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ABSTRACT. This paper explores the idea of the dual space of an exponential
vector space (evs), focusing on its fundamental properties and structural fea-
tures. Using the simplest topological evs [0, 00), over the field K of all real
or complex numbers, we develop the general theory of order-functionals which
are an analog of a functional-like structure in the evs-setting. The collection
of all order-functionals on an evs is called the dual of the evs, whenever this
collection is again an evs. We find a necessary and sufficient condition for this
collection to be an evs. We compute the dual of some evs and finally present

an application of order-functionals.
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1. Introduction

The concept of the dual space plays a crucial role in functional analysis and
linear algebra; it provides a powerful framework for understanding the relationship
between a linear space and the set of all linear functionals defined on it. In fact,
properties of a linear space are studied with the help of linear functionals defined
on it. In this paper, we shall explore the collection of all order-functionals on an
exponential vector space, called its dual.

The concept of an exponential vector space generalizes the concept of a vec-
tor space by extending its axioms to accommodate exponential-type structures and
operations. By examining the dual space of such a structure, one gains a clearer un-
derstanding of the order-functionals and how the exponential framework influences
their form and properties. The aim of this paper is to explore the dual space by
establishing fundamental properties, structural results, and possible isomorphisms.
First, we recall the formal definition of an exponential vector space, which will serve
as the foundation for our discussion.

In an earlier work [2], S. Ganguly, S. Mitra, and S. Jana introduced the term

quasi vector space to describe what is now referred to as an exponential vector
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space. Later, Priti Sharma and Sandip Jana adopted the term exponential vector
space in place of quasi vector space in a subsequent paper [8]. The definition of an

exponential vector space is as follows:

Definition 1.1. [8]Let X be a nonempty set and ‘<’ be a partial order in it. Let
‘+’ be a binary operation on X [called addition] and ¢’ : K x X — X be another
composition [called scalar multiplication, K being a field]. If *<’, ‘4’ and ‘- satisfy
the following axioms, we call (X, < ,+ ,-) an exponential vector space [in short, evs]
over the field K.

Ap : (X, +) is a commutative semigroup with identity 6
A2:xgy(x,yEX):>$+z§y+zanda~x§a-y, Vze X,Vae K
@a (@+y)=a-ztay
(ii) a- (B 2)=(a-B)-2
(iii) (a+p) - z<a-z+p-x
( 1-

’

iv) x = x, where ‘1’ is the multiplicative identity in K,

Ve,y € X, Vo, € K
Aj:a-x=0ifa=0o0rxz =20
A5:z+(71)'m:01ffz€X0::{Z€X: yﬁz,VyEX\{z}}

Ag : For each z € X, 3y € X such that y < z.

In the above definition, X is precisely the set of all minimal elements (renamed
as primitive elements in an evs) of the evs X with respect to the partial order of X
and forms a vector space over the same field as that of X ([2]). We present below

the definition of topological exponential vector space.

Definition 1.2. [8]An evs X over the field K of real or complex numbers is said to
be a topological exponential vector space if X has a topological structure with respect
to which the addition and scalar multiplication are continuous and the partial order

is closed. Here K is equipped with the usual topology. [The partial order ‘<
is said to be closed if its graph G<(X) := {(z,y) € X x X : z < y} is closed in

L<’

X x X with respect to the product topology [5”

In the present paper, we discuss the concept of order-functional on an evs, which
we have introduced in the paper [3]. It is an analogue of functional-like structure in

the evs-setting. To introduce such a concept we have used the space [0, 00) which
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is the simplest possible topological evs over the real or complex scalar field K. In
the 3rd section, we have developed the general theory of order-functional. The
collection of all order-functionals on an evs is termed as dual of the evs, whenever
the collection itself becomes an evs. The computation of dual of different evs is
carried out in the 4th section. In the 5th section, we have discussed an application

of order-functional in the settings of evs.

2. Prerequisites

Definition 2.1. [3]A subset Y of an evs X is said to be a sub exponential vector
space or subevs of X if Y itself is an evs with all the compositions and partial order
of X being restricted to Y.

Note 2.2. For any subset Y of an evs X, if Yo:={2€ VY :y £ 2,Vy €Y ~ {z}},
then clearly XoNY C Y. If Y is a subevs of X as well, then Yy C XoNY. In fact,
yeYo=y+(-1)-y=0andyeY =y XpandyeY =y € XoNY. Thus a
subset Y of an evs X over the field K is a subevs of X iff it satisfies the following
conditions:
(i) ez + By €Y, Vr,yeY,Va,B € K,

(ii) Yo C XoNY,

(iii) For each y € Y, Jyo € Yy such that yo < y.
Thus for a subevs Y of an evs X, we have Yy = XgNY. Also we can say that if Y’

is a subevs of an evs X and Z is a subevs of Y, then Z must be a subevs of X. In
fact, Zo=ZNYy=2ZNY NXy=2ZnNXg. The rest is obvious.

Notation: Let X be an evs. For any A C X we denote
lA={re X 2 <afor someac A}

and

tA:={reX:x>afor someac A}

Definition 2.3. [1]A map ¢ : X — Y (X,Y being two exponential vector spaces

over the same field K) is said to be an order-morphism if

(i) ¢(z +y) = o) + ¢(y), Yo,y € X
d(ax) = ap(x), Ve € X,Va € K

z<y(zy€X)=o(z) <y
p <

)
ii)
iii)
iv) p<q(p,g€d(X)) =0 1(p) L ¢ (q) and ¢~ (q) <1 ¢~ (p).
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If moreover ¢ is bijective, then it is called an order-isomorphism. If X, Y be two
topological evs, then ¢ : X — Y is said to be a topological order-isomorphism if

it is a homeomorphism and order-isomorphism.

Definition 2.4. [8]A property of an evs is called an evs property if it remains

invariant under order-isomorphism.

