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1. Introduction

Throughout the paper, the term ring means an associative ring with identity 1.
Let M, (F) be the ring of all n x n matrices over the field F. We denote by rank(A)
the rank of A € M,,(F) and by i(A) its index, i.e., the smallest nonnegative integer
k such that rank (Ak“) = rank (Ak). There are many generalized inverses that
may be defined on M, (F) and one of the best known is the core inverse. It was
originally discussed by Rao and Mitra [23] on M, (C), where C is the field of complex
numbers, but was later independently reintroduced (and named) by Baksalary and
Trenkler [1]. Rakié et al. [22] generalized this inverse to x-rings, i.e., rings equipped
with an involution *. Let R be a x-ring. We say that a € R has the core inverse

a® if £ = a® is the unique solution to the following equations:

ara =a, zar =1, (ax)* =az, za®>=a, and az®=zx. (1)
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Xu et al. [25] proved that a € R has the core inverse a® if z = a® is the unique

solution to the following equations:
, and (azx)* = ax. (2)

Note (see [1]) that the core inverse of A € M, (C) exists if and only if i(4) < 1.
Prasad et al. [14] extended the notion of the core inverse to the full matrix algebra
M, (F) by introducing a new kind of matrix generalized inverse called the core-
EP inverse and showed that whenever F = C or F =R, where R is the field of
real numbers, every matrix A € M, (F) has the unique core-EP inverse. As a
generalization for both the core inverse in a *-ring and the core-EP inverse for
complex or real matrices, Gao and Chen [7] introduced a new generalized inverse
in a *-ring R. Let a € R. If there exists + = a@ € R such that

m—+1

za = a™ for some positive integer m, ax?® ==z, and (az)* =az, (3)

then we say that a is pseudo-core (or core-EP) invertible and call a@ the pseudo-
core (or core-EP) inverse of a. It turns out (see [7, Theorem 2.2]) that a@ is
unique if it exists and in this case the smallest positive integer m in (3) is called the
pseudo-core index of a and is denoted by I(a). Note that for I(a) = 1, the core-EP
inverse becomes the core inverse (compare (2) with (3)). Also, for A € M,,(C), its
pseudo-core index I(A) either equals i(A) if ¢(A) > 0, or is 1 if i(A4) = 0 (see [7,
Theorem 2.3]). It was proved in [7] that a € R has the core-EP inverse a@ € R if

and only if z = a@ satisfies the following equations
raxr =x and TR =2"R=a"R (4)

for some positive integer m. We denote by R®, R@ the sets of all core and core-EP
invertible elements in R, respectively.

For a semigroup S, we say that a € S is regular if there exists x € S with
azra = a. If such z exists, it is called an inner generalized inverse or {1}-inverse
of a, and we write z = a~, i.e., aa~a = a. The set of all regular elements in S is
denoted by S, We say that a has the group inverse af in S if x = a! satisfies
the following equations: axa = a, xax = z, and ax = xa. The group inverse, if it
exists, is unique (see [10]) and we denote the set of all elements in S that have the
group inverse by S¥.

The aforementioned and some other well-known generalized inverses (such as
the Drazin inverse and the Moore-Penrose inverse) have numerous applications
in systems of linear differential and difference equations, cryptography, iterative
methods in numerical analysis, Markov chains, combinatorics, and graph theory
(see [11,27,28] and the references therein).
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Many partial orders can be defined on rings or even on semigroups using gener-
alized inverses. Let us recall some of them that will come to the forefront in the
continuation. One of the best known partial orders is the minus order <~ [9]. For

a semigroup S with a € M) and b € S, we write
a<™b if aca=a"b and aa” =ba" (5)

for some inner generalized inverse a~ of a. This relation is a partial order on
SM. Let us mention that the minus order has applications in the theory of linear
statistical models (see, e.g., [18]). The next relations are defined on a *-ring R as

follows.

(i) The core order <® [1,22]: For a € R® and b € R, we write
a<®p if a®Pa=0a® and aa® = ba®@.

(ii) The core-EP (pre)order <@ [8,26]: For a € R@ and b € R, we write
a S@ b if a®a=a% and aa® = ba®.

The relation <® is a partial order on R® (see [22]) while the relation <@ is
merely a preorder, i.e., it is reflexive and transitive (see [8, Theorem 4.2]), however
it is not antisymmetric (see [26, Example 4.1]).

For the case of the square complex matrices, Wang introduced in [26] a matrix
decomposition and named it the core-EP decomposition. Gao et al. [8] generalized
this notion to *-rings. Let R be a *-ring. Suppose a € R@ and let I(a) = m. By

[8, Theorem 3.1], we may write a = a1 + ag, where:

a exists, ay’ =0, and ajas = agza; = 0. (6)

Gao et al. named this decomposition the pseudo-core decomposition in ‘R however,
since it is a generalization of the core-EP decomposition from M, (C) to #-rings,
we call it the core-EP decomposition in R. It turns out that this decomposition is
unique and that

a; = aa@a and as = a — aa@a, (7)
where a@ is the core-EP inverse of a. We call ay the nilpotent part of the core-EP
decomposition of a.

