INTERNATIONAL
ELECTRONC JOURNAL OF
AGEBRA

INTERNATIONAL ELECTRONIC JOURNAL OF ALGEBRA
Published Online: July 20, 2026
DOI: 10.24330/ieja.1999594

DIGITAL SEMIGROUPS OF MONIC INTEGER POLYNOMIALS

Horst Brunotte

Received: 4 October 2025; Revised: 11 March 2026; Accepted: 22 May 2026

Communicated by Burkhard Kiilshammer

ABSTRACT. The well-known expansion of rational integers in an arbitrary in-
teger base is generalized to so-called P-canonically representable integers for
a suitable polynomial P with rational integer coefficients. In this surround-
ings certain additive and multiplicative subsemigroups of rational integers are
studied.

Mathematics Subject Classification (2020): 11D85, 20M14, 20M07
Keywords: Digital representation, digital semigroup, numerical monoid, Frobe-

nius number

1. Introduction

In 2015, J. C. Rosales, M. B. Branco and D. Torrdo [17] investigated sets of
positive integers and their relations to the number of decimal digits. Later these
relations were generalized to arbitrary integer bases [4]. This concept is extended
here to so-called P-canonical representations of integers where P is a monic integer
polynomial of positive degree with non-vanishing constant term. Specifically, we say
that the rational integer z is P-canonically representable if there exists a polynomial

U with all coefficients in'
Np =10, |[P(0)| — 1] NNy

such that
z=U (mod P),

where we here and in the following mean the congruence taken in the quotient ring

Z[X]/(P). Thus there exist a minimal n € Ny and uy, . .., u, € Np with?
z=up X"+ --4+uy (mod P). (1)
We shortly write (see [7, Section 3])

z=(un---uo)p

LWe denote by N (Np, respectively) the set of positive (non-negative, respectively) rational integers.

2See [12,13].
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and define the P-length of z by
lp(z):=|zlp=n+1.

M. Madritsch and A. Pethd [15] showed among others that the distribution
properties of patterns in the sequence of digits depend neither on the polynomial
P nor on the quotient ring Z[X]/(P); they are intimate properties of the backward
division algorithm defined in [16]. Recall that this algorithm also determines the
P-length? of a P-canonically representable integer.

Here we study properties of certain additive subsemigroups of Ny consisting of
P-lengths of P-canonically representable integers. Our main result includes an
analogue of [4, Corollary 2.4] for a family of quadratic polynomials P. Further
we show that the existence of such a particular subsemigroup of Ny yields strong

properties on the set of P-lengths of the P-canonically representable integers.

2. Basic properties of the P-length of integers

Throughout, we let P be a monic integer polynomial of degree d, |P(0)| > 1,
b:= —P(0) and Zp the set of non-zero P-canonically representable integers*. There
is an algorithm to decide z € Zp for a given integer z and to compute its canonical

P-representative if possible (e.g., see [5,12,16,22]). From now on we require
NC Zp.

Lemma 2.1. (i) Every element of Zp has a unique P-canonical representative,

and we have
Np C Zp U{0}.

(ii) Let f € Np[X] be the P-canonical representative of z € Zp. Then z = f(p)
for each root p of P. Further, P(0) divides z if and only if f(0) = 0.
(iii) For every root p of P, we have
1

P e —
|| 2(5) pla-1 4 1

Moreover, there is an effectively computable constant C such that

log |2|

o) = ol P =0}

e, (z € Zp).

3For the definition see Section 2.

4Note that we have Zx_p = Zp in the notation of [4, Section 2].
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Proof. (i) This is well-known (e.g., see [12,13]).
(ii) Using (1) there is some t € Z[X] with
z—f=tP
yielding

z—f(p)=0

and the second claim.

(iii) Aiming at showing the first claim an obvious modification of [14, Lemma 3]

shows that the absolute value of each conjugate of every root p of P is at least 1.

Then a review of the respective part of the proof of [14, Theorem 3]
ol >1

and then [2, Lemma 3.1] yields our first claim.

The second claim is a particular case of [15, Lemma 1.1].

yields

O

Our main interest here lies in additive subsemigroups contained in the set £p(N).

If there is no fear of confusion, we often omit the subscript P.