Definition 2.5. [6]Let X be an evs over the field K of real or complex numbers.
An element z € X is said to be a balanced element if ax < x, Vo € K with |a| < 1.

The set X := {x € X : z is a balanced element} is called the balanced core of X.
Definition 2.6. [6]An evs X is said to be a balanced evs if X, = X.
We now give some examples of exponential vector space which we shall use later.

Example 2.7. [8]On the set [0,00)", n € N define operations and partial order as
follows: for (z1,...,2n), (Y1,---,¥Yn) € [0,00)" and a € K,

(i) (X1, @)+ Y1y Un) = (T1+ Y1, Tn + Yn)
(i) a(z1,...,2zn) = (la]zy, ..., |a]z,)
(iii) (21,...,20) < (W1, yn) iff 21 <1,y 20 < Yn.
Then [0,00)™ becomes a balanced topological evs with respect to the above op-
erations, partial order and the subspace topology inherited from R™ with usual

topology.

Example 2.8. [3]For any Hausdorff topological vector space X (over the field K),
the family 4(X) of all nonempty compact subsets of X forms a topological evs
with respect to usual addition, scalar multiplication of sets, set-inclusion as partial
order and Vietoris topology ([4]) on it. If in particular, we consider the collection
of all nonempty finite subsets of X, denoted as €r(X), then €r(X) becomes a
dense topological subevs of €(X). Also instead of €(X) if we consider Z(X) [the
collection of all nonempty subsets of X] and define the operations and partial order
same as in (X)), then Z(X) becomes an evs over the field K with respect to these
operations and partial order [7].

If X is a normed linear space, then the family %By(X) of all closed balls with
center at the origin in X forms an evs (in [3] we have used the symbol %,(X) to
designate the same family); if X is a finite dimensional Banach space, then %, (X)
becomes a topological subevs of (X)) and if X’ is an infinite dimensional normed
linear space, then %,(X) will be a subevs of Z(X). Also for any normed linear

space X, HBp(X) is order-isomorphic to the evs [0, 00); if moreover, X' is a finite
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dimensional Banach space, then %(X) is topologically order-isomorphic to the

topological evs [0, 00).

Example 2.9. [6]Let us consider 22([0,00)) := [0,00) x [0,00). We define +, -, <
on 22([0,00)) as follows:
For (x1,41), (z2,y2) € 2%([0,)) and a € C, we define

(i) (z1,91) + (22, 92) := (1 + 22,51 + y2)
(ii) a- (z1, 1) := (Jalz, [alyr)
(iii) (x1,y1) < (x2,y2) < either 1 < x5 or if 1 = x5 then y1 < yo [dictionary
order].
Then (.@2([0, 00)),+, -, < ) forms a non-topological balanced evs i.e., an evs which
can never be made a topological evs with respect to any topology on it.

For a well-ordered set I and an evs X, if we consider (X : I) := X', then
also, like above example, it forms a non-topological evs with dictionary order. If
I ={1,2,...,n}, we shall usually denote the evs Z(X : I) as 2™(X). Moreover
2(X : I) will be balanced iff X is so. We can also generalize this by taking different
(balanced) evs i.e.,

P (Xo:ael):= ][] Xa
which also becomes a (balanced) evs with dict?oerfary order.
We now introduce an example of a non-balanced topological evs which will be

useful in the sequel.

Example 2.10. Let X be an evs over the field K (either R or C) and E be a vector
space over the same field K. We now define operations on X x E as follows: For
(x1,€1), (x2,€2), (x,e) € X X E and o € K,

(i) (x1,e1) + (z2,€2) := (21 + x2,€1 + €3),

(ii) a(z,e) := (az, ae).
The partial order ‘<’ is defined as: (x1,e1) < (wo,e2) iff 1 < x5 and e; = e3. Then

X x FE becomes an evs over the field K.

Justification:

A; : Clearly (X x E,+) is a commutative semigroup with identity (0x,0z) [0x,0r
being the identities in X, F/, respectively].

Ay i (z1,61) < (29,62) = 21 < 29 and e; = ey = for any (x,e) € X x E,
r1+x<azt+xande;+e=es+e = (x1,e1)+ (z,e) < (x2,e2) + (z,¢e). Also for
any a € K, az; < azxy and ae; = aes. Therefore a(x1,e1) < axs, es).

As (i) : af(z1,e1) + (z2,e2)} = a(z1 + x2,e1 + €2) = (ax1 + axa, aer + aes) [by
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axiom Az of evs X and since E is a vector space] = (axy, aer) + (qxe, aey) =

oz, er1) + a(ze, ea).

(ii) : a(B(z,e)) = a(fz, Be) = (afBz, afe) = af(z,e).

(iii) : (a+ B)(z, €)= ((a+ B)z, (o + B)e) < (azx + Bz, e + Be) [since X is an evs,

(a+ B)z < ax + Bz] = a(z,€) + B(z,€).

(iv): 1-(x,e) = (z,e).

Ay a(z,e) = (0x,0r) = (ax,ae) = (0x,0p) = axr = 0x and ae = 0. Now

if @« # 0, then x = 0x and e = 0 [since X and E are evs and vector space,

respectively]. If « = 0, then also a(z,e) = (0x,0g). The converse is obviously

true.

Ag : Asforany 2o € Xpand e € F, B (x,e) € X x E other than (z¢, eg) such that

(x,e) < (x0,e9), so we can say that [X x E]g = {(z,e) : 2 € Xg,e € E} = Xy x E.

Now (z,e) € X x E with (z,e) + (=1)(z,e) = (0x,0r) = z + (-1)x = 0x and

e—e=0g =2 € Xy. So (z,e) € [X x E]og. Also conversely, (z,e) € [X X E]p =

Xo X E = (z,e)+ (-1)(z,e) = (x —z,e —e) = (0x,0R).

