-negative integer k. If there is a Drazin inverse a?, then a is Drazin

k+1y s called

invertible and the smallest non-negative integer k in equality a* = a
the Drazin index ind(a) of a. The set of all Drazin invertible elements of R is
denoted by RY.

The special type of outer inverse was defined by Drazin [3] and called the (b, ¢)-

inverse. Let b,c € R. An element a € R is (b, ¢)-invertible if there exists z € R
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such that

z € (Rz)N (zRe), xab=>b and cax=-c.

The (b, ¢)-inverse x of a satisfies zax = z, it is unique (if exists) and denoted by
all®e) 3], We will use R!I>¢) to denote the set of all (b, ¢)-invertible elements of
R. Notice that bR = all®>9R and ¢® = (all(®>9))°. Some interesting results about
the (b, ¢)-inverse were given in [13,14,15,16,17].

In the rest of this paper, we will use the term minus partial order. For a,b € R,
we say that a is below to b under the minus partial order (denoted by a <~ b) [6]
if aa=a"band aa~ = ba~, for some ¢~ € a{l}. This relation is a partial order
on R™.

The notation of the G-Drazin inverse was defined for square matrices in [15] and
extended for elements of a ring in [2]. For a € RYNR~ and ind(a) = k, an element

z € R is a left G-Drazin inverse of a if

k+1 k

=a* and oFf! k

aza =a, za z=a".

It is known that the G-Drazin inverse is not unique (when it exists) in general.
Let C™*" be the set of all m x n complex matrices. We mark A*, rank(A), N(A)

and R(A), respectively, conjugate transpose, rank, null space and range (column

space) of A € C™*™. The uniquely determined outer inverse of A with prescribed

range T and null space S is a matrix X € C"*™ (represented by Ag )S) for which
XAX =X, R(X)=T, N(X)=S5,

where T is a subspace of C" dimension s < r = rank(A), and S is a subspace of
C™ dimension m — s. Note that AT & S = C™ and only if Ag?)s exists. For a given
A € C™*" appropriately chosen T, S, the notation
(C?g” ={AeC™": AT ¢ S=C"} CCm*"

will be used.

The concept of G-outer inverse was introduced as a generalization of the G-
Drazin inverse using outer inverse with prescribed range and null space in [9]. A
matrix Z € C"*™ is G-outer (T, S)-inverse of A € Cg" if

AZA=A, ZAAPy = AT and APGAZ = AT

The definitions of both left and right versions of G-outer inverse were given in [11].
A matrix Z € C"*™ is a left G-outer (T, S)-inverse of A € CIL 5" if it satisfies

AZA=A and ZAAT, = AT
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A matrix Z € C"*™ is a right G-outer (T, S)-inverse of A € CT 5" if it satisfies
2 2
AZA=A and APGAZ = AT

G-Drazin inverses, G-outer inverses and its one-sided versions are significant in
solving some matrix equations and studying partial orders [1,4,5,8,10]. A zeroing
neural network (ZNN) approach for calculating time-varying G-outer inverse can
be found in [12]. Recent results related to the G-Drazin inverse were stated in [7].

In this paper, we generalize the notions of G-outer inverse for rectangular com-
plex matrices to elements of a ring, using the (b, ¢)-inverse. One-sided G-outer in-
verses in a ring are defined and characterized as weaker versions of G-outer inverse.
By means of G-outer inverse and its one-sided kinds, we study partial orders in a
ring. As special cases of one-sided G-outer inverses, one-sided G-Drazin inverses
are introduced and investigated for elements of a ring. Also, we consider partial
orders induced by one-sided G-Drazin inverses. Thus, we extend some results for
complex matrices in a more general setting.

The paper is organized as follows. In Section 2, we introduce the G-outer inverse
in a ring and discuss its properties. Section 3 is devoted to the definition and
investigation of one-sided G-outer inverses in a ring. In Section 4, we define the left
and right G-outer partial orders, as well as the G-outer partial order, and provide
characterizations of these relations. Section 5 presents left and right G-Drazin
inverses for elements of a ring, together with their characterizations. Finally, in

Section 6, we define and examine the left and right G-Drazin partial orders.

2. G-outer inverse in a ring

In this section, we define a G-outer (b, c)-inverse for elements in a ring and
establish its properties. Thus, we extend the concept of G-outer (T, S)-inverse in

settings of a ring.