Proposition 2.2. (i) For z € Zp U {0}, we have
lp(2) =1 <= z€Np,
and for z € Zp \ Np, there are ¢ € Z and r € Np such that
z=gqbl+7r, segn(q)=sgn(z) and lp(z) ={Lp(q/b]).
(ii) Let deg(P) > 1. Then
[2, deg(P)] N Lp(Zp) = 0.
In particular, Lp(Zp) is not additively closed.

Proof. (i) The straightforward proof is left to the reader.
(ii) First, let £ € [2, deg(P)] and assume that there exist z € Z and uo,
such that

-1
z = Zquj (mod P).
7=0
Then uy—1 # 0 and there is some T € Z[X] such that

-1
PT = Z w X — 2.
1=0

Ul EN
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Clearly, T' # 0, thus deg(T") > 0 and therefore
¢ —1=deg(PT) = deg(P) + deg(T') > deg(P),
which is excluded. Second, an application of (i) terminates the proof. O

Let us briefly glance at polynomials with a very easy relation to a polynomial of

smaller degree.

Proposition 2.3. Let k > 1 and Q := P(X*).
(i) NQ = Np.
(ii) If E(X) € Np[X] canonically represents A(X) € Z[X] modulo P, then
E(XF*) canonically represents A(X*) modulo Q. In particular, we have
Zp C Zg and for z € Zp, we have

lo(z) =k(lp(z) —1) +1,

thus
lo(z) =1 (mod k).

Explicitly, writing ¢ := (g and z = (wi—1w—2 - - - Ug)Q we have
z = (U—1wuj_2w - - - W) p

with

Proof. (i) Clear by Q(0) = P(0).
(ii) Let T € Z[X] with

PT = zn: e X' — A,
hence we obtain® -
QUOT(X*) = PLCYT(X) = (PT)(X5) = Y ecxb - A(XY),
i=0
and this implies the first statement. Clearly, for z # 0, we have
lp(z)=n+1 and lo(z) =kn+1,

and this implies our second assertion. O

We denote by C_ the set of all semi-CNS polynomials with negative constant
term®. Due to results of S. Akiyama and W. Steiner (see [21], [3, Theorem 5]) C_

5We use the compatibility of composition and multiplication (fg) o b = (f o h)(g o k).
6The reader is referred to [12] for background information on these polynomials which we tacitly

use in the sequel.
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consists of all polynomials P € Z[X] with the following three properties.
P is monic, P(1) < 0 and apart from the constant term all coefficients of P are non-negative.
Proposition 2.4. Let P C_ and d > 1.
(i) Zp =N and b= (1pa—1---p10)p.
(ii) €p(x) <lp(x+1) (z € Np).
(ili) £p(zy) > lp(x) +Lp(y) —1 (z,y € N).

Proof. (i) Since Zp is additively closed, we have N C Zp, and the P-canonical
representation of b is clear in view of p1,...,pq_1 € N.
(ii) Write
n=qgb+r
with ¢ € Ng and r € M. If r < b — 1, we have
ln+1)=Lgb+1r+1)=1"L(n)

by Proposition 2.2. For » = b — 1, an elementary inspection of the addition of the

P-canonical representatives of gb and b yields
ln+1)=1L(gb+b) > L(n).

(iii) We may assume z > y and we set £ := {p(x) and m = {p(y).

Case 1 x<b
Then the right hand side of our claim equals 1, and we are done.
Case 2 x>b
By (i) and (ii), we have
£>d.
Case 2.1 m=1

Then we have
lp(zy) >L€>d

by the above. The right hand side of our claim equals
lp(x)=1¢,
thus we are done.
Case 2.2 m>1

Then we have

m > d
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by the above. There exist r,s € Np \ {0} and u,v € Np[X] with the properties
deg(u) < -1 and deg(v) <m —1
and
r=rX"14u (mod P) and y=sX""1'+v (mod P).
Thus we find
zy=rsXTm2 Lo X L suX™ 1 4 uw  (mod P).
Clearly, there is some w € Np[X] with
w=rvX 4+ suX™ ! +uv  (mod P),

thus

zy =rsX™ 2 L w (mod P),

and then (ii) implies

lp(zy) = deg(rsX“Tm 2 4t w)+1>0+m—2+1=0+m—1. O

Remark 2.5. Note that the length function is not always increasing on N. For

instance, for P = X2 — X + 2, we have
£p(23) = |101100110011|p = 12 > 11 = {10011001001|p = £p(24).