Ag : For any (z,e) € X x E, 3 (pg,e) € [X x E]o such that (pg,e) < (z,e).

Thus it follows that (X X B 4, < ) is an exponential vector space over the field

K. O
If we take E as a Hausdorff topological vector space and X as a topological evs,

then we can give the product topology on X x E. We now show that it becomes

a topological evs under this topology. In this product topology a net {(x,,en)}n

converges to (z,e) iff z, - 2 in X and e, » e in E.

Theorem 2.11. (1) The addition 4+’ (X x E) X (X x E) — X X E is
continuous.
(2) The scalar multiplication “’: K x (X x E) — X X E is continuous.
(3) The partial order ‘<’ is closed.
Thus X x E becomes a topological evs. Moreover X X E is a non-balanced evs

for any non-trivial vector space E.

Proof. (1) If we take two nets {(zn,en)}n and {(yn, fn)}n such that (z,,e,) —
(x,e) and (yn, fn) = (y, f), then z, - x, y, > yin X and e, — e, f, = f in
E. As X and FE are topological evs and topological vector space, respectively, so
Tn+yn > x+yin Xande,+ f, > e+ fin E = (xp+yn,en+ fn) = (x+y, e+ f)
in X x E. This shows that the composition ‘+’ is continuous.

(2) Let us take a net {(z,,€,)}n which converges to (z,e) in X x E and a net
a, — «in K. Then z, - z in X and e, — e in E. So apr, — azx in X

and ape, — ae in E [As F and X are topological vector space and topological evs
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respectively] = (o @n, ane,) — (ax, ae) in X x E. This shows that the composition
‘> is continuous.

(3) Let us take two nets {(n, €n) }n and {(yn, fn) }n such that (z,, en) < (Yn, fn),
Vn and (Zn,en) = (z,€), (Yn, fn) = (¥, f) = 2 < y, and e, = f,,. Taking limit,
we have x < y and e = f [since the order ‘<’ in X is closed] = (x,e) < (y, f).
Thus the partial order is closed and hence the result.

If F is non-trivial, then X x E must be a non-balanced topological evs, even if
X is balanced. In fact, for any (z,e) € X x E and any a € K with |a] < 1, we
cannot say a(x,e) = (ax,ae) < (z,e), even if ax < x for any balanced element x
in X. O

Example 2.12. [3]Let X be a vector space over the field K of real or complex
numbers. Let £ (X) be the set of all linear subspaces of X. We now define +, -, <
on Z(X) as follows: For X1, X; € . Z(X) and « € K, define
(i) A1+ Xy := span(X; U Xy),
(i) - Xy == Xy, if @ # 0 and - &y := {0}, if @ = 0 (0 being the additive
identity of X),

(iii) X, < Xy iff Xy C Ao,

Then (.,?(X)7 +,, < ) is a non-topological balanced evs over K.

3. Order-functional on evs

In this section, we discuss about order-functional on an evs. It is an analogue
of functional-like structure in the evs-setting. To introduce such a concept we have
used the evs [0, 00) which is the simplest topological evs over the field K of all real

or complex numbers.

Definition 3.1. [3]Let X be an evs over the field K of real or complex numbers.

Any order-morphism f : X — [0, 00) is said to be an order-functional on X.

The following necessary and sufficient condition for a function f : X — [0, 00)

to be an order-functional will be useful in the sequel.

Theorem 3.2. [3] A function f: X — [0,00) [X is an evs over K] is an order-
functional on the evs X iff it satisfies the following
(i) flz+y)=f2)+ f(y), Yo,y e X
(ii) f(azx) =|a|f(z), Va €K, Vz € X
(il) z <y (z,y € X) = f(z) < f(y)
(iv) 0<ecp <ea= flea) S fHer).
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Lemma 3.3. [6] Let X be a balanced evs. A function f : X — [0,00) is an
order-functional iff it satisfies the following:
(i) fz+y)=fl2)+fy), Vr,ye X
(ii) f(az)=la|f(z), Ve e X,VaeK
(i) z <y = f(z) < fy), Yo,y € X.

Let us now consider the set X# of all order-functionals on an evs X over K
(either R or C). Clearly the zero function 0 given by 0(x) := 0, Vx € X is a
member of X#. We define addition, scalar multiplication and partial order on X#
in a very natural way:
for f,g € X# and o € K,

(i) (f +9)(@) = f(z) + g(x), Ve e X
(i) (af)(z) = |alf(z), Vo e X

(iii) f<g<e f(z) <gx),VreX.

With respect to this partial order, the zero order-functional ‘0’ is the only minimal
element. So the set of all primitive elements is given by [X#]o = {0}.

The natural question that now arises is: “whether X# with the aforesaid opera-
tions and partial order is an evs or not”. The answer to this is not straightforward;
in fact, X# is not always closed under addition. So in general we cannot think
about the evs structure of X#. We have found some conditions under which X#
becomes an evs over K. Whenever X# becomes an evs we call it the dual of X.
If X is a topological evs and X* denotes the collection of all continuous order-
functionals on X, then we call X* the topological dual of X, whenever X* becomes

an evs.

Result 3.4. If ¢ : X — Y (XY being two evs) is an order-isomorphism, then

every order-functional f, on X induces an order-functional f, onY and conversely.