Definition 2.1. Let b,c € R and a € RII®)N"R~. An element z € R is a G-outer

(b, ¢)-inverse of a if

b,c)

aza=a and al®9qz = 2qa!l®9).

The G-outer (b, ¢)-inverse of a is not unique. We introduce a very useful notation.
The set of all G-outer (b, ¢)-inverses of a is denoted by a {go, b, ¢} . The next inclusion
applies a {go,b,c} Ca{l}.

We characterize the G-outer (b, ¢)-inverse in the following manner.
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Theorem 2.2. Let b,c € R and a € RI®S) N R=. For z € R, the following
conditions are equivalent:

) z € a{go,b,c};

ii)aza=a and  al®az = all:9) = 2qallb:0);

(i
(
(iii) aza = a, aall®9az = adl®9)  and zaal®a = all®)q;
(iv) aza=a, caz=c and zab="b;

(

v)aza=a, (az)°Cc and bR C zaR.

Proof. (i) = (ii): For z € R which is a G-outer (b, ¢)-inverse of a, by Definition

2.1, we have aza = a and all(®9az = zaall(®9). We get

109 020al0:0) — Gl 4ol 100 — gllB.e)

and further

2100 — 160 400l 00 = 50010 a0 = Haall:0)

In a similar way, we prove that all(®:¢) = gll(®:¢) gz,

(ii) = (iii): This implication is clear.

(iii) = (iv): Using the fact caall®) = ¢ and the assumption aall®*) = qall®*)qz,
we conclude that caz = caall®9az = caall®) = ¢. Since all®ab = b, multiplying
all®) g = zaall®9)gq by b from the right side, we get b = zab.

(iv) = (v): It is evident.

(v) = (i): The hypothesis aza = a gives azaz = az. Now, 1 —az € (az)° C
® = (all®9))° and so all®?az = all®9). From all®>*) € bR C 2aR = (1 — za)°, we

deduce that al!®9 = 24409 and thus a/l®9az = zaall®), O

Based on idempotents, we obtain the next characterizations of G-outer (b, c)-

invertibility.

Theorem 2.3. Let b,c € R and a € RI®9) . The following conditions are equiva-

lent:

(i) a{go,b,c} # 0;
(ii) there are idempotents p,q € R, such that

a”(b’c)p = an(b’C)7 pR=aR and Rq= Ra.
Additionally, for arbitrary a= € a{1}, it is valid qa~p € a{go,b,c} and
q-a{l}-p Cafgo,b,c}.

Proof. (i) = (ii): Assume that « € R~ and z € a {go,b,c}. Let p = az and ¢ = za.

Since z € a{l}, we get p?> = azaz = az = p and ¢®> = zaza = za = q. So, p and
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q are idempotents. Notice that pR = azR C aR and aR = azaR = paR C pR,
which imply pR = aR. It also applies R¢ = Rza = Ra and all®9)p = all0:) gz =
zaall®©) = qall®9), Thus, (ii) holds.

(ii) = (i): Let p,¢ € R be idempotents such that pR = aR, Rqg = Ra and
all®9)p = qall®¢) . We prove the existence of a G-outer (b, ¢)-inverse of a. Because
pR = aR, it is valid p = ar and a = pu = p?u = pa, for some r, v € R. Furthermore,
a = pa = ara, which yields that a is regular and p = ar = aa”ar = aa™p, where
a~ € a{1} is arbitrary. From Rqg = Ra, we have ¢ = qa~a and a = aq. If z = ga™ p,
then aza = aga~pa = (aq)a™ (pa) = aa~a = a and all®az = all®9) (ag)a=p =

b,c)

aH(bvc) (aafp) = all(b‘rc)p — an(b,C) = qa/faan(b’C) — (qaip)aaH( = Zaa”(bfc)7 by

which we proved that z is the G-outer (b, ¢)-inverse of a. O

Note that the product zaz’ is a G-outer (b, ¢)-inverse of a in the case that z and

2" are G-outer (b, ¢)-inverses of a.
Theorem 2.4. Let b,c € R and a € RI®) NR~. Then
a{go7b7c}.a.a{go’b7c}ga{g07b’c}'

Proof. We can verify this result similarly as [9, Theorem 2.4]. O

3. One-sided G-outer inverses in a ring

Removing the second or the third equation in the definition of the G-outer (b, ¢)-
inverse, we introduce one-sided G-outer (b, ¢)-inverses as weak kinds of generalized
inverses. In this way, we extend definitions of left and right G-outer (T, S)-inverses

to elements of a ring.

