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1. Introduction

In 2015, J. C. Rosales, M. B. Branco and D. Torrão [17] investigated sets of
positive integers and their relations to the number of decimal digits. Later these
relations were generalized to arbitrary integer bases [4]. This concept is extended
here to so-called P -canonical representations of integers where P is a monic integer
polynomial of positive degree with non-vanishing constant term. Specifically, we say
that the rational integer z is P -canonically representable if there exists a polynomial
U with all coefficients in1

NP := [0, |P (0)| − 1] ∩ N0

such that
z ≡ U (mod P ),

where we here and in the following mean the congruence taken in the quotient ring
Z[X]/(P ). Thus there exist a minimal n ∈ N0 and u0, . . . , un ∈ NP with2

z ≡ unX
n + · · ·+ u0 (mod P ) . (1)

We shortly write (see [7, Section 3])

z = (un · · ·u0)P

1We denote by N (N0, respectively) the set of positive (non-negative, respectively) rational integers.
2See [12,13].
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and define the P -length of z by

ℓP (z) := |z|P := n+ 1 .

M. Madritsch and A. Pethő [15] showed among others that the distribution
properties of patterns in the sequence of digits depend neither on the polynomial
P nor on the quotient ring Z[X]/(P ); they are intimate properties of the backward
division algorithm defined in [16]. Recall that this algorithm also determines the
P -length3 of a P -canonically representable integer.

Here we study properties of certain additive subsemigroups of N0 consisting of
P -lengths of P -canonically representable integers. Our main result includes an
analogue of [4, Corollary 2.4] for a family of quadratic polynomials P . Further
we show that the existence of such a particular subsemigroup of N0 yields strong
properties on the set of P -lengths of the P -canonically representable integers.

2. Basic properties of the P -length of integers

Throughout, we let P be a monic integer polynomial of degree d, |P (0)| > 1,
b := −P (0) and ZP the set of non-zero P -canonically representable integers4. There
is an algorithm to decide z ∈ ZP for a given integer z and to compute its canonical
P -representative if possible (e.g., see [5,12,16,22]). From now on we require

N ⊆ ZP .

Lemma 2.1. (i) Every element of ZP has a unique P -canonical representative,
and we have

NP ⊆ ZP ∪ {0}.

(ii) Let f ∈ NP [X] be the P -canonical representative of z ∈ ZP . Then z = f(ρ)

for each root ρ of P . Further, P (0) divides z if and only if f(0) = 0.
(iii) For every root ρ of P , we have

|ρ| > 1 +
1

2(
d
2)|b|d−1 + 1

.

Moreover, there is an effectively computable constant C such that

|ℓP (z)−
log |z|

min{|ρ| : P (ρ) = 0}
| ≤ C (z ∈ ZP ).

3For the definition see Section 2.
4Note that we have ZX−b = Zb in the notation of [4, Section 2].
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Proof. (i) This is well-known (e.g., see [12,13]).
(ii) Using (1) there is some t ∈ Z[X] with

z − f = tP

yielding
z − f(ρ) = 0

and the second claim.
(iii) Aiming at showing the first claim an obvious modification of [14, Lemma 3]
shows that the absolute value of each conjugate of every root ρ of P is at least 1.
Then a review of the respective part of the proof of [14, Theorem 3] yields

|ρ| > 1

and then [2, Lemma 3.1] yields our first claim.
The second claim is a particular case of [15, Lemma 1.1]. □

Our main interest here lies in additive subsemigroups contained in the set ℓP (N).
If there is no fear of confusion, we often omit the subscript P .

Proposition 2.2. (i) For z ∈ ZP ∪ {0}, we have

ℓP (z) = 1 ⇐⇒ z ∈ NP ,

and for z ∈ ZP \ NP , there are q ∈ Z and r ∈ NP such that

z = q|b|+ r, sgn (q) = sgn (z) and ℓP (z) = ℓP (q|b|) .

(ii) Let deg(P ) > 1. Then

[2, deg(P )] ∩ ℓP (ZP ) = ∅ .

In particular, ℓP (ZP ) is not additively closed.

Proof. (i) The straightforward proof is left to the reader.
(ii) First, let ℓ ∈ [2, deg(P )] and assume that there exist z ∈ Z and u0, . . . , uℓ−1 ∈ N
such that

z ≡
ℓ−1∑
j=0

ujX
j (mod P ) .