Let us now present two relations on M, (C) that are induced by the core-EP
decomposition. Recall first that every complex matrix has the core-EP inverse, i.e.,
M,(C)@ = M,(C). Note also that every A € M,(C) has an inner generalized
inverse A~. Let A,B € M,(C) and suppose A = Ay + Ay and B = B; + Bs are
the core-EP decompositions of A and B, respectively, where As and B, are the

nilpotent parts.
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(i) The core-minus order <°™ [26]: We write
A< B if A <® B and Ay <™ Ba.
(i) The c-minus order <© [13]: We write
A<®B if A, <®B; and A< B

Since the core <® and the minus <~ relations are partial orders and since the
core-EP decomposition is unique, it is easy to see that the core-minus and c-minus
relations are partial orders on M, (C) (see [26, Theorem 5.1] and [13, Theorem 4.2]).

The main goal of this paper is to extend notions of the core-minus and c-minus
partial orders to x-rings, study their properties, and thus generalize some known
results. In Section 2, we present some preliminary notions and results. The core-
minus and c-minus partial orders are studied in the context of *-rings in Sections
3 and 4, respectively. In Section 5, we investigate another relation which is also
induced by the core-EP decomposition and by the well known star partial order.
We generalize this relation from the context of C*-algebras to *-rings and present
its characterizations using 2 x 2 and 3 X 3 matrix representations of elements in

rings.
2. Preliminaries

Let us now present some tools which will be useful throughout the paper. If
for p € R, p? = p, then p is said to be an idempotent. A projection p € R is a
self-adjoint idempotent, i.e., p = p?> = p*. The equality 1 = e; + es + -+ + ey,
where ey, ez, ..., e, are idempotent elements in R and e;e; = 0 for i # j, is called
a decomposition of the identity of R. Let 1 =e; +---+e,and 1 = f1 +---+ f,
be two decompositions of the identity of R. We have

n

z=1-xz-1=(e1+ea+ - Fe)x(fri+ fot+ -+ fu)= Zeizfj.
i,j=1

Then any x € R can be uniquely represented in the following matrix form:

11 0 Tin
T = ) (8)

:I/' PR l‘
nl nn exf

where z;; = e;xf; € eRf;. If @ = (zij)exs and y = (Yij)exy, then z +y =
(@i +Yij)exs. Moreover, if 1 = g1 +- - -+ gy, is a third decomposition of the identity
of R and z = (2i;)sxg, then, by the orthogonality of the idempotents involved,
rz=(Y1_, mikzkj)exg. Thus, if we have decompositions of the identity of R, then

the usual algebraic operations in R can be interpreted as simple operations between
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appropriate n X n matrices over R. When n = 2 and p,q € R are idempotent

elements, we may write

T11 Ti12
r=prq+pr(l —q)+ (1 -plrg+(1-plr(l-q) = :
21 T22 pXq

Here x1,1 = pxq, x12 = pr(1 —q), 2,1 = (1 — p)xq, v22 = (1 —p)x(1l — q).
By (8), we may write

* *
T11 Tn1
= . . ’
* *
xln ... :1:’

[
where this matrix representation of z* is given relative to the decompositions of
the identity 1 = ff +---+ frand 1 =e] +--- + ¢}, .

Let a € RD. Note that, by (4), a@aa@ = a@. So, p = aa@ (and ¢ = a@a) is
an idempotent. Let a = a1 + as be the core-EP decomposition of a in which as is

the nilpotent part. It was proved in [4] that for p = aa@,

t s 0 0
ay = and as = )
[ 0 0 ‘| [ 0 as ]
pPXp pXp

where ¢ is invertible in the ring pRp, i.e., there exists t =1 € pRp such that tt~! =
t~ =p. So,

a =

t s
] : (9)
0 a9
PXp

Note that t = a?a@ and t~! = a@ (see [5]).
Recall that when a € R®, @ = a® and that aa®a = a (see (1)). So, a = a; +0

is the core-EP decomposition of a (i.e., ag = 0) and hence (9) becomes

t s

a= .
0 0

PXP

The following two results were proved in [8].

Lemma 2.1. Let a € R@ and let a = a1 + ay be the core-EP decomposition of a,

where ay is the nilpotent part. Then aiﬁD =a9.

Lemma 2.2. Let a,b € R@ and let a = ay + ay and b = by + by be the core-EP
decompositions of a and b, respectively, where as and by are the nilpotent parts.
Then a <@ b if and only if a1 <D b,.

The next lemma was proved in [17].
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Lemma 2.3. Let R be a ring and let

t zZ1 22
b= 0 t1 z3
0 0 O

exe
be the matrix representation of b € R relative to the decomposition of the identity
1 = e1 + ey + e3, where t and t1 are invertible in the rings e;Rey and esRes,

respectively. Then b € RE.