Definition 3.1. Let b,c € R and a € RII®®) N'R~. An element z € R is

(a) a left G-outer (b, ¢)-inverse of a if

aza=a and all®® = zqall®),
(b) a right G-outer (b, ¢)-inverse of a if

aza=a and all®9) =gll:)gz,

Let us introduce the following useful tags. We denote the set of all left (or
right) G-outer (b, ¢)-inverses of a with a {l, go, b, ¢} (or a{r, go,b,c}). The following
relations apply a {l, go,b,c} C a {1} and a {r,go,b,c} Ca{l}.

By Theorem 2.2, we have the next characterizations of left and right G-outer

(b, ¢)-inverses.
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Corollary 3.2. Let b,c € R and a € RI®O) N R~ For z € R, the following
conditions are equivalent:

(i) z € a{l,go,b,c};

(ii) aza = a and zaa!®9)q = all®:9)q;

(iii) aza = a and zab = b;

(iv) aza = a and bR C zaR.

Corollary 3.3. Let b,c € R and a € RI®) N R~ For z € R, the following
conditions are equivalent:

(i) z € a{r,go,b,c};

it) aza = a and aal®9az = aall

( (b,c);
(iii) aza = a and caz = ¢;
(

iv) aza = a and (az)°® C ¢°.

We can characterize left and right G-outer (b, ¢)-invertibility by idempotents as

in Theorem 2.3.

Corollary 3.4. Let b,c € R and a € RIS The following conditions are equiva-

lent:

(i) a{l,go,b,c} # 0;
(ii) there are idempotents p,q € R such that

pR=aR, Ra=Rq and bR CqR.
Additionally, for arbitrary a~ € a{l}, it is valid ga"p € a{l, go,b,c} and
q-a{l}-pCa{l,go,b,c}.

Corollary 3.5. Let b,c € R and a € RIS The following conditions are equiva-

lent:

(i) a{r,go,b,c} # 0;
(ii) there are idempotents p,q € R such that

pR=aR, Ra=Rq and RpC Rec.
Additionally, for arbitrary o= € a{l}, it is valid ga™p € a{r, go,b,c} and
q-a{l}-p Ca{r,gob,c}.

If 2 and 2’ are arbitrary left (or right) G-outer (b, ¢)-inverses of a, we can show

that zaz’ is also left (or right) G-outer (b, ¢)-inverse of a.
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Corollary 3.6. Let b,c € R and a € RI®) NR~. Then
a{l,go,b,c}-a-af{l,go,b,c} Ca{l,go,b,c}
and

a{r,go,bm}-a-a{r,go,b,c} Qa{r,go,b,c}.

4. G-outer partial orders

Applying the G-outer (b, c)-inverse and its one-sided versions, we define new

binary relations in a ring.

Definition 4.1. Let b,¢ € R and a1, as € RIG:9) N R~. Then
(i) a1 is below ay under the left G-outer (b, c)-relation (a; <H99% ay) if there

exist z1, 22 € a1 {l, go, b, ¢} such that
a1z1 = asz; and  zgai = z9a9;

(ii) a1 is below ay under the right G-outer (b, ¢)-relation (a; <™9%:% ay) if there

exist 21,22 € a1 {r, go, b, c} such that
a1z1 = agz; and  zoaq = 29a9;

(iii) a; is below ay under the G-outer (b, c)-relation (a; <9%%€ ay) if there exist

21,22 € a1 {go, b, c} such that
a1z1 = agz1 and z9a] = 2Z2as.
In the first theorem of this section, we characterize the left G-outer (b, ¢)-relation.

Theorem 4.2. Let b,c € R and a1,as € RO NR=. The following conditions
are equivalent:
(i) aq Sl,go,b,c as;

(ii) there is z5 € a1 {l, go,b,c} such that
a123 = agzz and 2z3a1 = z309;
(iii) there is z3 € a1 {l,go,b, c} such that
a12302 = A1 = 0223013
(iv) there are idempotents p,q € R such that

pPR=a1R, Rqg=Ra, VR CgR and pas=a; = axq.
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Proof. (i) = (ii): If a; <199%¢ ay, there exist 21,20 € a; {l,go,b,c} satisfying
a1z1 = agz1; and zsa; = zgao. By Corollary 3.6, z3 = z1a122 is a left G-outer
(b, ¢)-inverse of a1. Now, a12z3 = (a121)a122 = aa(z1a122) = aszs and also zza; =
(z101)22a1 = (210222)as = z3a9.