Then uℓ−1 6= 0 and there is some T ∈ Z[X] such that

PT =

ℓ−1∑
i=0

uiX
i − z .
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Clearly, T 6= 0, thus deg(T ) ≥ 0 and therefore

ℓ− 1 = deg(PT ) = deg(P ) + deg(T ) ≥ deg(P ) ,

which is excluded. Second, an application of (i) terminates the proof. □

Let us briefly glance at polynomials with a very easy relation to a polynomial of
smaller degree.

Proposition 2.3. Let k > 1 and Q := P (Xk).

(i) NQ = NP .
(ii) If E(X) ∈ NP [X] canonically represents A(X) ∈ Z[X] modulo P , then

E(Xk) canonically represents A(Xk) modulo Q. In particular, we have
ZP ⊆ ZQ and for z ∈ ZP , we have

ℓQ(z) = k(ℓP (z)− 1) + 1 ,

thus
ℓQ(z) ≡ 1 (mod k) .

Explicitly, writing ℓ := ℓQ and z = (ul−1ul−2 · · ·u0)Q we have

z = (ul−1wul−2w · · ·wu0)P

with
w := 0 · · · 0︸ ︷︷ ︸

k−1

.

Proof. (i) Clear by Q(0) = P (0).
(ii) Let T ∈ Z[X] with

PT =

n∑
i=0

eiX
i −A ,

hence we obtain5

Q(X)T (Xk) = P (Xk)T (Xk) = (PT )(Xk) =

n∑
i=0

eiX
ki −A(Xk),

and this implies the first statement. Clearly, for z 6= 0, we have

ℓP (z) = n+ 1 and ℓQ(z) = kn+ 1,

and this implies our second assertion. □

We denote by C− the set of all semi-CNS polynomials with negative constant
term6. Due to results of S. Akiyama and W. Steiner (see [21], [3, Theorem 5]) C−

5We use the compatibility of composition and multiplication (fg) ◦ h = (f ◦ h)(g ◦ h).
6The reader is referred to [12] for background information on these polynomials which we tacitly
use in the sequel.
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consists of all polynomials P ∈ Z[X] with the following three properties.

P is monic, P (1) < 0 and apart from the constant term all coefficients of P are non-negative.

Proposition 2.4. Let P ∈ C− and d > 1.

(i) ZP = N and b = (1pd−1 · · · p10)P .
(ii) ℓP (x) ≤ ℓP (x+ 1) (x ∈ N0).
(iii) ℓP (xy) ≥ ℓP (x) + ℓP (y)− 1 (x, y ∈ N).

Proof. (i) Since ZP is additively closed, we have N ⊆ ZP , and the P -canonical
representation of b is clear in view of p1, . . . , pd−1 ∈ N .
(ii) Write

n = qb+ r

with q ∈ N0 and r ∈ N . If r < b− 1, we have

ℓ(n+ 1) = ℓ(qb+ r + 1) = ℓ(n)

by Proposition 2.2. For r = b− 1, an elementary inspection of the addition of the
P -canonical representatives of qb and b yields

ℓ(n+ 1) = ℓ(qb+ b) ≥ ℓ(n) .

(iii) We may assume x ≥ y and we set ℓ := ℓP (x) and m := ℓP (y).
Case 1 x < b

Then the right hand side of our claim equals 1, and we are done.

Case 2 x ≥ b

By (i) and (ii), we have
ℓ > d .

Case 2.1 m = 1

Then we have
ℓP (xy) ≥ ℓ > d

by the above. The right hand side of our claim equals

ℓP (x) = ℓ ,

thus we are done.

Case 2.2 m > 1

Then we have
m > d
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by the above. There exist r, s ∈ NP \ {0} and u, v ∈ NP [X] with the properties

deg(u) < ℓ− 1 and deg(v) < m− 1

and

x ≡ rXℓ−1 + u (mod P ) and y ≡ sXm−1 + v (mod P ) .

Thus we find

xy ≡ rsXℓ+m−2 + rvXℓ−1 + suXm−1 + uv (mod P ) .

Clearly, there is some w ∈ NP [X] with

w ≡ rvXℓ−1 + suXm−1 + uv (mod P ) ,

thus

xy ≡ rsXℓ+m−2 + w (mod P ) ,

and then (ii) implies
ℓP (xy) = deg(rsXℓ+m−2 + w) + 1 ≥ ℓ+m− 2 + 1 = ℓ+m− 1 . □

Remark 2.5. Note that the length function is not always increasing on N. For
instance, for P = X2 −X + 2, we have

ℓP (23) = |101100110011|P = 12 > 11 = |10011001001|P = ℓP (24) .