Proof. Let f, € X#. Define f, := f, o ¢~!. Since ¢ is an order-isomorphism,
¢~ is also so from Y onto X. Thus f, is well-defined. We show that f, € Y#. For
this let y1,y2 € Y and «, 8 € K. Then f, (ay1 + By2) = (fx o ¢~ H)(ays + By2) =
Fie(ag™ (1) + Bo (yo)) = lal(fx 0 ¢7)(y1) + IBI(fx 0 67 (y2) = lalfy (1) +
1B1fy (y2). Also y1 < yo = ¢ (y1) < 67 y2) = fx(¢7 (W1)) < fr(o (32))
= (fx oo™ Dw) < (fx o0 DN(ye) = frly) < fr(y2). Let 0 # 1 < co
Then f*(c2) €1 f ' (c1) [By Theorem 3.2, since f, € X#] = ¢(f ' (c2)) C ¢(1
7)) =t 6(7 M) = (Fy 067 e) CF (fy 0971 M er) = £ Mea) 1
f;l(cl). Therefore, by Theorem 3.2, f, € Y.
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Conversely, if f, is an order-functional on Y, then f, := f, o ¢ is the required

order-functional on X. O

Corollary 3.5. If ¢ is a topological order-isomorphism, whenever X, Y are topo-
logical evs, then f, is continuous iff f, is continuous. Therefore f, € X* <=
f, €Y.

Result 3.6. For any order-morphism ¢ : X — Y (X,Y being two evs), ¢~ (Yy)

is a subevs of X.

Proof. Let us take z1,22 € ¢~ 1(Yy). Then ¢(x1), d(x2) € Yo. As Yp is a vector
space so for any a, § € K, ad(z1)+8¢(x2) € Yo = d(ax1+Px2) € Yo = ax1+Pxs €
»71(Yp). We know that ¢(Xo) C Yy = [¢~1(Y0)], = Xo = ¢~ 1(Yo) N Xp. For any
z € ¢ Y (Yp), I 29 € Xo = [¢p71(Yp)], such that z¢ < . O

Thus for any order-functional f on an evs X, f~1(0) is a subevs of X.

Result 3.7. If X, Y are two order-isomorphic evs over K and f,, f, are the order-
functionals on X,Y respectively as in Result 3.4, then f. *(0) and f, *(0) are

order-isomorphic.

Proof. By Result 3.6, both f, *(0) and f, ~*(0) are subevs of X and Y, re-
spectively. To show that f,~'(0) and f, ~*(0) are order-isomorphic let us con-

sider the map @ : where ¢ : X — Y is the order-isomorphism, as

- ¢|fX*1(0)’
in Result 3.4. Our claim is that ® is an order-isomorphism between f, ~*(0) and
£, 71(0). To justify this it is sufficient to prove that @(fx_l(())) = £, %0). For

®(z) = ¢(x) € f, 1(0). Reversing the steps we get the required result. O

Let us now introduce the following notion which will be useful to prove that X#

is an evs again for an evs X.

Definition 3.8. An evs X is said to be functionally additive if f + g € X# for any
two f,g € X7,

Theorem 3.9. Functionally additivity of an evs is an evs property.

Proof. Let X be a functionally additive evs and Y be order-isomorphic with X.
We show that Y is also functionally additive. For this let f,,g,, € Y#. Then
by Result 3.4, f, := f, o ¢ and ¢, := ¢, o ¢ are order-functionals on X, where
¢ : X — Y is an order-isomorphism. Since X is a functionally additive evs, we
have f, +g, € X#. Then f, +g, = fyo¢  +g, 00 ' = (fx +gc)od 't eY#
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[by Result 3.4]. This justifies that Y is functionally additive and hence functionally
additivity is an evs property. (I

Theorem 3.10. An evs X is functionally additive iff for any two f,g € X# and
0 < ¢ < ez, we have (f +g) 1(e2) ST (f+9) Lcr).

Proof. For any =,y € X, (f +g)(z+y) = fx +y) + g9z +y) = f(x) + fly) +
9(x) +9(y) = (f +9)(x) + (f + 9)(y). Moreover for any a € K, (f + g)(az) =
flaz)+g(ax) = |a|f(z)+|alg(z) = |a|(f+g)(x). Alsoforxz <y (z,y € X), we have
(f+9)(z) = f(x)+9g(z) < fly)+9(y) = (f+g)(y). Thus in view of Theorem 3.2, we
can say that f+g will be an order-functional on X iff (f+g¢)71(c2) €1 (f+g) (c1)

whenever 0 < ¢; < ¢s. O
Result 3.11. Fvery balanced evs is functionally additive.

Proof. Let X be a balanced evs and f,g € X7. Let 0 < ¢; < co. Let x € (f +
0 es) = F(@) +9(x) = 2 > F(520) +9(82) = 1 = S € (f +6)~) (e1). Now
0< 2 <l= Za<ux[ X isbalanced] = z €1 (f+9) Her) = (F+9) tez) €
(f +9)t(c1). Then by Theorem 3.10, X is functionally additive. d

Result 3.12. Let X be an evs and f € X#. Then for any a € K, we have
af € X7,

Proof. If a = 0, there is nothing to prove. So let o # 0. For any z,y € X, we
have (f)(z + 1) = alf(z + 1) = [alf(z) + alf(y) = (@f)(x) + (@f)(y). Also for
any 8 € K, we have (af)(Bz) = |a|f(Bz) = |a||8]f(x) = |B|(af)(x). Now for z <
y (z,y € X), we have (af)(z) = |a|f(z) < |alf(y) = (af)(y). Now let 0 < ¢1 < ¢o
and z € (af) ! (c2). Then |a|f(x) = co which implies = € ffl(lca—zl) <t ffl(lca—ll)

[by Theorem 3.2, since f € X#]. So there is y € ffl(ﬁ) such that y < z. Now
(@f)) = alf(5) = e1. oy € (af)~)(cr). Consequently, = 1 (af)~(c1). Thus

(af) " (e2) €1 (af)~(c1). Then by Theorem 3.2, af € X7, O

Theorem 3.13. For an evs X over K, X# becomes an evs over K iff X is func-

tionally additive. Moreover X# is balanced.

Proof. If X# is an evs, then clearly X is functionally additive.