Lemma 2.4. Let a € R® and suppose

t s
a =
0 0
pPXp

for some projection p € R, where t is invertible in the ring pRp. If a <@ b, then

b [ t s ] ’
0 =
pXp
where z € (1 — p)R(1 — p).

Proof. By (2), it follows that

Let

by by |
b[bl :

3004 |
From a®a = a®b, we get

p tls |t b
0 0 B 0 0 ’
PXp PXp

and thus p = ¢~ 'b; and t~'s = ¢t ~'by. By multiplying these equations from the left
by t, we obtain tp = pb; and ps = pbs. Note that by, b2, € pR and t € Rp. It
follows that b; =t and by = 5. From aa® = ba®@, we get

p 0 . blt_l 0
0 0 bst™! 0 '
pPXp pPXp

It follows that bst—! = 0 and so bsp = 0. Since bs € Rp, b3 = 0. Denote by = 2 to

b [t 8‘| 7
0 =z
PXP

where z € (1 — p)R(1 — p). O

get
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Lemma 2.5. Let a € R® and suppose

a= ,
0 =z
pXp

where t is invertible in the ring pRp for some projection p € R. Then

z€(1-pR(1-p)®.
C1 C2
€ pxp.

t s c1 Co * %
0 =z c3 C4 o zey
pPXp 3 pPXp PXp

and since (aa®)” = aa®, we obtain

Proof. Let

‘We have

(2¢4)" = zcy. (10)

c1t?  c1(ts + sz) + cp2?

cst?  c3(ts + sz) + cu2? o

c1 ¢ 2 ts+ sz
a@ag _ 1 2
c3 C4 0 P
pPXp

and since a®a? = a, we get c3t?> = 0 and c3(ts + s2) + c42® = 2. So, ¢3 = 0 and

pPXp

hence
c2? = 2. (11)

Finally, since

we get
2c5 = cy. (12)

By (10)-(12), we conclude that ¢4 = 2@ ie., z € (1 —p)R(1 — p))®. O
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3. The core-minus partial order in rings

There are many equivalent definitions and generalizations of Hartwig’s minus
partial order <~ (see [2,3,12,15,16,19,21,24]). For example, Mitsch [19, Theorem 3]
generalized the minus partial order to arbitrary semigroups. The definition is as

follows: Suppose a, b are two elements of an arbitrary semigroup §. Then we write
a<Mp if a=ab=by and za=a (13)

for some .,y € S, where S* denotes S, if S has the identity, and S with the identity
adjoined otherwise. Mitsch proved that definitions (5) and (13) are equivalent
when every element in S is regular and that (13) is indeed a partial order for any
semigroup S. From now on, we will use (13) as the definition of the minus partial
order in a *-ring R and write <~ instead of <M Tet us now generalize the notion

of the core-minus order from M, (C) to *-rings.

Definition 3.1. Let a,b € R9 and let a = a1 + a2 and b = by + by be the core-EP
decompositions of a and b, respectively, where ay and by are the nilpotent parts.

We say that a is below b under the core-minus relation and write
a<™b if a; <Pb and ax < bo.

Since the core <® and the minus <~ relations are partial orders on R® and R,
respectively, and since the core-EP decomposition is unique, we obtain the following

result.
Theorem 3.2. The core-minus relation is a partial order on R@.

Remark 3.3. Let a € R@ with I(a) = m. Recall that in case when m = 1, then
by (6), the nilpotent part as of the core-EP decomposition a; + as of a equals 0,
and so a = a;. Thus, on the set of all pseudo-core index 1 elements in R@, the

core-minus partial order equals the core partial order.

We will present in the continuation a matrix characterization of the core-minus
partial order but first let us turn for a while our attention to the core-EP preorder
<@, This relation was studied in [4] in the context of *-rings. With [4, Theorem
2], a matrix characterization of this relation was presented. For a,b € R@ with
a <@ b, the authors proved that a and b have a certain matrix form under additional
rather technical assumption that (1 — aa@) b (1 — aa@) € R@. With the following
result, we show that [4, Theorem 2] holds also without this assumption (see also
[20, Corollary 3.5]).



CORE-EP DECOMPOSITION AND RELATED RELATIONS REVISITED 9

Proposition 3.4. Let a,b € R@ with p = aa@. Then a <@ b if and only if there
exists a decomposition of the identity 1 = eq + ea + e3, with e; = p and e = eq,
such that

t s1  So t 51 S
a = 0 n1 no y b= 0 t1 = ) (14)
0 ng mng exe 0 0 5 exe

where t is invertible in the ring e1Req, t1 is invertible in the ring eaRes, né(b) =0,

and (ny 4+ ng +n3 + n4)1(“) =0.