Let us remark in passing that by Proposition 2.2, our length function is closely
related to a similar function which is used for instance in semi-ring theory (e.g.
[6,9,10]).

Corollary 2.6. For P ∈ C−, the function

z 7→ ℓP (z)− 1 (z ∈ N0)

is a length function in the sense of [9] on the bounded factorization monoid (N, ·).

3. P -sequences

Now we deal with equivalence classes in the set N defined by the length function
(see [17]), namely

x ∼P y : ⇐⇒ ℓP (x) = ℓP (y) (x, y ∈ ZP ).
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Definition 3.1. The P -sequence (qk)k∈N is defined by q1 = 1 and for k ∈ N we
set7

qk+1 = min{q ∈ N : ℓP (q|P (0)|) > ℓP (qk|P (0)|)}

and
∆P,k = {z ∈ N : ℓP (z) = ℓP (qk|P (0)|)}.

We start with an easy, but useful observation on the growth of the P -sequence.

Lemma 3.2. (i) The P -sequence exists and is strictly increasing, and we have
qk+1

qk
≥ 1 +

1

qk

and
z ∈ N, ℓ(z) ≥ ℓ(qk|b|) =⇒ z ≥ qk|b| .

(ii) For b > 1, the (X − b)-sequence is given by

qk = bk−1 (k ∈ N).

(iii) x < qk+1|b| =⇒ ℓ(x) ≤ ℓ(qk|b|) (x, k ∈ N).
(iv) If ℓ is increasing on the interval

I := [qk|b|, qk+1|b| − 1] ∩ N,

we have
ℓ(x) = ℓ(qk|b|) (x ∈ I, k ∈ N).

(v) #∆P,k ≤ max∆P,k − qk|b| (k ∈ N).
(vi) For P ∈ C−, we have

∆P,k = [qkb, qk+1b− 1] (k ∈ N).

Proof. (i) The first claims are trivial. To show the last claim we assume

z < qk|b|,

hence by definition
ℓ(z) = ℓ(qm|b|)

for some m < k. But then we have

ℓ(qk|b|) ≤ ℓ(z) = ℓ(qm|b|)

7This definition coincides with its analogue introduced in [17], but not with the respective defini-
tion in [4].
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implying the contradiction k ≤ m.
(iii) By definition, we have

ℓ(x) = ℓ(qt|b|)

for some t ∈ N with t < k + 1. Thus we have t ≤ k and then

ℓ(x) = ℓ(qt|b|) ≤ ℓ(qk|b|).

(ii), (iv), (v) Obvious.
(vi) By Proposition 2.4, the length function grows monotonously on the non-
negative integers. □

The following description of the structure of the set of the positive P -representable
integers is useful for our subsequent results. Recall that a multiplicative subsemi-
group D of Z is called lacunary if there exists a single integer z such that every
element of D ∩N is a power of z (see [8, Definition IV.1]). For a subset K of N, we
write

DP,K :=
⋃
k∈K

∆P,k.

Theorem 3.3. (i) The set DP,N is a preprime8 of Z with minimal element |b|.
(ii) DP,N is a non-lacunary subsemigroup of (N, ·), and we have

lim
k→∞

qk+1

qk
= 1 .

(iii) Let K be a non-empty subset of N such that DP,K is multiplicatively closed.
Then for every ϵ > 0 there exists some K ∈ K such that

qk+1

qk
< 1 + ϵ (k ≥ K).

Proof. For simplicity we write

DK := DP,K .

(i) We have
minDN = q1|b| = |b| ,

hence in particular
−1 /∈ DN .

Let x, y ∈ DN, thus
x, y ∈ N and x+ y > |b| .

8By a preprime S of a (not necessarily commutative) ring R we mean a non-empty subset S of R
such that S + S ⊆ S, S · S ⊆ S and −1 /∈ S (see [11]).
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Hence there exists k ∈ N with

ℓ(qk|b|) = ℓ(x+ y) ,

and this means
x+ y ∈ ∆k ⊂ DN .

Thus, in view of ∆P,n ⊆ N for all positive integers n, we also have

xy = x+ · · ·+ x︸ ︷︷ ︸
y

∈ DN.