Conversely, let X be a functionally additive evs. Then for any f,g € X#, their
sum f + g € X#. Also by Result 3.12, for any o € K and f € X#, af € X#.
A, : Since the zero function is an order-functional, it follows that (X7#,+) is a

commutative semigroup with identity 0 (the zero order-functional).
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As: f1 < fo= fi(z) < folz),Vo € X. So fi(x) + fa(z) < fo(z) + f3(x), Vo € X
and for any f3 € X# = fi + f3 < fa+ f3, Vf1, f2, f3 € X¥# with f1 < fo.

Again (af1)(z) = |a|fi(z) < |a|fz(z) = (afe)(x),Vz € X = af) < afy,Va e K
and Vf1, fo € X# with f; < fo.

As (1): [a(fi+ f2)](@) = |af(fi(x) + f2(2)) = |al /(@) +|alf2(z) = (afi +af2)(2),
Ve € X = a(fi+ fo) = afi + afs, Va € Kand Vfi, fo € X7.

(ii) [a(BN](@) = al(B1)(x) = [allBlf () = [(@B)f(®), Vo € X = a(Bf) =
(aB)f, Va,B € K and Vf € X*.

(i) [(e + A)f)(z) = la + BIf(x) < lalf() + |8If(x) = (af + B)(@), ¥z € X
= (a+pB)f <af +Bf, Va,B € Kand Vf € X7,

(iv) Obviously 1- f = f, Vf € X#, where 1 is the multiplicative identity in K.
Aj:af=0=la|f(x) =0,V € X. If a« # 0, then f(z) =0,Vz € X = f =0.
So af =0 = either « =0 or f = 0. The converse is obvious.

As: [f+(-1)f]l=0< [f+ (-1 f](x) =0,Vz € X & 2f(z) =0,V € X & f=0.
Since f > 0, Vf € X#, it follows that [X#]o = {0}. Thus f + (—-1)f =0« f €
[X#]o.

Ag : For each f € X% we have 0 < f where 0 € [X#],.

Thus (X#,+, -, <) forms an evs over K.

Moreover for any f € X# and a € K with |a| < 1, we have (af)(z) = |a|f(x) <
f(z) for all z € X. Thus X# is always balanced, whenever it is an evs. (]

Corollary 3.14. For any balanced evs X, X# is an evs.

Proof. Since every balanced evs is functionally additive [by Result 3.11], the Corol-
lary follows from Theorem 3.13. (]

For a functionally additive evs X, we now introduce a topology on X# which
will make it a topological evs. We give the topology of point-wise convergence on
X#. In this topology, a net (f,),.p
f e X#iff f,(x) — f(x) for all x € X. Then the following Theorem is evident.

in X# (D being a directed set) converges to

Theorem 3.15. For a functionally additive evs X, X# is a topological evs with

respect to the topology of point-wise convergence.

Corollary 3.16. For a functionally additive topological evs X, X™* is a topological

evs with respect to the topology of point-wise convergence.

Proof. This corollary follows from the fact that for any two f,g € X*, f+gisa

continuous order-functional on X, since X is functionally additive. (I
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Theorem 3.17. If X and Y are two order-isomorphic evs and X is functionally
additive, then X* and Y# are (topologically) order-isomorphic, the topology being

the topology of point-wise convergence.

Proof. Since X is functionally additive and Y is order-isomorphic to X, it follows
that Y is also functionally additive [by Theorem 3.9]. So by Theorem 3.13, both
X# and Y# are evs.

Let ¢ : X — Y be an order-isomorphism. We now define a map ® : X# — Y#
by ®(f) := fo¢~ !, Vf € X¥. By Result 3.4, ® is well-defined. As ¢ is bijective,
® is injective. Again for g € Y#, gogp=go(¢ )P € X# lasp ' : Y > X is
an order-isomorphism] and ®(g o ¢) = g. So P is bijective.

Now for any fi, fo € X% and any o, 3 € K, we have ®(af; + Bf2) = (afi +
Bf)od ! =a(fiog™) +B(faod™) = a®(fi) + E(f2). Also fi < fo &
fiod™t < fr097! & @(f1) < ®(f2). So @ is an order-isomorphism and hence X #
and Y# are order-isomorphic.

Now if a net f, — f in X# with respect to the topology of point-wise conver-
gence, then f, o ¢! — fo ¢! in Y# with the same topology and hence ® is
continuous. Similarly, ®~!(g) = g o ¢ implies that ®~! is continuous. Thus @ is a

topological order-isomorphism. (I

In the above Theorem if X, Y are two topological evs and they are topologically
order-isomorphic, ¢ is the topological order-isomorphism, then f o ¢! € Y* for

any f € X*. So we can easily have the following Corollary.

Corollary 3.18. If X,Y are two topologically order-isomorphic evs, then X* and

Y* are topologically order-isomorphic.
Theorem 3.19. Every order-functional on a topological evs is an open map.

Proof. We can write any open set V' of a topological evs X as V = U S(1,ry)y,
yev
where S(1,t) := {a € K: |a — 1| < t}, for any real ¢ > 0. For any order-functional

fon X, f(v) =7 Us@ry| = r(sQry) = J[Q-rp14m)n
yev yev yeVv
[0,00)] f(y). As each [(1—7y,147,)N[0,00)] f(y) is an open set in [0, ), it follows

that f(V) is open. O
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4. Computation of dual of some evs

In this section, we shall compute the dual of some concrete evs, both topological
and non-topological. We start with the computation of the non-topological evs
2™(]0,00)) explained in Example 2.9

Theorem 4.1. FEvery order-functional on 2™([0,0)), n —1 € N is of the form

(x1,22,...,2Zpn) —> A1, for some X € [0,00).