(i) = (iii): Because a123 = agzs and z3aq = zgag, where 23 € a1 {l, go,b, c}, we
deduce that ajz3a2 = a123a1 = a; and similarly aszza; = a;.

(iif) = (i): Let’s assume that z3 is a left G-outer (b, ¢)-inverse of a; such that
ai1z3as = a; = agzzai. Then, by Corollary 3.6, 2’ = z3a123 is also a left G-outer

(b, ¢)-inverse of a;. We show that
a1z = (a123a1)23 = a123 = as(23a123) = az?’.

Analogously, we verify that 2/a; = z’as and so it is a; <b990¢ ay.

(if) = (iv): Suppose that z3 € a; {l, go, b, c} satisfies a123 = az23 and zza; =
z3a9. For p = a123 and ¢ = z3a1, according to Corollary 3.4, we have pR = a1 R,
Ra; = Rq and bR C ¢R. Also, pas = (a1z3)as = a1(z3a2) = a1z3a1 = a1 and
a1q = ai(z3a1) = ay.

(iv) = (ii): If @] is an inner inverse of a;, by Corollary 3.4, z3 = gaj p is a left
G-outer (b, ¢)-inverse of a;. We now check ay123 = (a1q)a; p = a1a] p = as(qa; p) =

asz3 and similarly zsa; = z3as. O

If (R,-) is a ring, then (R,*) is another ring if we define a xb = b - a. By this
fact and Theorem 4.2, we can prove Theorem 4.3 about characterizations of the

relation <™9o:b:c.

Theorem 4.3. Let b,c € R and a1,as € RIGO) MR~ The following conditions
are equivalent:
(1) ay Sr,go,b,c as;

(ii) there is z3 € a1 {r, go,b,c} such that
a1z3 = agzz and z3a, = 23a3;
(iii) there is z3 € ay {r,go,b, c} such that
a12302 = a1 = A22301;
(iv) there are idempotents p,q € R such that
PR =a1R, Rqg=Rai, RpCRc and pas =ai; = asq.

Consequently, by Theorem 4.2 and Theorem 4.3, we characterize the relation
<go,b,c'
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Corollary 4.4. Let b,c € R and a1,as € RIC) NR=. The following conditions
are equivalent:
(1) a; <990 ay;

(ii) there is z3 € a1 {go,b,c} such that
a1z3 = agz3 and 2301 = z309;
(iii) there is z3 € a1 {go,b, c} such that
12302 = A1 = 0223015
(iv) there are idempotents p,q € R such that
pR =a1R, Rq=TRa, a”(b’c)p = an(b’c) and pas = a; = asq.

By Theorem 4.2, Theorem 4.3 and Corollary 4.4, if aq <hbgobie gy or g <T90b:C
as or ap <Iobe as, then a; <~ ao. The relations defined in this section imply the

following inclusions.

Theorem 4.5. Let b,c € R and ay,as € RIG AR~
(i) If a; <b99%¢ ay, then az {l, go,b,c} C ay {l,go,b,c}.
(ii) If ay <™99%¢ ay, then ag {r, go,b,c} C ay {r,go,b,c}.
(iii) If a; <9%%€ ay, then as {go,b,c} C a1 {go,b,c} .

Proof. If a; <99 gy, then according to Theorem 4.2, there is z3 € a; {I, go, b, c}
satisfying a;z3 = agzs and zza; = z3zas. Let f be a left G-outer (b, ¢)-inverse of as.

We have equalities as fas = as and fagag(b’c) = ag(b’c). Then
a1 far = a1(z3a1) f(ar1z3)ar = arz3(az faz)zzar = arz3a223a1 = ar1z3a1 = ax.
Since alll(b’c)R =bR = ag(b’c)R, for some u € R, we show that
Qll69) _ gllG:0)y, gl ll60)yy _ glI00)y li).
Also, we have that it is

fardl® = Flarzs)a1al® = fas(z5a1al®9) = fazal®O

= (fasal®)gpall @9 — glle g Il _ Il

In this way, we conclude that f is the left G-outer (b, ¢)-inverse of a; and we proved

the inclusion in (i). Analogously, we prove parts (ii) and (iii). O

Now we prove that binary relations </99bc <m99bc and <990 are partial
orders on the set RI®:) AR~
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Theorem 4.6. Let b,c € R. The left G-outer (b, ¢)-relation, right G-outer (b, c)-

relation and G-outer (b, c)-relation are partial orders on the set R AR~

Proof. Evidently, the relation <9°%¢ is reflexive. To show the antisymmetry,
suppose that, for a1, as € RI®:c) 0 R, it is valid a; <b99P¢ g9 and ag <H990:¢ ;.
It follows that the relations a; <~ as and as <~ aq hold. Since we have shown
that the relation <~ is antisymmetric, we conclude that a; = as. So, the relation
<bgobe is antisymmetric.