(ii) By (i), the set DN is multiplicatively closed. Now we suppose that there is an
element c ∈ DN such that every element of DN is a power of c. Clearly, we have
c > 1. Let k ∈ N. Proposition 2.2 yields

qk|b|, qk|b|+ 1 ∈ DN .

By our assumption, there are s, t ∈ N such that

qk|b| = cs and qk|b|+ 1 = ct .

Clearly, we have s < t and the impossibility

1 = ct − cs = cs(ct−s − 1).

Thus DN is non-lacunary, and the limit above is calculated by a straightforward
application of [8, Lemma IV.1] analogously as in the proof of (iii) below.
(iii) We immediately convince ourselves that DK is non-lacunary. Let k ∈ N and
Jk ∈ N0 such that

∆k =

Jk⋃
j=0

Ik,j

with
Ik,j := [qk|b|+ ij−1, qk|b|+ ij ] ∩ N

and
0 = i−1 ≤ ij−1 < ij (j = 0, . . . , Jk).

By [8, Lemma IV.1], we know that the quotients of consecutive elements of DK

converge to 1, thus in particular

lim
k→∞

qk|b|+ ij−1 + ν + 1

qk|b|+ ij−1 + ν
= 1 (j = 0, . . . , Jk, ν = 0, . . . , ij − ij−1 − 1)

and then for the intervals Ik,0

1 = lim
k→∞

ij−1−1∏
ν=0

qk|b|+ ij−1 + ν + 1

qk|b|+ ij−1 + ν
= lim

k→∞

max Ik,0
min Ik,0

.
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Analogously, for Jk > 0, we have

lim
k→∞

max Ik,j
min Ik,j

= 1 (j = 0, . . . , Jk) ,

and then by considering the products of these quotients, we see

lim
k→∞

max∆k

min∆k
= 1 ,

because max Ik,j and min Ik,j+1 are consecutive subsets of DK. Observing that
max∆k and min∆k+1 are consecutive elements of DK, we see

lim
k→∞

min∆k+1

max∆k
= 1 ,

and this yields

1 = lim
k→∞

(max∆k

min∆k
· min∆k+1

max∆k

)
= lim

k→∞

min∆k+1

min∆k
= lim

k→∞

qk+1|b|
qk|b|

= lim
k→∞

qk+1

qk
. □

4. The function gP

We aim at describing the P -length of squares of certain integers by means of the
P -sequence. By what we have seen in the previous section for a given k ∈ N, there
is a unique m ∈ N such that

ℓP (qm|b|) = ℓP ((qkb)
2) .

Thus we can define the map
gP : N → N

by
gP (k) := m.

First we collect some properties of the function gP .

Lemma 4.1. Let k ∈ N and g := gP .

(i) ℓ(qg(k)|b|) = ℓ((qkb)
2).

(ii) qg(k) ≤ q2k|b| ≤ qg(k)+1 − 1 and

qg(k) < q2k|b| =⇒ qg(k) ≤ qg(k)+1 − 2 .

(iii) We have
g(k) ≥ k

and

g(k) = k =⇒
(
(qk+1|b| − 1)2 > qg(k)+1|b| and qk ≤

√
(qk+1 − 1)/|b|

)
. (2)
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(iv) We have
g(k) ≤ g(k + 1)

and

g(k + 1) = g(k) =⇒
(
qg(k+1) ≤ qg(k)+1 − 2 and qg(k+1)+1 − qg(k+1) ≥ (2qk + 1)|b|+ 1

)
.

(v) If
(qk+1|b| − 1)2 < qg(k)+1|b|,

then we have

qg(k)+1 − qg(k) ≥ (|b| − 1)(2qk + 1) and
qg(k)+1

qg(k)
> 1 +

Θ
√
qg(k)

with Θ =
√
2 for |b| = 2 and Θ = 2 otherwise.

(vi) Suppose
lim
k→∞

qk+1

qk
= 1 .

Then there is some K ∈ N such that

g(k) > k (k ≥ K).

Further, there are infinitely k ∈ N such that

g(k) < g(k + 1).

Proof. Set m := g(k).
(i), (ii) Clear by the definitions (for (i) see also Lemma 3.2).
(iii) The inequality

k > m

would imply
qm+1 ≤ qk < q2k|b|

thereby contradicting the definition of g.
Now let g(k) = k. Then (2) is clear because the assumption

(qk+1|b| − 1)2 ≤ qg(k)+1|b|

implies
(qk+1|b| − 1)2 ≤ qk+1|b|

and then the impossibility

4 ≤ qk+1|b| ≤
1

2
(3 +

√
5) < 3 .