Proof. We first prove that for any A € [0,00), fa(z) := A\xy, Vo = (21,22, ...,2,) €
2™([0,00)) is an order-functional on 2™([0,0)). As 2"([0,00)) is a balanced evs,
it is sufficient to prove that f) preserves addition, scalar multiplication and partial
order of 2"(]|0,00)), in view of Lemma 3.3. For two points x = (x1,22,...,%y),
y = (y1,Y2,--.,yn) and scalars «, 8 we have, fi(az + By) = M|ajzr + |Bly1) =
la|Az1 + [B]Ayr = |a| fa(x) + [B]fa(y). If 2 <y, then either 1 < y; or 1 =y1. In
any case, A1 < Ay; = fo(z) < fu(y). Therefore fy becomes an order-functional
on 2"(]0,00)).

We now show that any order-functional on 2"([0, c0)) is of the above form for
some A € [0,00). Let f be an order-functional. Then for any x = (21, x2,...,2Z,) €
2™(]0,00)), we can write f(x) = Jclf((l,O7 A 0)) + 952f((07 1,..., 0)) + o+
2n f((0,0,...,1)) = M@y +Aaxa+- - -+ An@y, where \; = £((0,0,...,1,...,0)), Lis
in the i-th place. So A\; > 0,Vi=1,2,...,n. Now for any m € N, (0,m,0,...,0) <
(1,0,0,...,0) = f((0,m,0,...,0)) < f((1,0,0,...,0)) = mAy < Ay, for any
m € N . Similarly, we can say that mA; < A1, Vi =3,4,...,n and for any m € N.
If Ay = 0, then all A\; = 0 and in this case f becomes the zero order-functional.
If \y > 0, then also \; = 0, Vi = 2,3,...,n. In fact, for any i € {2,3,...,n},
A < %)\1, Vm € N. Taking limit m — oo, we get \; =0 for i =2,3,...,n. So we
can say that f(z) = Miax1 Vo = (x1,...,2,) € 2™(]0,00)) where A\; > 0. O

From the above theorem, we can say that [2"([0, oo))]# ={fax:A>0}. It
becomes an evs over K, by Corollary 3.14, since 2™(]0,00)) is balanced. Now
if we consider the map fy, —— A, then the map becomes an order-isomorphism
between [@"([0,00))]# and [0,00). Therefore we have the following Theorem.

Since 2™([0, 00)) is a non-topological evs, [2" (|0, oo))]* does not exist.

Theorem 4.2. [@”([0,00))]# is order-isomorphic with [0,00) for any n with
n—1eN.

We will now compute the dual of the topological evs [0,00)", for any n € N,

explained in Example 2.7.
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Theorem 4.3. [[O, oo)"]# is order-isomorphic to [0,00)™, for any n € N.

Proof. As [0,00)" is balanced, [[0, oo)”]# is a balanced evs, in view of Corollary
3.14 and Theorem 3.13. We first show that for any A = (\; ) [0,00)™, 3 an order-
functional fy on [0,00)" defined by fi(z1,22,...,2,) = Z Aizi. In fact, for any

i=1
@ = (2;),y = (y:) € [0,00)" and any scalars a, 8 € K, fi(az + By) = fa((lafz; +

Blyi)) =Y Nillalai+18ly:) = lal Y N+ 181> Mivi=lalfr(z) + |8 f(y). Also
i=1 =1

=1

<y = m <y, Vi= e < Ny Vi= Y w0 Ay = [ilz) < A)-
i=1 i=1
Now [0,00)™ being balanced, fy is an order-functional on it, by Lemma 3.3.

For any order-functional f on [0, 00)™, for any z = (z;) € [0,00)™, we can write

x) = Ma;, where A = f(e;) and €; = (69) 12 1, Where
i i j)i€e{l,2,...,n}

=1

1, when ¢ = j,

0,when i # j.

Thus if we choose A = ()\{)i € [0,00)™, then f = fys. Also for distinct order-
functionals f,g on [0,00)"”, 3j € {1,...,n} such that f(e;) # g(e;) = )\f # N =
M # X\, Thus we can say that the map f — A\ where \f := ()\Zf)i7 is a bijective
map from [0, oo)”}# onto [0, 00)™.
We know that addition of two order- funCthnalb is defined as (f +g¢)(z) = f(z)+
g(x), V. So Z)\f+gx = Z)\fx, + Z)\ x;, where z = (z;) € [0,00)". Taking

i=1 1=1 =1
T = e;, we get )\f+g = )\f + Y. Varying i we get AfT9 = XA/ + \9. Similarly, we can

show that A = |a|\/ and hence A\*f = |a|M. If f < g, then f(e;) < g(e;), Vi
= /\{ < )\f, Vi= A < )\9. Reversing the steps, we get f < g whenever M <9,

since each © = (z;) € [0,00)" can be written as x = Z z;e;. All these show that

i=1
#

the map f — A is an order-isomorphism between [[07 oo)”] and [0, c0)™. O

From the proof of the above theorem, it also follows that every order-functional
on [0,00)™ is continuous. Moreover, the map f + A/ is a homeomorphism. Thus

we can easily have the following Corollary.

Corollary 4.4. [[O,oo)"]* = [[O,oo)”]# which is topologically order-isomorphic
with [0, 00)™.
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We now compute the dual of the non-balanced topological evs X x E. explained
in Example 2.10 and Theorem 2.11.

Theorem 4.5. If X is a functionally additive evs, then (X x E)# is order-

isomorphic with X# for any vector space E.

Proof. We first establish a one-to-one correspondence between X# and (X x E)#.
For this let f € X# and define a function
Fr: X x E—[0,00) }
(z,€) — f(z)

We first show that Fy € (X x E)#. For any (z,e€),(y,d) € X x E and any two
scalars «, 5, we have F (a(:v,e)—l—ﬁ(%d)) = Ff((owc—i—ﬂy, oze—i—ﬁd)) = flazx+py) =
lalf (@) +[81f(y) = |l Fy (z,e) +[6|F (y, d). If (z,€) < (y,d), then z <y and e = d
= f(z) < f(y) = Fy(z.e) < Fy(y,d). Let p < q in [0,00) and (z,¢) € F; ' (p)
= f(z) = p. Now f is an order-functional on X = = € f~1(p) C| f~(q) =
(z,e) €l f7Hq) x {e} €l F;'(q) = F;'(p) €} F;'(q). Similarly, F;'(q) <1
Ff_l(p). Therefore Fy € (X x E)#.