Let us remark in passing that by Proposition 2.2, our length function is closely
related to a similar function which is used for instance in semi-ring theory (e.g.
[6,9,10]).

Corollary 2.6. For P € C_, the function
z+—>€p(z)71 (ZEN())

is a length function in the sense of [9] on the bounded factorization monoid (N,-).

3. P-sequences

Now we deal with equivalence classes in the set N defined by the length function

(see [17]), namely

T ~pYy < gp(.’ﬂ)zfp(y) (l’,yGZp).
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Definition 3.1. The P-sequence (gx)gen is defined by ¢; = 1 and for k € N we

set”
qr+1 = min{g € N : £p(q|P(0)]) > £p(qx|P(0)])}
and

App={z€N : lp(z) =lp(q|P(0)])}.
We start with an easy, but useful observation on the growth of the P-sequence.

Lemma 3.2. (i) The P-sequence exists and is strictly increasing, and we have

1
k41 >14 —
qk dk

and
z €N, l(z) = Uqk|b]) = 2= qilb].
(ii) For b > 1, the (X — b)-sequence is given by
qr = b1 (k € N).

(iil) = < gr41]b] = £(z) < £(qklb]) (z,k € N).

(iv) If ¢ is increasing on the interval
I = [q|b], qr41[b] = 1] NN,

we have
U(x) = t(ailo) (wel, ken).

(v) #Api < maxApj — qi|b| (k € N).
(vi) For P € C_, we have

Apr = [qrb, qry1b — 1] (k € N).
Proof. (i) The first claims are trivial. To show the last claim we assume
z < qrlbl,

hence by definition
€(z) = £(gm|0])

for some m < k. But then we have

£(qr|b]) < £(2) = £(gmb])

"This definition coincides with its analogue introduced in [17], but not with the respective defini-

tion in [4].
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implying the contradiction k < m.
(iii) By definition, we have
(z) = £(qe[b])
for some t € N with ¢ < k 4+ 1. Thus we have t < k and then

() = £(qilb]) < £(qr0])-

(ii), (iv), (v) Obvious.
(vi) By Proposition 2.4, the length function grows monotonously on the non-

negative integers. ([l

The following description of the structure of the set of the positive P-representable
integers is useful for our subsequent results. Recall that a multiplicative subsemi-
group D of Z is called lacunary if there exists a single integer z such that every
element of D NN is a power of z (see [8, Definition IV.1]). For a subset K of N, we

write

DP,IC = U AP,I@-
kex

Theorem 3.3. (i) The set Dpy is a preprime® of Z with minimal element |b|.
(ii) Dpn is a non-lacunary subsemigroup of (N,-), and we have

lim 4L g
k—oo qk

(iii) Let K be a non-empty subset of N such that Dp x is multiplicatively closed.
Then for every € > 0 there exists some K € K such that

Bl 1 4 e (k> K).

qk
Proof. For simplicity we write
D}( = Dp};g .
(i) We have
min Dy = ¢1]b] = [b],
hence in particular
—1¢ Dy.
Let x,y € Dy, thus
z,y €N and x+y>1b.

8By a preprime S of a (not necessarily commutative) ring R we mean a non-empty subset S of R

such that S+ S5 C 5,55 C S and —1 ¢ S (see [11]).



DIGITAL SEMIGROUPS OF MONIC INTEGER POLYNOMIALS 9

Hence there exists k£ € N with

qrlb]) = Uz +y),
and this means

r+y €A CDy.
Thus, in view of Ap,, C N for all positive integers n, we also have

zy=x+---+x € Dy.
—_——
y

(ii) By (i), the set Dy is multiplicatively closed. Now we suppose that there is an

element ¢ € Dy such that every element of Dy is a power of c. Clearly, we have

c> 1. Let k € N. Proposition 2.2 yields
qkbl, qrlbl +1 € Dy.
By our assumption, there are s,t¢ € N such that
qrlb| = ¢* and qelbl +1=c".

Clearly, we have s < t and the impossibility

Thus Dy is non-lacunary, and the limit above is calculated by a straightforward
application of [8, Lemma IV.1] analogously as in the proof of (iii) below.