Further, we have
q2k|b| ≤ qm+1 − 1



12 HORST BRUNOTTE

and then our last assertion is clear.
(iv) The assumption

g(k) > g(k + 1)

yields
q2k+1|b| < qg(k+1)+1 ≤ qg(k) ≤ q2k|b|

and then the impossibility
qk+1 < qk .

Now, the assumption
m = g(k) = g(k + 1)

yields
qg(k+1) = qg(k) ≤ q2k|b| < (qk + 1)2|b| ≤ q2k+1|b| ≤ qg(k)+1 − 1 ,

thus our first inequality
qm ≤ qm+1 − 2 .

To prove the second inequality, we first note

q2k+1 − q2k − 2qk ≥ (qk + 1)2 − q2k − 2qk = 1

and then using (i), we verify

qg(k+1)+1 − qg(k+1) ≥ q2k+1|b|+ 1− qg(k) ≥ q2k+1|b| − q2k|b|+ 1 ,

thus
qg(k+1)+1 − qg(k+1) ≥ (q2k+1 − q2k)|b|+ 1 ≥ (2qk + 1)|b|+ 1 .

(v) We verify

qg(k)+1|b| ≥ ((qk + 1)|b| − 1)2 + 1 = (qkb)
2 + 2qk|b|(|b| − 1) + (|b| − 1)2 + 1

≥ qg(k)|b|+ 2(|b| − 1)qk|b|+ b2 − 2|b|+ 2 ,

hence
(qg(k)+1 − qg(k))|b| ≥ 2(|b| − 1)qk|b|+ |b|(|b| − 2) + 2

and then
qg(k)+1 − qg(k) > 2(|b| − 1)qk + |b| − 2

yielding

qg(k)+1 − qg(k) ≥ 2(|b| − 1)qk + |b| − 1 = (|b| − 1)(2qk + 1).

Further, we can write

qg(k)+1|b| > qg(k)|b|+ 2(|b| − 1)
√
qg(k)|b|+ (|b| − 1)2 ,
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hence

qg(k)+1

qg(k)
> 1 +

2(|b| − 1)
√
qg(k)|b|

qg(k)|b|
= 1 +

2(|b| − 1)√
|b|

· 1
√
qg(k)

≥ 1 +
Θ

√
qg(k)

.

(vi) Pick ϵ ∈ (0, 1]. Then there is some K ∈ N such that
qk+1

qk
< 1 + ϵ (k ≥ K) .

Consider k ≥ K. The assumption g(k) = k implies

q2k|b| ≤ qg(k)+1 − 1 = qk+1 − 1 < (1 + ϵ)qk − 1 ≤ 2qk − 1

and then the absurdity

0 ≤ qk(qk|b| − 2) < 0 .

Thus we have shown

g(k) > k (k ≥ K) .

Now we show that for all K ∈ N, there exists some k ≥ K such that

g(k + 1) > g(k) .

Assume to the contrary that there exists K ∈ N such that

g(k + 1) ≤ g(k) (k ≥ K),

hence by (v),

g(k) = g(K) (k ≥ K).

Thus there exists L ∈ N with

ℓ((qkb)
2) ≤ L (k ∈ N)

which is impossible. □

The following observation will play a decisive role later.

Lemma 4.2. Let K be an infinite subset of N with the following properties.

(i) qk ≥ 2|b|+ 1 (k ∈ K).
(ii) gP (K) ⊆ K.
(iii) limk→∞,k∈K(qk+1/qk) = 1.

Then there exists k ∈ K such that

(qk+1|b| − 1)2 > qgP (k)+1|b| . (3)
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Proof. By our prerequisites there is some minimal K ∈ K with the property

|b|qk+1 < (|b|+ 1)qk (k ∈ K, k ≥ K). (4)

The assumption

K ≤ m := min(K)

implies K = m, which contradicts our prerequisites. Thus we have K > m, and we
set

k := max([m,K − 1] ∩ K) .