Proof. For a,b € R, suppose a <@ p and let a = a3 + as and b = by + by be the
core-EP decompositions of a and b, respectively, where as and by are the nilpotent
parts. By Lemma 2.2, we have a; <@ b;. Let us write @ in the matrix form (9) of

the core-EP decomposition. So,

with p = aa@ and hence

L dpxp

Note that

—1
@_._|p 0 |t s t 0 _ ®
aa =n= = = ayjaq .
i lo o} [0 0 0 0 o
PXp pPXp pPXp

Since a; <@ by, it follows by Lemma 2.4 that

for some z € (1—p)R(1 —p). From b € R@, we have by Lemma 2.1 that bgﬁ) =19,
So, by € R® and therefore by Lemma 2.5 that z € (1 — p)R(1 — p))®. Using the

core-EP decomposition, we can then represent the element z with the matrix form

tl Z1
z = ,
0 O
axq
where ¢ = 22® and ¢, is invertible in the ring ¢Rgq. Since z € (1 — p)R, we have
pq = pz2z® = 0 and since p and ¢ are self-adjoint, we also obtain ¢p = 0. It follows
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that
bi=t+s+1t1+ 21
=pbip +pbi(1 —p) +q(1 = p)bi (1 —p)g+q(1 —p)bri (1 —p)(1 —q)
= pbip + pbi(1 —p) + qbig + ¢b1(1 —p — q).

Denote s; = pbiq and s2 = pby (1 —p — q), and note that ¢t = pbip, s = pb1(1 —p) =
pb1g+pbi(1—p—q) = s1+s2, t1 = qzq = gb1q, and z; = qz(1 —q) = gb1(1 —p—q).
Let e = p, e2 = ¢, and e3 =1 —p — ¢q. Since then e; +e2 +e3 =1 and e;e; =0
when i # j, 4,7 € {1,2,3}, we may represent b; as

t S1 82
bl = 0 tl Z1
0 0 O

exe
Since e = ¢, we have that e5 = ez and ¢; is invertible in the ring esRey. Let us
show that a is as in (14). We have

a=a;+ay=t+s+ay =pap+pa(l—p)+ (1 —pa(l—p).

So, on the one hand, s = pa(l — p) = paq + pa(l — p — q), but on the other hand
s = 81+ 52 = pb1g+pbi(1—p—q). Hence, pag+pa(l—p—q) = pbig+pbi(1—p—q)
and therefore
s1 = pb1q = paq

and

s2 =pbi(1 —p—q) =pa(l —p—q).
Denote ny = gaq, na = qa(1—p—q), ng = (1—p—q)ag, and ny = (1—p—q)a(l—p—q).
‘We have

az = (1-pla(l —p) =qag+qa(l —p—q)+ (L —p—qlag+ (1 —p—q)a(l —p—q)
=N+ N2 +n3+ Ny
and therefore a =t + s1 + s2 + ny + no + n3 + ny, ie.,

t S1  So
a=10 ny no

0 ng3 n
3 4€><6

Finally, let us show that b can be represented as in (14). Let

di dy ds
b2: d4 d5 d6

d7 dg ns
exe



CORE-EP DECOMPOSITION AND RELATED RELATIONS REVISITED 11

From
di dy d3 t s1 S
O0=bb1=| dy ds ds 0 t1 = ,
d7 dg ns oxe 0 0 O e

we get 0 = dit = dyt = dyt and 0 = d1s1 + dot1 = dys1 + dst1 = d7s; + dgtq. It
follows that 0 = d; = d4 = d7 and thus also 0 = dy = d5 = dg. Then, by

t* 0 0 0 0 ds
0=0blba=| st tf 0 0 0 dg ,
SS ZT 0 exe 00 s exe

we get d3 = 0 which implies dg = 0. So, bs = n5 and thus

S1  S2 0 0 0 t s1  S2
b:b1+b2: 0 tl zZ1 + 0 0 0 = 0 tl z1
0 0 O 0 0 ns 0 0 mns

exe exe exe

Note that (n; + ns +n3 + n4)1(a) =0 and ng(b) = 0 since as and by are the nilpo-
tent parts in the core-EP decompositions of a and b, respectively.
Conversely, if we assume that a,b € R@ can be represented as in (14), then we

may prove that a <@ b in the same way as in the proof of [4, Theorem 2]. O

For a € R, we denote by a° the right annihilator of a, i.e., the set a® = {z €
R : ax = 0}. Similarly, we denote the left annihilator °a of a, i.e., the set °a =
{r € R : xza = 0}. With the next result, we present a characterization of the
core-minus partial order in *-rings and thus generalize [26, Theorem 5.3] (see also
[20, Corollary 4.3]).

Theorem 3.5. Let a,b € RP with p = aa@. Then a <™ b if and only if there
exists a decomposition of the identity 1 = e1 + ea + e3, with e = p and el = eq,
such that

S1  So t 81 82
a = 0 0 0 ’ b= 0 t1 = 5 (15)
0 ng exe 0 0 ns exe

where t is invertible in the ring ey Req, t1 is invertible in the ring esRes, ni(a) =

0= né(b), and ng <~ ns.