Now, we verify the transitivity of the relation <b99%¢._ Let ay,as,as € RIS N
R~ satisfy a; <b99%¢ a5 and ay <H9%¢ a3. By Theorem 4.2, there are left G-outer

(b, ¢)-inverses e and f of a; and ag, respectively, such that
are = ase, ea; =eas, aof =aszf and fas = fas.
Then, by Theorem 4.5, f is a left G-outer (b, ¢)-inverse of a;. Thus,
a1 = ajea; = ajeas = areas(fas) = areasx(fas) = ai fas
and
a1 = areay = ageay = (azf)azear = as f(azear) = azfas.
According to Theorem 4.2(iii), a; <b99¢ a3.
The rest follows in a similar manner. (]
5. Left and right G-Drazin inverses

As special versions of left and right G-outer (b, c)-inverses, we define left and

right G-Drazin inverses for elements of a ring.

Definition 5.1. Let a € R*NR~ and ind(a) = k. An element z € R is:

(i) a left G-Drazin inverse of a if

aza=a and zd"t!=d";
(ii) a right G-Drazin inverse of a if
aza=a and otz =d".

If ¢ € R is both the left G-Drazin inverse and right G-Drazin inverse of a € R,
then it is G-Drazin inverse of a. We denote the sets of all left and right G-Drazin
inverses of a with a{l,GD} and a {r, GD}, respectively.

The following results are consequences of results of Section 3 and we can omit

their proofs.
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Corollary 5.2. Let a € RYNR™ and ind(a) = k. For z € R, the following
conditions are equivalent:

(i) z € a{l,GD};

ii) aza = a and zaa® = aP;

(ii
(iii) aza = a and zaaPa = aPa;
(

iv) aza = a and a*R C zaR.

Corollary 5.3. Let a € R*NR™ and ind(a) = k. For = € R, the following
conditions are equivalent:

(i) z € a{r,GD};

ii) aza = a and aPaz = aa

Paz = aa?;

( D.
(iii) aza = a and aa
(iv) aza = a and (az)° C (a*)°.

Let us recall that, relative to an idempotent p € R, a € R has a matrix form:

where a11 = pap, a12 = pa(l — p), a1 = (1 — p)ap, az2 = (1 — p)a(l —p).
It is known that a € R? can be represented by

0
I (1)
0 ag
p
where a; is invertible in pRp and a5 = 0.

We show that a left G-Drazin invertible element has the following matrix form.

Theorem 5.4. Let a € RYNR™, ind(a) = k and p = aa®. If a is represented by

(1), then the following conditions are equivalent:

(i) z € a{l,GD};
—1
(ii) z = [al’pm’ 23] , zgaz =0 and z2 € ag {1}.

0 )
p

21z
Proof. (i) = (ii): Let’s assume 2z = [ ! 3] . We first use the equation za**1 =
Z4 29
P

Z1 23 a’f“ 0 B zla’fH 0 B a’f 0
Z4 7 0 0 zaf 0 0 of

p p p p
k+1

= a} and z4a{™" = 0. For the inverse aizl)Rp of a; in pRp,

= — -1 — k+1, —1 k+1 _
by 21,24 € Rp, we conclude z1 = z1p = z1a1ay 5z, = 21047 (al’pRp) =

ak to get

by ol k+1
This implies zjay
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alf (al_,zlﬂzp)k+1

and
a 0 a;} Z a1z a 0 a1 a1z3a
aza— | ™ LpRp %3] P aizs 1 _ |91 (17302 7
0 a9 0 z9 0 a2 22 0 a9 0 222092
P P P P P

. -1
we obtain zzas = pz3as = aLPRp(alzgag) =0and 22 € ag {1}.