In view of

|b|qk+1 ≥ (|b|+ 1)qk,

we have

(qk+1|b| − 1)2 ≥
(
qk|b|+ qk − 1

)2
> (qkb)

2 +
(
2|b|+ 1)q2k − 2

(
|b|+ 1

)
qk . (5)

If g(k) = k, then our claim is clear by Lemma 4.1, thus from now on we suppose
g(k) > k. In view of g(k) ∈ K and our choice of k, we have

g(k) ≥ K ,

and then by (4),

qg(k)+1|b| <
(
|b|+ 1

)
qg(k) . (6)

Now we assume

(qk+1|b| − 1)2 ≤ qg(k)+1|b| . (7)

Then (6), (7), (5) and the definition of g yield(
|b|+ 1

)
qg(k) > qg(k)+1|b| ≥ (qk+1|b| − 1)2 > qg(k)|b|+

(
2|b|+ 1)q2k − 2

(
|b|+ 1

)
qk ,

thus

qg(k) > (2|b|+ 1)q2k − 2(|b|+ 1)qk ≥ 2qg(k) + q2k − 2(|b|+ 1)qk ,

and then the absurdity

0 > qg(k) + q2k − 2(|b|+ 1)qk ≥ (qk + 1) + q2k − 2(|b|+ 1)qk

> qk
(
qk + 1− 2(|b|+ 1)

)
≥ qm

(
qm − (2|b|+ 1)

)
≥ 0 . □
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5. Certain subsemigroups of ZP and ℓP (ZP )

We now extend the fundamental notions introduced in [17].

Definition 5.1. (i) A P -digital semigroup D is a subsemigroup of (ZP , ·) such
that

{z ∈ ZP : ℓP (z) = ℓP (x)} ⊆ D

for all x ∈ D.
(ii) Let S be a submonoid of (N0,+). We call S a P -LD-semigroup if there

exists a P -digital semigroup D such that

S = ℓP (D) ∪ {0}. (8)

Lemma 5.2. Let S be a P -LD-semigroup and D a P -digital semigroup satisfying
(8).

(i) D is non-lacunary, and there exists an infinite set of positive integers K
such that

D ∩ N = DP,K . (9)

Moreover, we have

lim
k→∞,k∈K

qk+1

qk
= 1 .

(ii) gP (K) ⊆ K.
(iii) Assume that there exists k ∈ K with the properties

(a) (qk+1|b| − 1)2 ≥ qgP (k)+1|b|
(b) qgP (k)|b| ≤ x ≤ qgP (k)+1|b| =⇒ ℓP (x) ≤ ℓP (x+ 1) ≤ ℓP (x) + 1 .

Then S is a numerical monoid.
(iv) If deg(P ) > 1, we have

D ⊆ Z \ (NP ∪ {−1}).

Proof. (i) The existence of K with (9) is clear by the definitions; obviously K
cannot not be finite. Now, take an element s ≥ |b| in S and write

s = ℓP (qk|b|)

with some k ∈ K. In view of

ℓP (qk|b|) = ℓP (qk|b|+ 1) ∈ S

and the fact that D is a P -digital semigroup, we know

qk|b|, qk|b|+ 1 ∈ D ∩ N ,
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thus D cannot be lacunary. The second part of our claim is clear by Theorem 3.3.
(ii) Clear by the definition of g and the properties of D.
(iii) In view of (ii) it suffices to show that there exist x, y ∈ ∆k such that

ℓ(qg(k)|b|) + 1 = ℓ(xy) ∈ S .

By our prerequisites, there exists a minimal x ∈ ∆k such that there is some
y ∈ ∆k with the properties

x ≤ y and ℓ(xy) ≥ ℓ(qg(k)+1|b|) . (10)

(Observe that the integers x := y := qk+1|b| − 1 ∈ ∆k have these properties.)
Further we may assume that y is minimal with this property. We convince ourselves
that

ℓ(x2) ≥ ℓ(qg(k)|b|) , xy ∈ D and ℓ(xy) > ℓ(qg(k)|b|) .

Now we distinguish two cases. First, we assume x = qk|b|. Then y > x and

y − 1 ∈ ∆k .

For
z := x(y − 1) ∈ ∆g(k),

we have
ℓ(qg(k)|b|) ≤ ℓ(z) ≤ ℓ(qg(k)|b|) ,

thus in view of (10)

ℓ(z) = ℓ(qg(k)|b|) ∈ S and [z, xy] ∩ N ⊆ ∆g(k) ⊆ D . (11)

Now, there exists a minimal e ∈ N with

ℓ(z + e) > ℓ(qg(k)|b|).

Exploiting our prerequisites, we verify

ℓ(z + e− 1) = ℓ(qg(k)|b|) and ℓ(z + e) = ℓ(qg(k)|b|) + 1 ≤ ℓ(xy) ,

thus
ℓ(z + e) ∈ S .