Proof. Let a = a; + a2 and b = by + by be the core-EP decompositions of a and
b, respectively, where ay and by are the nilpotent parts. Suppose first a <™ b. By
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Definition 3.1, a; <@ b; and ay <~ by. Proposition 3.4 yields that

t S1 S92 t S1 S92
a=|0 n1 n ) b=10 t1 = )
0 ng n 0 0 n

3 4 exe 5 exe

where ¢ is invertible in the ring e;Re; and t; is invertible in the ring esRes. Also,
by the proof of Proposition 3.4, we observe that as = nq +mno+mns+n4 and by = ns.
To prove that (15) holds, we will show that ny = ng = ng = 0. Since as <~ by,

there exist by (13) elements z,y € R such that as = xby = byy. This implies that
°ng C°(ny +na+n3+ng) and ng C (ng + ng +n3 +ny)°. (16)

We have ni + no + ng + ng = esaes + ezaes + esaes + esaes and ns = esbes. Since
eseg = 0 = ezez, we obtain eans = 0 = ngeqg, ie., e2 € °ns N ng. So, by (16), we
have eg € °(n1 + ng + ng + ng) N (ng + ng + ng + nq)° and therefore

0 = ea(ny + ng + ng + ny) = egaes + esaes = ny + no

and
0= (n1 +n2 + n3 + n4)ea = esaes + esaes = nq + ns.

Thus, no = ng = —n;. Note that ny € esResz and n3z € ezRey. Since esRez N

esRey = {0}, we may conclude that 0 = ny = ny = n3. So, a and b are of the form
(15), where ng and ns are nilpotent (ni(a) =0= né(b)) with ng <™ nj.
Conversely, let a and b be of the form (15). By Proposition 3.4, we obtain a <@ b

and so by Lemma 2.2, a; <® p;. Recall that a@ = ¢t~ and hence

S1 S92 t=1 0 o0 S1 S92 t s1  s2
a1=aa@i=]0 0 0 0 0 0 0 0 0 =
4 exe 0 0 exe 0 0 4 exe exe
Thus, as = a — aa@a = ny4. Let
t S1 82 0 0 0
u= |0 t1 = and v=|0 0 O
0 0 O 0 0 ns

exe exe
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I(b) _ né(b) —0.

It follows by (6) that b; = u and by = v. Since, by Lemma 2.1, af = a@, we have

By Lemma 2.3, u € R, Also v*v = vu = 0 and, by assumption, v

t=1 0 0 t s1 So p t7ls; tTlsy
aPar=1 0 0 0 0 0 0 = 0
- - exe - - eXe O exe
[ ¢! ] [ 51 s |
= 1 = = agﬁ)lh
- - exXe - 0 0 O - exXe
and similarly,
p 0
alagﬁ> =10 0 0 =ba®.
O O exe

Thus, a1 <® p, and since ny = as and ns = bs, we also have, by assumption, that
as <~ by. Therefore, a <™ b. O

Let a,b € R@. Clearly, if a <" b, then a <@ b. When does the core-EP
preorder imply the core-minus partial order? If a <@ b, then by Proposition 3.4,
a and b have the matrix form (14). If ny = ny = ng = 0 in (14), then by Theorem
3.5, a <™ b. If we state this observation in a slightly different way, we obtain (see

(7) and Lemma 2.2) another characterization of the core-minus partial order.

Theorem 3.6. Let a,b € R@. Then a < b if and only if a <@ b and a — aa@a
< b—bbDp.

We end this section by showing that the core-minus partial order implies the

minus partial order on R@.
Corollary 3.7. Let a,b € R® and a <™ b. Then a <~ b.

Proof. Let a <™ b for a,b € R. By Theorem 3.5, a and b have the matrix forms
(15). Since ng, ns € esRes with ng <~ ns, there exist, by (13), x1,y1 € esRes with

Ng = T1N5 = N5Y1 and T1M4 = Ny4.
Let
er O 0 el tilsl ¢t (82 =+ sltl_lzlyl — 82y1)
z=| 0 0 0 and y= 0 —t7 21
0 0 =z 0 0 Y1

exe exe
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Then
er O | t
ra = 0 0
0 0 = Joxe
and
er O ) t
b = 0 0
0 0 =z 1 oo
Also,
[ t S1 So
by = 0 tl 21
L 0 ns5
[ t S1 S9
=10 0 0
L0 0 nsyn

4. The c-minus partial order in rings

S1

81
t1

exe

exe

It follows, by (13), that a <~ b.

52

ng

52
21

ns

€1

exe

exe

MAROVT AND DIJANA

S1

[en]

S1

52

T1Mn4

52

rins

deXe

JdeXe

MOSIC

S1

S1

1 (52 + S1t1_121y1 — Sgyl)

—t7 'y

82

Ny

exe

52

n4

52

nyg

deXe

JdeXe

exe

We will now generalize the notion of the c-minus order to from M,,(C) to *-rings.

Definition 4.1. Let a,b € R9 and let a = a1 + a2 and b = by + by be the core-EP

decompositions of a and b, respectively, where ay and by are the nilpotent parts.