(iii) We immediately convince ourselves that Dy is non-lacunary. Let k£ € N and
Jir € Ny such that

Jk
Ap = In

j=0

with
I ; = [qk|b| +15-1, qr|b| + ij] NN
and
O:i_lgij_1<ij (j:O,,Jk)

By [8, Lemma IV.1], we know that the quotients of consecutive elements of Dy

converge to 1, thus in particular

. qrlbl +ij v +1
lim . =
k—o0 qk,|b| + 15—1 +v

(j:O,...,Jk, VZO,...,ij—ij_l—l)

and then for the intervals I}, o

ij_1—1

H qelb| +ij1 +v+1 lim max Iy o
qk|b| +i_1+v S min Iy, o '

1= lim
k—oc0
v=0
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Analogously, for J; > 0, we have

max Iy, ; .
7"]:1 (j:O,...,Jk)7

i
k—oo min IkJ'
and then by considering the products of these quotients, we see

max Ay

im - =1
k—oo min Ay ’

because max I, ; and min [ ;4 are consecutive subsets of Dx. Observing that

max Ay and min Ak, are consecutive elements of Dy, we see

lim min Bty =1
k—oo max Ay ’
and this yields
ax A in A in A b
1= lim (m.X 5 min k+1) — lim mlr.l k+1 o Qr+1b] — lim Qk+1. O
k—soo\minA, maxAy k—oo min Ay k—oco  qg|b] k—oo  qk

4. The function gp

We aim at describing the P-length of squares of certain integers by means of the
P-sequence. By what we have seen in the previous section for a given k € N, there

is a unique m € N such that

Cp(gmlb]) = €p((axb)?) .
Thus we can define the map
gp: N—= N
by
gp(k):=m.

First we collect some properties of the function gp.

Lemma 4.1. Let k € N and g := gp.

(i) L(qgqm|bl) = £((qrb)?).
(i) qgery < qilbl < ggry+1 — 1 and

Qo) < Gelbl = qgei) < Qg1 — 2.
(iii) We have
glk) >k

and

g(k) =k = ((qe+11b] = 1)* > qgr)41]0| and  qx < V(g1 —1)/10]). (2)
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(iv) We have
g(k) < g(k+1)
and
gk +1) = g(k) = (qgr+1) < do(iy+1 — 2 and Go(er1)+1 — Goer+1) = (25 + 1)[b] +1).
V) If
(qe+11b] = 1) < qg(r) 41101,
then we have

dg(k)+1
Gotys1 — Qo) > (B = D2gx + 1) and  22WFL 5 g4

dg(k) v 4g(k)

with © = /2 for |b| = 2 and © = 2 otherwise.
(vi) Suppose

lim el _ 1.
k—oco (i
Then there is some K € N such that
g(k) >k (k> K).

Further, there are infinitely k € N such that
g(k) <g(k+1).

Proof. Set m := g(k).
(i), (ii) Clear by the definitions (for (i) see also Lemma 3.2).
(iii) The inequality
k>m
would imply
Gmt1 < qr < qi bl
thereby contradicting the definition of g.
Now let g(k) = k. Then (2) is clear because the assumption

(grr116l = 1)? < gg(ry4110]
implies
(qe+11b] = 1)* < qrs1|b]
and then the impossibility
1
4 < gealbl < 53+ V5) < 3.

Further, we have

arlb] < gms1 — 1
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and then our last assertion is clear.
(iv) The assumption

g(k) > g(k+1)
yields

G 1lbl < gy 1 < dory < di 0]
and then the impossibility
r+1 < gk -
Now, the assumption
m = g(k) = g(k+1)
yields
g(e+1) = Qo) < ailbl < (g + 1)?[B] < g7 1 10] < ggrys1 — 1,

thus our first inequality

Im < Gm+1 — 2.

To prove the second inequality, we first note
Givr — @i — 20k > (gx +1)* — g —2q5 = 1
and then using (i), we verify
gkt 1)1 = dg(kt1) = Do bl +1 = dg(r) > @i [0l — g [B] + 1,
thus
Qo(kr1)+1 = g1y > (@Rpr — GO +1 > (2q, + 1)[B + 1.