-1 _ _ k+1/ —1\k4+1 __ _
= ay ,rp and z4 = z4p = 2407 (a] ") = 0. From aza = a

(ii) = (i): By elementary computations, we show that it is z € a{l, GD}. O
Analogously as Theorem 5.4, we get the following theorem.

Theorem 5.5. Let a € R'NR™, ind(a) = k and p = a%a. If a is represented by
(1), then the following conditions are equivalent:

(i) z € a{r,GD};

-1

a 0

(ii) z = LpRp 1 , azzg =0 and z9 € ag {1}.
zZ4 z9 »

Also, by results of Section 3, we have the following characterizations of left and

right G-Drazin invertibility.

Corollary 5.6. Let a € R? and ind(a) = k.
(a) The following conditions are equivalent:
(i) a {1, GD} # 0;

(ii) there are idempotents p,q € R such that

pR=aR, Ra=Rq and da"R Cq¢R.

Additionally, for arbitrary a= € a{l}, it is valid qa~p € a{l,GD} and q-a{l}-p C
a{l,GD}.

(b) The following conditions are equivalent:

(i) a{r,GD} # 0;

(ii) there are idempotents p,q € R such that

pR=aR, Ra=Rq and RpC Rad.

Additionally, for arbitrary a= € a{l}, it is valid qa~p € a{r,GD} and q-a{l} -p C
a{r,GD}.

Corollary 5.7. Let a € RENR™. Then a{l,GD}-a-a{l,GD} C a{l,GD} and
a{r,GD}-a-a{r,GD} Ca{r,GD}.
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6. Left and right G-Drazin partial orders

Using left and right G-Drazin inverses, we introduce left and right G-Drazin

binary relations for elements of a ring.

Definition 6.1. Let a,b € R*NR~. Then
(i) @ is below b under the left G-Drazin relation (a <"“P b) if there exist 21, zp €
a{l,GD} such that

az1 = bz and z9a = z9b;

(ii) @ is below b under the right G-Drazin relation (a <™“P b) if there exist

21,22 € a{r, GD} such that
az1 = bz; and z9a = z9b.

Theorem 6.2. Let a,b € R*NR™ and ind(a) = k. If a is represented by (1), then
the following conditions are equivalent:
i) a <LGP

(i
(ii) there is z € a{l, GD} such that az = bz and za = zb;
(iii) there is z € a{l, GD} such that azb = a = bza;
(

iv) there are idempotents p,q € R such that

pR=aR, Rqg=Ra, Ra*CRq and pb=a=bq.

(v) there is z € R such that for p = aa?,

L= a;;Rp z3 and b= ai —&123b2 ’
0 z2 0 b2
p p

where zzas =0, 2o € as {1}, asza = bazo and zaas = 23bs.

Proof. (i) < (ii)-(iv): It follows by Theorem 4.2.
(ii) = (v): Assume that there is z € a{l, GD} such that az = bz and za = zb.
O _1
Using Theorem 5.4, we know that a = “ and z = “pRp %3 , where
0 a 0 2],

ay is invertible in pRp, a§ =0, zza2 = 0, and 25 € ay {1}.

b1 b
B From az = bz,
4 D)

Letb:l

|:p a123:| _ |:a1 0:| |:a1_)11)7zp 23:| o |:b1 b3:| |:a1_,;1)72p 23:| . |:b1a1,;72p bi1z3 + b3z2

0 agzo 0 ag 0 z2 by b2 0 29 b4a_1 byzz + bazo
p P p P LpRp

P
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We conclude by = bip = (bla;;Rp)al =pa; = ay, by = byp = (b4a1_41,Rp)a1 =0
and aszy = byzs. The equality za = 2b gives

p z3a2| af,;lpr z3 a; O _ a;,;lpr 23 a; b3 _|p ai}lﬂzpbg, + z3ba
0 2209 0 29 0 as 0 29 0 by 0 2oby
P P P P P P

We have now zoas = 29by and, by z3as = 0, a‘l_,;l)pr?) + z3by = 0, which implies

a; —aizsb
bs = pbs = al(aizl,prg,) = —a123b3. So, b = lOl ; 3 21 and the implication
2
P
is true.
(v) = (ii): Clearly, by direct computations. O

Analogously, the following theorem can be shown.