We say that a is below b under the c-minus relation and write

a§©b if a1§®b1

and a <™ b.

As in the case of the core-minus relation, the properties of the core <® and

the minus <~ relations and the uniqueness of the core-EP decomposition yield the

following result.

Theorem 4.2. The c-minus relation is a partial order on R@.

Let us present a characterization of the c-minus partial in *-rings.

Theorem 4.3. Let a,b € RD with p = aa@. Then a <© b if and only if there

exists a decomposition of the identity 1 = e; + ea + e3, with e1 = p and e5 = eq,

such that
t
a = 0 ny
0 ns

52
n2

Ny

exe

t S1
0
0 0

52
Z1

ns

exe

(17)



CORE-EP DECOMPOSITION AND RELATED RELATIONS REVISITED 15

where t is invertible in ey Req, ty is invertible in esRes, (n1 + ne + nz + n4)I(a) =0,

né(b) =0, andny +ng+ng+ng < t1+21+ns5.

Proof. Let a = a1 + as and b = by + by be the core-EP decompositions of a and b,
respectively, where as and by are the nilpotent parts. Suppose first a <© b. Since
then a; <@ by, it follows, by Lemma 2.2 and Proposition 3.4, that there exists a

decomposition of the identity 1 = e; + e2 + e3, with e; = p and e5 = eg, such that

t s1 So t Ss1 8o
a = 0 ny ng 5 b= 0 tl Z1 5
0 n3 n 0 0 n
3 4 exe 5 exe

where t and t; are invertible in the rings e;Re; and exRes, respectively,

)I(a) (b)

(n1 +mn2+ng +ny = 0, and né = 0. By assumption, a <~ b. Thus there

exist x,y € R such that a = zb = by and xa = a. Let

Tr1 X2 X3 Y Y2 Y3
T=| x4 Ts Tg and Y=1 Ya Ys Ve
Tr7 Ty X
7 8 9 1 e Y7 Ys Yo exce

From za = a, we get x4t =0 = x7t, i.e., 0 = x4 = x7. We thus have,

Tr1 X9 T3 t S1 S9 t S1 So
0 Irs Tg 0 ny N9 = 0 ny ng
0 =z =« 0 ng n 0 ng n
- 8 9 exe 3 4 exe 3 4 exXe
and hence
0O 0 O 0O 0 O 0o 0 O
0 x5 w6 0 ni no =10 ny ne ,
0 zg =« 0 ng n 0 n3 n
- 8 9 exe 3 4 exe 3 4 exXe

ie, (x5 + 6+ s + x9) (N1 + na + N3 +ng) = N1 + N2 + n3 + nyg. Similarly, by
xb = a, we have (x5 + x¢ + x8 + T9) (t1 + 21 + n5) =Ny +na+n3 +ng, and by = a
yields
(t1 + 21 +n5) (Y5 +y6 + ys +yo) = n1 + ng +n3 + ny.
Thus, n1 +ng +ng +nyg <™ t1 + 21 + ns.
Conversely, let a and b be of the matrix form (17). By Proposition 3.4, a <@ b
which is by Lemma 2.2 equivalent to aq <® p,. The assumption ny+nqo+nz+ng <

t1 + z1 + ns implies that there exist u,v € R such that
ny +ng +ng +ng = u(ng + ng + ng + ny) (18)

and
ny+ne+ng+ng=u(t;+21+ns)=(t1+ 21 +ns)v. (19)
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Without loss of generality we may assume that w,v € esRes+ esRez+ ez3Rea+

6373,63, i.e.,
0 0
u = 0 U1
0 us
Let
Then by (18),
€1 0 0
ra = 0 ur uo
0 us Ug
and by (19),
€1 0 0
xb = 0 wup us
us Ug
Let now
€1
y=110
0
By (19), we get
[ S1 S9
by = 0 tl Z1
- 0 n5 exe
[ S1 S92
= 0 ny nNg
L O ns Ty exe

0 0O 0 O
Usg and v=1| 0 vy w
U 0 w3 w
4 exe 3 4 exXe
el 0 0
T = 0 U U2
0 wug wu
3 4 exe
S1 S9 t S1 S92
ni N9 =10 n no =a
ng n 0 ng n
exXe 3 4 exe 3 4 exXe
S1 S9 t S1 S9
tv =z = 0 ni1 no = aq.
0 n ny n
exXe 5 exe 3 4 exe

til(sl — S1v1 — 82’03) til(SQ — 81V — 521}4)

U1 V2

’US /U4 exe

el t_l(Sl — 81V1 — 821}3) t_l(SQ — 81Uy — 82’1}4)
U1 V2

V3 V4

It follows that a <~ b and therefore by Definition 4.1, a <@y,

exe

(]

Let a,b € R@ with a <™ b. By Definition 3.1, we have a; <® p; and by
Corollary 3.7, a <~ b. Thus, by Definition 4.1, a <© b. The converse implication

is not true in general, i.e., the c-minus partial order does not imply in general the
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core-minus partial order as [13, Example 4.1] shows. Let now a <© b for some
a,b € R@. By Theorem 4.3,

t S1 S92 t S1 S9
a = 0 niy n9 , b= 0 t1 21
0 n3 n 0 0 n

3 4 exe 5 dexe

If ny = ny = ng = 0, then by Theorem 3.5, a <™ b. With the last result of this
section, we present some other conditions under which the c-minus partial order is
equivalent to the core-minus partial order and thus generalize [13, Theorem 4.5].