Now let f,f’ € X7# such that f # f’. Then there is an * € X such that
f(z) # f'(x). So Fy(x,e) # Fy(x,e) for any e € E. Thus Fy # Fy and hence the
map f +— Fy from X# to (X x E)# is injective.

Again for F € (X x E)#, define

fr: X —[0,00)
x+— F(z,0g) } .
Then it becomes an order-functional on X. Also for any (z,e) € X X E, Fy_(v,¢) =
fr(x) = F(z,05) = F(z,0g) + F(0x,e) = F(z,e) [since (0x,e) € Xo x E and
F(Xox E)={0}] = Fy_= F. Thus the map f — Fy from X# to (X x E)* is
surjective. This establishes a one-to-one correspondence between X# and (X x E)#.
We now claim that X x E is functionally additive iff X is functionally additive. In
fact, if X is functionally additive, then for any f, f’ € X#, we have f+ f’ € X# and
hence Fyip € (X x E)#. Now for any (z,¢e) € X x E, Fyip(x,e) = (f+ f')(z) =
fx)+ f(x) = Fy(z,e) + Fp (z,e) = (Fy + Fy)(z,e). So Fpypr = Fy+ Fy. Since
the map f +— F} is a bijection between X# and (X x E)#, our claim is justified.
Now in view of Theorem 3.13 and above discussion, X# and hence (X x E)#
both are evs over K, if X is functionally additive.
We finally conclude that the map f +— F; between X# and (X x E)# is an
order-isomorphism. To justify this conclusion, we only need to note the following:
for any o € K and f € X%, we have F,¢(z,e) = (af)(z) = |a|f(z) = |a|F(z,e)
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for all (z,e) € X x E which implies F,; = |a|Fy. Also for f,g € X# with f < g,
we have f(z) < g(z) for any € X which implies Fy(z,e) < Fy(z,e) for any e € E.
Thus Fy < Fj;. Reversing the steps, we get f < g whenever Fy < Fy. O

There is a topological version of the above theorem as well.

Theorem 4.6. If X is a functionally additive topological evs and E is a Hausdorff

topological vector space, then (X x E)* is topologically order-isomorphic with X*.

Proof. In the proof of the above Theorem 4.5, whenever f € X*, the order-
functional Fy : (z,e) — f(x) on X x E also becomes continuous, since any net
{(zn,€n)}n converges to (z,e) in X x E implies f(x,) — f(x) [by continuity of f
on X] and hence Fy(xn,en) = f(z,) — f(z) = Fr(x,e). Also if F € (X x E)*,
then the order-functional f,., defined in the proof of the above Theorem 4.5, is
continuous on X.

In view of Theorem 4.5 it only remains to prove that f — Fy is a homeomor-
phism. This is true since, a net f, — f in X* iff f,(z) — f(x) for all z € X iff
Fy, (x,e) = Fy(z,e) for all (z,e) € X x Eiff Fy, - Fy in (X x E)*. O

Theorem 4.7. For a Hausdorff topological vector space E, [[0, 00) X E}#
[[07 00) X E]* which is topologically order-isomorphic with [0, 00).

Proof. We first show that every order-functional on [0,00) x E is of the form

fa i (A e) —> a), for a unique a > 0.
In fact, if f is an order-functional on [0, 00) x E, then f((A,e)) = f(A(1,0)+(0,¢))
=M ((1,0)) = aX, V(A e) € [0,00) x E, where a := f((1,0)) € [0,00) [since (0,e)
being a primitive element, f((O, e)) = 0}.

It can be easily shown that for any two order-functionals f,g on [0,00) X E,
f((1,0)) = g((1,0)) = f = g. So for any order-functional f on [0,00) x E, there
exists a unique a := f((l,O)) such that f = f,. Conversely, for any a > 0, the
map f, : (A e) — aX is clearly an order-functional on [0,00) x E. Thus we can
write [[0, 00) x E]# = {fa : @ > 0}. Also every order-functional on [0,00) X E is
continuous and hence [[0, 00) x E]# = [[0,00) x E]".

We now claim that [[0, 00) x E # is an evs. In fact, fat+fo = fars forany a,b > 0.
This implies that [0,00) x E is functionally additive and hence by Theorem 3.13,
([0, 00) x E]# is an evs.

To show that [[O7 00) X E] # is topologically order-isomorphic with [0, 00), let us
consider the map ® : a — f,, a > 0. Clearly, ® is a bijection between [0, 00)

and [[0, 00) X E] # and preserves addition and scalar multiplication. Also a < b &
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aX <O\ VA >0< f, < fp. This shows that ® is an order-isomorphism between

[0,00) and [[0, 00) x E]#. Also @ is a homeomorphism. O

Remark 4.8. From the proof of the above Theorem 4.7 and Theorem 2.11, we can
say that [0,00) X E is a non-balanced functionally additive evs for any non-trivial

vector space F.

In view of Example 2.9, Theorem 2.11, Theorem 4.5 and Theorem 4.2 we can

have the following Corollary.

Corollary 4.9. For any non-trivial vector space E, 2™(]0,00))x E, wheren—1 € N
is a non-balanced non-topological evs. Moreover, [2"([0,00)) x E]# is order-

isomorphic with [0,00) for any n withn —1 € N.

We now demonstrate the dual of the non-topological balanced evs Z(X), ex-

plained in Example 2.12.