(v) We verify

dgmy+1lbl = (g + )b = 1)% + 1 = (g) + 2qu[b|(|b] — 1) + (|b] = 1)* + 1
> Go(r [l +2(|] = L)grlb] + 6% — 2[b] + 2,

hence
(Gg(ky+1 — dg(r))|b] = 2([] — 1)gx|b] + |b](|b] — 2) + 2
and then
Qg(k)+1 — Qg(k) > 2(]b] — 1)gx + [b] — 2
yielding

Qg(k)+1 — dg(ky = 2(10] — Vg + [b] = 1 = (|b] — 1)(2gx + 1).
Further, we can write

Qg(k)+1‘b| > Qg(k)|b| + 2(|b| - 1) Qg(k)‘b| + (|b‘ - ]-)27
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hence
2(|b] — 1 b 2 -1 1
Goter o, 20 = Dvagwlbl | 20 = 1) 142
) Gk ] VALRRNCPD) V()
(vi) Pick € € (0,1]. Then there is some K € N such that
Berl 4 e (k> K).
dk

Consider k£ > K. The assumption g(k) = k implies
G < qgryr1 —1=quy1 — 1< (1+e)g —1 <2, — 1
and then the absurdity
0 < qu(gr|b] —2) <0.
Thus we have shown
g(k) >k (k> K).
Now we show that for all K € N, there exists some k > K such that
g(k+1) > g(k).
Assume to the contrary that there exists K € N such that

g(k+1) < g(k) (k= K),

hence by (v),

Thus there exists L € N with
U((qrb)*) < L (k €N)
which is impossible.
The following observation will play a decisive role later.

Lemma 4.2. Let K be an infinite subset of N with the following properties.
() g > 2| +1 (k € K).
(ii) gp(K) C K.
(iif) limp— oo ke (qr+1/ax) = 1.

Then there exists k € IC such that

(qr+110] — 1) > qgp (k)11 10| -

13
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Proof. By our prerequisites there is some minimal K € I with the property
blakt+1 < (b + 1)k (keK, k> K). (4)

The assumption
K <m :=min(K)

implies K = m, which contradicts our prerequisites. Thus we have K > m, and we

set
k= max([m, K — 1] NK).
In view of
10lqr41 = (16 + 1)qr,
we have

(qrs116] — 1)* > (qnlbl + qx — 1)2 > (qrb)® + (2/b] + )i —2(1b] + L)q . (5)

If g(k) = k, then our claim is clear by Lemma 4.1, thus from now on we suppose

g(k) > k. In view of g(k) € K and our choice of k, we have

g(k) = K,
and then by (4),
g(ky+110] < (1] + 1) gga) - (6)
Now we assume
(qe+11b] = 1)* < qgr)1110] - (7)

Then (6), (7), (5) and the definition of ¢ yield

(6] + 1) dg(ry > dg(ry 1118l > (@r1]b] = 1) > qgeay Bl + (206 + )gi — 2([o] + 1) ay.
thus
dg > (2101 + Dai — 2(1bl + Dar > 2500 + ai — 2(1b] + Dax,
and then the absurdity

0 > gy +a — 200l + D > (ax +1) + ¢ — 206 + 1gi
> qe(gn +1—=2(0] + 1)) = g (gm — (2[6] + 1)) > 0. -
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5. Certain subsemigroups of Zp and ¢p(Zp)

We now extend the fundamental notions introduced in [17].

Definition 5.1. (i) A P-digital semigroup D is a subsemigroup of (Zp,-) such
that
{z€Zp : tp(z)=tp(x)} CD
for all x € D.
(ii) Let S be a submonoid of (Ng,+). We call S a P-LD-semigroup if there
exists a P-digital semigroup D such that

S = (p(D) U {0}. (8)

Lemma 5.2. Let S be a P-LD-semigroup and D a P-digital semigroup satisfying
(8).
(i) D is non-lacunary, and there exists an infinite set of positive integers K
such that
DNN=Dpy. (9)
Moreover, we have

k+1
im det1 _ 1.
k—o0,k€E (.

(i) gr(K) C K.

(iii) Assume that there exists k € K with the properties
(a) (ge+1[0] = 1) > qgp(i)11[0]
(b) 4gp)lb] <2 < qgpy4+1l6] = Lp(x) <Llp(x+1) <{p(x)+1.
Then S is a numerical monoid.

(iv) If deg(P) > 1, we have

D CZ\ (NpU{-1}).

Proof. (i) The existence of K with (9) is clear by the definitions; obviously K

cannot not be finite. Now, take an element s > |b| in .S and write
s = Lp(qr|b])
with some k € K. In view of
Cp(qrlbl) = £p(arlbl +1) € S
and the fact that D is a P-digital semigroup, we know

qklbl, qrlbl +1€ DNN,
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thus D cannot be lacunary. The second part of our claim is clear by Theorem 3.3.
(ii) Clear by the definition of g and the properties of D.
(iii) In view of (ii) it suffices to show that there exist z,y € Ay such that

U(qg(iy|0]) +1 = L(zy) € S.