The proof is similar to the proof of [13, Theorem 4.5] and thus we omit it.

Proposition 4.4. Let a,b € RQ and let k = max{I(a),I(b)}. Suppose a <© b.
Then the following statements are equivalent:

(i) a <™,
(ii) bb@ab* = ab® and b®Pa = aa@a;
(iii) aa@ = ab@ and a@a = bPaq;
(iv) b@a = a@b and aa® = ab@;
(v) aa® = ab@ and WW9a = aa@a.

5. The c-star partial order in rings

An involution % on a semigroup S is called proper if a*a = a*b = b*b, where
a,b € S, implies a = b. If a semigroup S is equipped with a proper involution, then
S is called a proper x-semigroup. Drazin introduced in [6] in the setting of proper
x-semigroups a partial order now known as the star partial order. The definition

follows. Let S be a proper x-semigroup. For a,b € S, we write

a<*b if a*a=a*b and aa* = ba*.

Natural special cases of proper x-semigroups are all proper *-rings (in particular,
M, (C)), with “properness” defined via aa* = 0 implying a = 0.

From now on, let R be a proper *-ring. Another partial order that is closely
related to the c-minus partial order was introduced and studied in [20] in the context
of C*-algebras. With the following definition, we extend this concept to proper *-

rings.

Definition 5.1. Let a,b € R9 and let a = a1 + a2 and b = by + by be the core-EP
decompositions of a and b, respectively, where ay and by are the nilpotent parts.

We say that a is below b under the c-star relation and write

a<@®p if q; <®p; and a <* b



18 GREGOR DOLINAR, JANKO MAROVT AND DIJANA MOSIC

As in the case of the relations that were studied in previous two sections, the
properties of the core <® and the star <* relations and the uniqueness of the

core-EP decomposition yield the following result.
Theorem 5.2. The c-star relation is a partial order on R9.

With the next theorem, we extend [20, Corollary 5.4] to rings. First, let us recall

a known auxiliary result [4, Lemma 5].

Lemma 5.3. Let a € RQ be of the matriz form (9). Then for b € R@, we have

t
a<Db ifand only if b= 3 ,
0 b3
pXp

where by € (1 —p)R(1 —p).

Theorem 5.4. Let a,b € R® with p = aa®. Then a <@® b if and only if

¢ ¢
. § and b= 3 : (20)
0 a2 0 bg
pPXp

where t is invertible in the ring pRp, ag(a) =0, (ag — b3) s* =0 and ay <* bs.

PXp

Proof. Let a <@® b where a is represented with the matrix form (9). Since in (9)

as is the nilpotent part of the core-EP decomposition of a, we have that ag(a) =0.

Also, by Definition 5.1, a; <® b; and hence by Lemma 2.2, a <@ b. So, Lemma

5.3 yields that
b= [ t bs ] .
0 3 PXp

By assumption, a <* b and thus a*a = a*b and aa™ = ba*. By the latter equation,

[t s] lt*O] _[ts] [t*ol
0 ao oxp s* aj oxp 0 b3 oxp s* as pxp

tt* 4+ ss*  sa ]
PXp

ass* aza’

we have

and thus

tt* + ss*  sab ]
bss* bsas oxp

So, azs* = bgs*, i.e., (ag —b3)s* = 0, and agay = bzas. Similarly, the equation

a*a = a*b yields a5as = a3bs. Thus, ag <* bs.

Conversely, let a and b be of the matrix form (20) with (az — b3) s* = 0 and az <*
bs. Then by Lemma 5.3, a <@ b, and with respect to the core-EP decomposition of
a and b, we thus have by Lemma 2.2, a; <@ b;. Since ags* = b3s* and azas = bsal,
we obtain by (20) that aa* = ba*, and from ajas = a3bs, we similarly get a*a = a*b.
Thus, a <* b and hence a <@.®p, O
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We end the paper with another characterization of the c-star partial order using

3 x 3 matrix representations of elements in R.

Theorem 5.5. Let a,b € R@ with p = aa®. Then a <@® b if and only if there
exists a decomposition of the identity 1 = e1 + ex + e3, with e = p and ey = eq,
such that

t s1 8o t s1 S
a = 0 n1 no 5 b= 0 t1 = ; (21)
0 N3 M4 exe 0 0 s exe

where t is invertible in the ring eyRey, t1 is invertible in the ring eaRes, (ny +

I(a)

ng — t1)s] + (ne + ng — 21 — ns)sy =0, né(b) =0=(n1+ne+ns+ng) ", and

n1+n2—|—n3+n4 S*t1+21+n5.