We conclude
ℓ(qg(k)|b|) ∈ S and ℓ(qg(k)|b|) + 1 ∈ S .

Second, we assume x > qk|b|. Then

x− 1 ∈ ∆k and ℓ((x− 1)y) = ℓ(qg(k)|b|) ,

and for
z := (x− 1)y ∈ ∆g(k),
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(11) holds, and we conclude the proof analogously as above.
(iv) Clear by Proposition 2.2. □

Let us look at some basic properties of P -LD-semigroups.

Proposition 5.3. (i) Let S be a P -LD-semigroup. Then there does not exist a
p ∈ Z[X] and n > 1 with P = p(Xn). Moreover, given an integer m > 1,
we have

#{ℓP (z) : z ∈ ZP } = m,

where x denotes the residue class of x ∈ Z modulo m.
(ii) Let S, T be P -LD-semigroups. Then S∩T is a P -LD-semigroup. Moreover,

if both S and T are numerical semigroups9, then so is S ∩ T .
(iii) Assume that there is some N ∈ N such that

ℓP (n) ≤ ℓP (n+ 1) ≤ ℓP (n) + 1 (n ≥ N).

Then every P -LD-semigroup is a numerical monoid.

Proof. (i) First, we assume to the contrary that P = Q(Xk) with k > 1, and pick
an element x in a P -digital semigroup D with S = ℓP (D)∪{0}. Then ℓ := ℓP (x) ∈ S

and 2ℓ ∈ S, and then Propositions 2.2 and 2.3 imply

ℓ > 1, ℓ ≡ 1 (mod k) and 2ℓ ≡ 1 (mod k) .

Thus there exist s, t ∈ N such that

ℓ− 1 = ks and 2ℓ− 1 = kt

yielding
kt = 2(ks+ 1)− 1 = 2ks+ 1 ,

thus the impossibility k | 1.
Second, we suppose that there is an integer m > 1 with

#{ℓ(z) : z ∈ Z} < m . (12)

Let us consider
F := {T : T subsemigroup of S},

which clearly is an infinite family of subsemigroups of N0 because for every i ∈ N
the set

{0, si, si+1, . . .}

9For details the reader is referred to [19].
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belongs to F , where we put

S := {0, s1, s2, . . .} with 0 < s1 < s2 < . . . .

By [1, Lemma 5], there exists some T ∈ F such that there are infinitely many n ∈ N
with

n+ {0, . . . ,m− 1} ⊆ T \ {0}.

However, in view of
T \ {0} ⊆ S \ {0} ⊆ ℓ(Z)

and (12), there must be i, j ∈ {0, . . . ,m− 1} with i 6= j such that

n+ i ≡ n+ j (mod m) ,

which is impossible.
(ii) This can immediately be verified.
(iii) Let S be a P -LD-semigroup, D a P -digital semigroup satisfying (8), K an
infinite set of positive integers such that (9) holds, and set

K0 := {k ∈ K : qk ≥ max{2|b|+ 1, N/|b|}.

Note that we have
g(K0) ⊆ K0

by Lemma 5.2. By this lemma, there exists a minimal K ∈ K0 such that

|b|qk+1 < (|b|+ 1)qk (k ∈ K0, k ≥ K)

holds. Now Lemma 4.2 yields some k ∈ K0 such that (3) holds, and then Lemma 5.2
completes our proof. □

Now we present a polynomial P which does not admit a P -LD-semigroup.

Lemma 5.4. For the polynomial P = X2 + 2X + 2, we have ZP = Z \ {0}, but
there does not exist a P -LD-semigroup.

Proof. The first claim is well-known (e.g., see [12]), and [5] shows

ℓ(Z) = {a(n) : n ∈ N} and ℓ(z) ≡ 0, 1 (mod 4) (z ∈ Z),

where the sequence a(n)n∈N0
is given by10

a(0) = 0 and a(n) = a(n− 1) + (−1)n + 2 (n ∈ N).

Thus our claim is immediate by Proposition 5.3. □

10see [20, A042948]
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6. A remark on varieties

If P is linear, then the set of P -LD-semigroups is a Frobenius variety [4, Sec-
tion 2]. However, this is no longer true for higher degree polynomials P as we
illustrate in Theorem 6.1 below. Recall that an R-variety (see [18]) is a non-empty
family V of numerical semigroups11 with the following properties.

(i) V has a maximal element with respect to the inclusion order (denoted by
∆(V)).