By our prerequisites, there exists a minimal x € Ay such that there is some

y € Ay with the properties
e<y and  Lay) 2 Kguumlbl)- (10)

(Observe that the integers = := y := qr41]b] — 1 € Ay have these properties.)
Further we may assume that y is minimal with this property. We convince ourselves
that

U2®) > Uggmb)), zyeD and  Llzy) > Lgemlb]) -

Now we distinguish two cases. First, we assume = = gx|b|. Then y > z and
y—1e€ Ag .

For
zi=a(y —1) € Ay,

we have

gqq)|b]) < £(2) < Uggalbl) ,
thus in view of (10)

U(z) = L(qg|D]) € S and [z,2y] "N C Aypy € D. (11)
Now, there exists a minimal e € N with
Uz +e) > g |b])-
Exploiting our prerequisites, we verify
l(z+e—1)=Lgeumlbl)  and  lz+e) = Llagumlb) +1 < L(zy),

thus
Uz+e)eS.

We conclude
U(qg|bl) € S and L(qgm|b]) +1 € 5.

Second, we assume x > gi|b|. Then
poleA  and (e 1)y) = gy b).

and for

Z = (x - 1)y S Ag(k)7
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(11) holds, and we conclude the proof analogously as above.
(iv) Clear by Proposition 2.2. O

Let us look at some basic properties of P-LD-semigroups.

Proposition 5.3. (i) Let S be a P-LD-semigroup. Then there does not exist a
p € ZIX] and n > 1 with P = p(X™). Moreover, given an integer m > 1,

we have

#{lp(z) : z€ Zp} =m,
where T denotes the residue class of x € 7 modulo m.
(ii) Let S,T be P-LD-semigroups. Then SNT is a P-LD-semigroup. Moreover,
if both S and T are numerical semigroups’, then so is SNT.

(iif) Assume that there is some N € N such that
lp(n) <lp(n+1) <lp(n)+1 (n>N).
Then every P-LD-semigroup is a numerical monoid.
Proof. (i) First, we assume to the contrary that P = Q(X*) with k& > 1, and pick

an element z in a P-digital semigroup D with S = ¢p(D)U{0}. Then ¢ :=¥{p(x) € S
and 2¢ € S, and then Propositions 2.2 and 2.3 imply

£>1, ¢=1 (modk) and 2(=1 (modk).
Thus there exist s,t € N such that
{—1=ks and 20—-1=kt
yielding
kt=2(ks+1)—1=2ks+1,

thus the impossibility & | 1.
Second, we suppose that there is an integer m > 1 with

#{l(z) : z€Z}<m. (12)
Let us consider
F :={T : T subsemigroup of S},

which clearly is an infinite family of subsemigroups of Ny because for every i € N

the set
{0,384, Sit1,---}

9For details the reader is referred to [19].
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belongs to F, where we put
S = {0,81,82,...} with 0 < 51 <s9<....

By [1, Lemma 5], there exists some T' € F such that there are infinitely many n € N
with
n+{0,...,m—1} C T\ {0}.
However, in view of
T\{0} € S\ {0} c¥(2)
and (12), there must be i,j € {0,...,m — 1} with ¢ # j such that
n+i=n+j (modm),

which is impossible.
(ii) This can immediately be verified.
(iii) Let S be a P-LD-semigroup, D a P-digital semigroup satisfying (8), K an

infinite set of positive integers such that (9) holds, and set
Ko:={keK : ¢ >max{2]b| + 1, N/|b|}.

Note that we have
9(Ko) € Ko

by Lemma 5.2. By this lemma, there exists a minimal K € Ky such that
|b|qk+1 < (|b| + 1)gx (k € Ko, k> K)

holds. Now Lemma 4.2 yields some k € Ky such that (3) holds, and then Lemma 5.2

completes our proof. O
Now we present a polynomial P which does not admit a P-LD-semigroup.

Lemma 5.4. For the polynomial P = X? + 2X + 2, we have Zp = Z \ {0}, but

there does not exist a P-LD-semigroup.
Proof. The first claim is well-known (e.g., see [12]), and [5] shows
0(Z) ={a(n) : neN} and £(z)=0,1 (mod 4) (2 €7),
where the sequence a(n),en, is given by'°
a(0)=0 and aln)=a(n—1)+ (-1)" +2 (n € N).