Proof. Let a = a; + a and b = by + b2 be the core-EP decompositions of a and b,
respectively, where as and b, are the nilpotent parts. Suppose first a <@® p. Then
a1 <@ by, ie., a <@ b, and thus by Proposition 3.4, there exists a decomposition
of the identity 1 = e; + e3 + e3, with e; = p and e} = eq, such that

t s1 So t S1  So
a = 0 ny ng 5 b= 0 tl zZ1 5
0 n3 n 0 0 n
3 4 exe 5 exe

where né(b) =0=(ny+ns+nz+ n4)l(a), t is invertible in the ring e;Re, and t;
is invertible in the ring esRes. Also, by assumption, a <* b. So, a*a = a*b and
thus

t* 0 0 t S1 S92 t* 0 0 t S1 S92
s ni nj 0 nm mno = | s7 n] nj 0 t1 =
* * * * * *
sy ns on 0 n3 n sy ny on 0 0 n
2 2 4 exe 3 4 exe 2 2 4 exXe 5 exe

We have, s7s;+njn;+njns = sis1+njty, s7sa+njne+ning = ssy+njz; +njns,
5551 +niny + ning = sss1 + nity, and s5s9 + ning + ning = s559 + nsz1 + nins.
Hence, nini + ning = nit, ning + ning = niz1 + nins, n3ng + njns = nit;, and

ning + ning = niz1 + nins. So,

0 0 O 0 0 O 0 0 O 0 0 O
0 nj nj 0 ni1 no =0 n] nj 0 t1 =
0 nz ’I'LZ exe 0 N3 N4 exe 0 n; nz exe 0 0 s exe

or equivalently,

(n1+ng+n3+n4)" (01 +ng+n3+ng) = (ny +ng+n3+n4)" (£ + 21 +n5).
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Also, aa* = ba*, i.e.,

t S1 S92 t* 0 0 t S1 S9 t* 0 0

0 n1 mno 5] nil n3 =10 t1 =~ s] ni] n3

0 n3 ng oxe 55 nsy ny oxe 0 0 ns oxe 55 nsy ny oxe

(22)

and thus

0O 0 O 0O 0 O 0 0 O 0O 0 O

0 n1 no 0 ny nj =10 t1 =~ 0 ni nj ,

0 ng ng oxe 0 n3 nj oxe 0 0 ns oxe 0 n3 mnj oxe
i.e.,

(n1+n2+n3+mng) (N1 +ng +n3+n4)" = (t1+21+n5) (N1 +ng +n3+n4)".
It follows that ny + n2 + ng + ng <* t1 + 21 + ns. By (22), we also get
ny1sy + nasy = t187 + 2185
and
n3sy + nasy = Ng5Ss.
We add these two equations and obtain 1157 +n285+n357 +n485 = t15]+2155+n553,
and then by rearranging, we finally get
(n1 +mn3 —t1)s] + (n2 +ng — 21 — ns)sy = 0.

Conversely, let a and b be of the form (21). By Proposition 3.4, we have a <@ b,
ie., ap <D by. Equation (n; + n3 — t1)si + (ng + ng — 21 — ns)sy = 0 may be
rewritten as

0 0 0 0O 0 O 0 0 0 0O 0 O
0 ni—t1 O ST 0 0 + 0 0 no—21 0 0 0 =0
0 ns 0 0O 0 O 0 0 ng—mns s5 0 0

exe exe exe exe

and thus it decomposes into two equations: (ny — t1)s} + (n2 — 2z1)s5 = 0 and

n3sy + (ng — ns)sy = 0. It follows that
ny1sy + nasy = t187 + 2185 (23)

and
n3sy + nasy = NgSs. (24)

Also, by assumption, nq + ng + ng + ng <* t1 + 21 + ns and therefore

(n1+n2 +n3+n4)" (ng +n2+n3+nyg) = (N1 +ng+n3+n4g)" (t1 + 21 +ns)
(25)



CORE-EP DECOMPOSITION AND RELATED RELATIONS REVISITED 21

and

(n1+ng+n3+mng) (N +ng +n3+n4)" = (t1+ 21 +n5) (N1 +ng +n3+n4)".

(26)
If we use equations (23)—(26), we get
t S1 S9 t* 0 0 t S1 S9 t* 0 0
0 n1 mno s ni n3 =10 t1 = s7 n] ni
0 n3 ng oxe s5 ns ny oxe 0 0 ns oxe s5 ns ny oxe

i.e., aa* = ba*, and

t* 0 0 t S1 S9 t* 0 0 t S1 S9
s7 ny n3 0 n1 mno =| s n] nj 0 t1 =
* * * * * *
sy ny n 0 ng3 n Sa ms on 0 0 n
2 2 4 exe 3 4 exe 2 2 4 exe 5 exe

ie., a*a = a*b. It follows that a <* b which together with a; <® b; implies
a <@:® p, O
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