Theorem 4.10. There does not exist any non-zero order-functional on Z(X) i.e.,

[Z(2)]" = {0}.

Proof. Let f € [Z(X)]#. We know that for any J € Z(X) and any a € K,

f(@Y) = |a|f(}¥). But Y = Y, for all non-zero a. So f(Y) = |a|f(}), for any
non-zero scalar «. Therefore f()) =0,VY € ZL(X) = f=0. O

Since £ (X)) cannot be topological, its topological dual [Z(X)] " does not exist.
We now discuss the dual of the exponential vector spaces in hyperspace category,

explained in Example 2.8.
Theorem 4.11. For every order-functional f on P(X), f =0 on €r(X).

Proof. We shall prove this by induction on the number of points in each finite
subset of X' constituiting €z (X). f being an order-functional, for each primitive
element {z} of 2(X), f({z}) = 0. Let us assume that f(B) = 0, VB € €p(X)
with 1 < card(B) < n, where n —1 € N. Let A € €r(X) such that card(A) = n.
We claim that f(A) = 0. If not, then f(A) = ¢; with ¢; # 0. Let 0 < ¢z < ¢;.
Then by property of order-functional, there exists B € Z(X) with B ; A such that
f(B) = ¢a. Again card(B) < card(A) = n and hence by hypothesis f(B) = 0, a
contradiction. Therefore f(A) = 0. Then by the second principle of mathematical
induction, we can say that f(A4) =0,V A € €r(X). O

From Theorem 4.11, we can easily have the following Corollary.
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Corollary 4.12. For a Hausdorff topological vector space X,
# *
[€r(X)]" = [€r(X)] = {0}.

Theorem 4.13. There does not exist any continuous order-functional other than
zero on the topological evs €(X), i.e., [%(X)}* = {0}.

Proof. Let f be a continuous order-functional on €(X). For any A € €(X), there
exists a net {A,}nep [D is a directed set] in € (X) which converges to A [since
Cr(X) is dense in G(X)]. So f being continuous, we have f(A4,) — f(A). But
f(A,) =0,¥n € D, by above Theorem 4.11. Therefore f(A) = 0. So f is the zero
order-functional on €(X). O

Remark 4.14. We know that for a finite dimensional Banach space X, %y (X)
is order-isomorphic with [0,00). Therefore, by Theorem 3.17, the dual of %y (X)
is topologically order-isomorphic with [0, 00), since [0, 00)# is topologically order-
isomorphic with [0,00), by Corollary 4.4. But there does not exist any non-zero
continuous order-functional on €(X’), by Theorem 4.13. Therefore in conclusion,
we can say that extension of non-zero continuous order-functional from a subevs to

a larger evs is not possible in general.

5. Application of order-functional
In this section, we shall discuss some application of order-functional on an evs.

Result 5.1. (i) For any non-zero order-functional f on 22([0,00)), f~1(0) is
order-isomorphic with [0, 00).
(i) For any non-zero order-functional f on 2™([0,00)) (n —2 € N), f=1(0) is

order-isomorphic with 9™~1([0, 00)).

Proof. (i) By Theorem 4.1, any non-zero order-functional f on 22([0,0)) is given
by f(z,y) = Az, V(x,y) € 2%([0,00)), for some X > 0. So f~1(0) = {0} x
[0,00) which can be identified with the evs [0,00) = 2'([0,0)) through the order-
isomorphism (0,y) — y.

(ii) By similar argument as above, here f~(0) = {(z1,...,z,) € 2"([0,00)) :
x1 = 0} which is order-isomorphic with 2"71([0,00)), (0, %2, ..., &n) — (z2,...,Tn)

being the order-isomorphism. O

Theorem 5.2. 2"([0,00)) is not order-isomorphic with 2™([0,00)), where
1<m<n.

Proof. We prove this theorem by induction on m and n. Let us first note that
2"([0,0)) is not order-isomorphic with 21([0,)) = [0,00), for any n > 1. It
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is because, [0,00) is a topological evs, whereas 2™ ([0, 00)) cannot be made topo-
logical for any n > 1. Let us now assume that 2" ([0, 00)) is not order-isomorphic
with 2™([0,)), for 1 < m < n. Now if 2""1(]0,00)) is order-isomorphic with
2™([0,00)), for some m satisfying 2 < m < n+1 and ¢ : 2"7([0,00)) —
2™(]0,00)) is an order-isomorphism, then for any non-zero order-functional f on
2"1([0,00)) and for the induced order-functional g := f o ¢! on 2™(]0,0))
we have f~1(0) is order-isomorphic with ¢=1(0) [by Result 3.7]. Again by Result
5.1, f71(0) is order-isomorphic with 27([0,00)) and g~!(0) is order-isomorphic
with 2™71(]0,00)). Therefore 2"([0,00)) and 2™~ 1(]0, 00)) are order-isomorphic,
where 1 < m — 1 < n —— which contradicts our assumption. Thus it follows that
2"*1(]0,00)) cannot be order-isomorphic with 2™([0,00)), for any m satisfying
2 <m < n+1. So by the 2nd principle of induction, we can say that 2" ([0, o0))

is not order-isomorphic with 2™ ([0, 00)), for any m,n with 1 < m < n. ]

From above the theorem, we can say that 2 ([0,0)) and 2"([0,00)) cannot
be order-isomorphic whenever m # n. In this context, it should be noted that the

dual of both these two spaces is order-isomorphic with [0, 00) by Theorem 4.2.

Conclusion

We conclude this article by outlining a plan for further research in this field.
(1) It is interesting to find a non-functionally additive evs.
(2) Tt is also an interesting problem to ensure the existence of a non-zero order-
functional on an arbitrary evs.
(3) Under what conditions a non-zero order-functional can be extended from a

subevs to a larger subevs of an evs?
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