(ii) S, T ∈ V implies S ∩ T ∈ V .
(iii) S ∈ V , S 6= ∆(V) imply S ∪ {F∆(V)(S)} ∈ V .

Let us present an easy example of polynomials P whose families of P -LD semi-
groups form R-varieties. We conjecture that an analogue of Theorem 6.1 holds for
all quadratic semi-CNS polynomials with negative constant terms.

Theorem 6.1. Let P = X2 + (b − 2)X − b ∈ N[X] with b > 2. The set GP of all
P -LD semigroups is an R-variety, but not a Frobenius pseudo-variety.

Proof. By Lemma 6.2 below and Proposition 5.3, all elements of GP are numerical
monoids and

ℓP (N0) =


{1, 3, 5, 7, 9,→} (b = 3),

{1, 3, 5, 7,→} (b = 4, 5),

{1, 3, 5,→} (b ≥ 6).

Proposition 5.3 tells us that for S, T ∈ GP , we have S∩T ∈ GP . We easily convince
ourselves that the maximal elements of GP are given by

MP := ∆(GP ) =


{0, 5, 7, 9,→} (b = 3),

{0, 5, 7,→} (b = 4, 5),

{0, 5,→} (b ≥ 6).

Further, the Frobenius numbers of MP are given by

F (MP ) =


8 (b = 3),

6 (b = 4, 5),

4 (b ≥ 6),

but MP ∪ {F (MP )} is not a P -LD semigroup since F (MP ) /∈ ℓP (N) by what we
have seen above. Therefore, GP is not a Frobenius pseudo-variety, and by the above
GP is an R-variety. □
11For numerical semigroups S, T with S ⊊ T we adapt the notation FT (S) := max(T \ S) for the
Frobenius number of S restricted to T .
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The following elementary observations have been exploited in Theorem 6.1.

Lemma 6.2. Let P = X2 + (b− 2)X − b with b ≥ 3.

(i) b = 1(b− 2)0.
(ii) In case b = 3, we have

9b = 120101000 ,

21b = 12021021100

and for n ≥ 21, we have12

nb = 1202w0 (w ∈ N ⋆
P )

with ℓP (nb) ≥ 11.
(iii) Let b ≥ 4. Then we have

4b =



1302000 (b = 4)

1403020 (b = 5)

1503240 (b = 6)

1604260 (b = 7)

1(b− 1)0(b− 1)(b− 4)0(b− 8)0 (b ≥ 8).

(iv) Let N = 21 (b = 3), resp. N = 4 (b ≥ 4). For n ≥ N , we have

nb = 1(b− 1)0vw0 (2 ≤ v ≤ b− 1, w ∈ N ⋆
P ).

(v) ℓP (n+ 1) ≤ ℓP (n) + 1
(
n ∈ N, n ≥ 27 (b = 3), resp. n ≥ 4b (b ≥ 4)

)
.

Proof. (i) See Proposition 2.4.
(ii) We compute the P -canonical representative of

jb+ b (j = 1, . . . , 6)

and then we proceed by induction.
(iii) This can easily be checked.
(iv)-(v) The proof is a tedious, but elementary computation whose details we leave
to the reader. Here we only give hints for the case b ≥ 4. For q ∈ N with q ≥ 4, we
have

ℓ := ℓP (qb) ≥ 8

by Proposition 2.4 and there exists h ∈ N [X] with deg(h) = ℓ− 4 such that

qb ≡ Xℓ−1 + (b− 1)Xℓ−2 + h (mod P ) .

12For an alphabet A we denote by A⋆ =
∪

n∈N An the set of finite words over A.
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Choose m ∈ N minimal with

ℓP (qb+mb) > ℓ . (13)

Thus for the representative g ∈ N [X] modulo P of h +mb, we convince ourselves
that we have

ℓ− 4 < deg(g) ≤ ℓ− 2 .

Since the assumption
deg(g) = ℓ− 3

contradicts (13), we must have

deg(g) = ℓ− 2 ,

and we verify

g = Xℓ−2 + r (r ∈ N [X], deg(r) < ℓ− 2)

yielding

(q +m)b ≡ Xℓ−1 + bXℓ−2 + r (mod P )

≡ Xℓ−1 + (X2 + (b− 2)X)Xℓ−2 + r (mod P )

≡ Xℓ + (b− 1)Xℓ−1 + r (mod P ) ,

thus
ℓ(qb+mb) = ℓ+ 1 . □
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