Theorem 6.3. Let a,b € RYNR™ and ind(a) = k. If a is represented by (1), then
the following conditions are equivalent:

i) a ST’GD b;

ii) there is z € a{r,GD} such that az = bz and za = zb;

iii) there is z € a{r, GD} such that azb = a = bza;

(
(
(
(iv) there are idempotents p,q € R such that

pR=aR, Rqg=Ra, pRCa*R and pb=a=bq.

(v) there is z € R such that for p = a%a,

—1
a 0 ail 0
= | LPRe and b= ,
Z4 zZ2 —bazsar by
P P
where aszg = 0,29 € ag {1}, agzg = bazo and zsas = 29bs.

We know that if a <bGP b, it is valid @ <~ b. Under the given conditions, we

prove the converse.

Theorem 6.4. Let a,b € RENR™ and ind(a) = k. The following conditions are
equivalent:

(i) a Sl,GD b;

(ii) @ <~ b and ba® = aa?;

(iii) @ <~ b and ba* = a*+1;

(iv) @ <~ b and ba*R C a*R.

Proof. (i) = (ii): Let a <"¢P b. By definition, it is valid a <~ b. Using Theorem

6.2, there is z € R such that a, b and z are represented as in (v). Since b =
a; —ayzsb ayl 0
! e 2] and a? = l L.pRp O] , we get the following:
P P

0 bo 0
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batd — a1 —aiz3by aL;Rp 0 _ | 0 _ @ 0 al_)}mp 0 — aad
0 ba 0 0 0 0 0 as 0 0
P P P P P

(ii) = (iii): The assumption ba? = aa? implies
ba* = bataF T = aa?aFtt = oF L.

(iii) = (iv): This is obvious.

(iv) = (i): For p = aa?

a= a0 and b= b s ,
0 a9 b4 bg
p p

where a; is invertible in pRp and a5 = 0. Since ba*R C a*R, we have

, We can write

ba* = a*Fr = aa(a*r) = aa’ba®,

for some r € R. Then
biak ol b b3] [ab o] _far 0] [ajygr, O] [bn B3] [af O] _ [brah
baa® 0|  |ba b2 [0 0] |0 a 0 0] [ba b2 O 0 | o
P p p p p P
We deduce that bsa¥ = 0, which implies
ba = bap = baaj(ay r,)" = 0.

From the assumption a <~ b, there is z € a {1} satisfying az = bz and za = zb.

ay O
0 a9
p

which implies z; = aleva7 zzas = 0, agzg = 0 and 29 € ag{1}. Using equality

21 %
Let z = [ ' | Then aza = a yields

Z4 29

p

[alzlal a123a2]

(22401 QA22202
P

az = bz, we have:

p aizz| |a1 O 21 z3| _ |bi b3| |21 =3
0 agz2 v 0 asg Z4 22 0 b Z4 22

biz1 +b3za  bizz + b3z

bazy bozo
p p p p
We concluded that bozy =0, agzo = bozs,
p=biz1 +b3zs and aizz = byz3+ b3zs. (2)
Also, by za = zb, we get
P zaz|  |zibi z1bg + z3bo
Za1 za2] 24b1 24b3 + 2202 .
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so we conclude that a; = by. Using (2), p = b121 + b3z4 = p + b3z4, which implies
b3z4 = 0. Below, a123 = byz3 + b3zo = a123 + bzzs, which implies b3zo = 0.
Also valid z3a49 = ai;pr3+Z3b2 and zoas = 24b3+29b. Thus, 0 = a;zl)prg—l—zLo,bg

implies b3 = —alngg.
-1

’ a V4
Let’s define now z = [ 1’SRP 3 1 . Since zea9z9 € as {1}, by Theorem
20092
20222

5.4, 2 € a{l,GD}.
Now we check the accuracy of the equalities az =bz and z'a = 2'b. Equalities

bsza = 0 and agzo = byzy imply

, D a123 P ai1z3 + b3zoaszs /
az = = =bz .
0 agz2a929 0 bQZQCLQZQ
p

Analogously, by zzas =0 = af’;RPbg—&—ngg and zoa229bs = z9a9(20a2—24b3) = 29a9,
we show z'a = 2'b. Finally, it was shown to be valid a <"&P b. O

We similarly consider the following theorem related to the relation <™&P.

Theorem 6.5. Let a,b € RENR~ and ind(a) = k. The following conditions are
equivalent:

(i) a ST,GD b;

(ii) @ <~ b and a’b = ala;

(iii) @ <~ b and a*b = a**+1;

(iv) @ <~ b and Ra*b C Ra*.
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