Thus our claim is immediate by Proposition 5.3. (]

0gee [20, A042948]
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6. A remark on varieties

If P is linear, then the set of P-LD-semigroups is a Frobenius variety [4, Sec-
tion 2]. However, this is no longer true for higher degree polynomials P as we
illustrate in Theorem 6.1 below. Recall that an R-variety (see [18]) is a non-empty
family V of numerical semigroups!! with the following properties.

(i) V has a maximal element with respect to the inclusion order (denoted by
A(V)).
(ii) S,T €V implies SNT € V.
(iii) S eV, S# A(V) imply SU{Fan)(5)} € V.

Let us present an easy example of polynomials P whose families of P-LD semi-

groups form R-varieties. We conjecture that an analogue of Theorem 6.1 holds for

all quadratic semi-CNS polynomials with negative constant terms.

Theorem 6.1. Let P = X2 + (b—2)X — b € N[X] with b > 2. The set Gp of all

P-LD semigroups is an R-variety, but not a Frobenius pseudo-variety.

Proof. By Lemma 6.2 below and Proposition 5.3, all elements of Gp are numerical

monoids and

{1,3,5,7,9,—} (b=3),
¢p(No) = 4 {1,3,5,7, —} (b=4,5),
{1,3,5,—} (b >6).

Proposition 5.3 tells us that for S, T € Gp, we have SNT € Gp. We easily convince
ourselves that the maximal elements of Gp are given by
{0,5,7,9,—} (b=3),
Mp = A(Gp) = € {0,5,7,—} (b=4,5),
{0,5,—} (b>6).

Further, the Frobenius numbers of Mp are given by

8  (b=3),
F(Mp)=14.6  (b=4,5),
4 (b=6),

but Mp U {F(Mp)} is not a P-LD semigroup since F'(Mp) ¢ ¢p(N) by what we
have seen above. Therefore, Gp is not a Frobenius pseudo-variety, and by the above

Gp is an R-variety. O

H¥or numerical semigroups S, T with S C T we adapt the notation Fr(S) := max(T \ S) for the

Frobenius number of S restricted to T'.
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The following elementary observations have been exploited in Theorem 6.1.

Lemma 6.2. Let P = X?+ (b—2)X — b with b > 3.
(i) b=1(b—2)0.
(ii) In case b =3, we have
9b = 120101000,
21b = 12021021100
and for n > 21, we have'?
nb = 1202w0 (w e Np)

with £p(nb) > 11.
(iii) Let b > 4. Then we have

1302000 (b=4)
1403020 (b="5)
4b = < 1503240 (b=6)
1604260 (b="7)
1(b— 1)0(b — 1)(b — 4)0(b — 8)0 (b > 8).

(iv) Let N =21 (b=3), resp. N =4 (b>4). Forn > N, we have
nb = 1(b — 1)0vw0 2<v<b-1, weNp).
(v) Lp(n+1) <lp(n)+1 (neN,n>27 (b=3), resp. n>4b (b > 4)).
Proof. (i) See Proposition 2.4.
(ii) We compute the P-canonical representative of
jb+b (j=1,...,6)

and then we proceed by induction.
(iii) This can easily be checked.
(iv)-(v) The proof is a tedious, but elementary computation whose details we leave
to the reader. Here we only give hints for the case b > 4. For ¢ € N with ¢ > 4, we
have

C:=1{p(qb) = 8
by Proposition 2.4 and there exists h € N'[X] with deg(h) = ¢ — 4 such that

p=X"14+b-1)X"2+h (mod P).

12For an alphabet A we denote by A* = Unen A™ the set of finite words over A.
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Choose m € N minimal with
Lp(gb+mb) > (. (13)

Thus for the representative g € N[X] modulo P of h 4+ mb, we convince ourselves

that we have
0—4 < deg(g) <l—2.

Since the assumption

deg(g) = ¢ —3
contradicts (13), we must have
deg(g) = £ -2,
and we verify
g=X"24r (r e N[X], deg(r) < €—2)
yielding
(g+m)b = X“'+bX"24 7 (mod P)
= X4 (X2+(0-2)X)X 2 +7 (mod P)
= X'+ (0b-1)X"1+7r (mod P),
thus

Ugb+mb)=C+1. O
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