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ABSTRACT. In this paper, we are generalizing in two non-trivial ways the re-
cently defined perspective Abelian groups to the so-called IC-groups and TP-
groups, respectively, and obtain numerous results in these two directions that
can be viewed as improvements on their rather more complicated structures

and properties.
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1. Introduction and motivation

Before starting our main work, we need some backgrounds as follows: For an
arbitrary ring R, Nicholson and Sanchez call in [15] an R-module M to be morphic
it M/a(M) = Ker(a) for all @ € Endr(M). They proved in [15, Theorem 5] that
M is a morphic module if, and only if, whenever M/A = B, where A and B are
submodules of M, then M/B = A.

It is well known that an R-module M is said to have the internal cancelation
property (or just IC for short) if whenever M = K @ L = K' @ L’ with K = K’,
then L = L'.

Moreover, Tagdemir and Kosan called in [18] an R-module M to be summand-
morphic if M/K = L where K, L <® M, then M/L = K. And they proved in [18,
Proposition 3.2] that such a module M is summand-morphic if, and only if, M has
the IC property.

On the other hand, two direct summands K and L of an R-module M are called

perspective, which is denoted by K £ L, if there exists a submodule N of M such
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that M = K ® N = L ® N. Obviously, K X L implies K = L as well as K X L
— LXK , which means that this operation is symmetric.

Besides, Garg, Grover and Khurana call in [10] an R-module M to be perspective
if K 2 L yields that K L L for any K, L <% M, i.e., there exists a submodule N
of M such that M = K®N=L® N.

Strengthening this notion, Khurana and Nielsen call in [12] an R-module M to
have the transitive perspectivity (or just TP for short) whenever K £ L LN forces
K X N for any K, L, N <% M. It is easy to see that any perspective module is
both IC and TP. In the next statement, we provide a useful equivalent condition

for being endowed with the TP property like this.

Theorem 1.1. The following are equivalent for an R-module M :

(1) M has TP;
2 fM=K&L=K &L with KXK' thn LX L.

Proof. (1) = (2). Let M have transitive perspectivity and M = K@ L =K' & L'
with K & K’ for some submodules K, K', L and L' of M. Then, one sees that
M=K®N = K'®N for some N < M. Now, we have LENand NE 1. Thus,
Ll , because M has the TP property.

(2) = (1). Letting K, L and N be direct summands of M with K ZLandL X N,
one can write that M = K@ X =L X =LY =NdY for some X, Y < M.
Therefore, X Ly and, by assumption, it must be K En , as required. (I

Recently, Calugireanu and Chekhlov defined and explored in [4] the notion of
perspective abelian groups. Another advantage of this project is that Calugareanu
published a paper about “morphic abelian groups” before. We also have a sim-
ilar equivalence to the definition of morphic for IC (please see the definition of
summand-morphic which is equivalent to IC). This can make our work easier. It
can allow us to make easier comparisons between morphic abelian groups and 1C
abelian groups. Our aim in the present article is to expand somewhat the concept
of perspectivity for abelian groups to the next two more general concepts, again
related to abelian groups, namely:

Internal Cancelation (IC): We shall say that an abelian group G is IC if
G=A®B=A @B with A= A’ assures that B = B'.
Transitive Perspectivity (TP): We shall say that an abelian group G is TP if
G=A®B=A&B with AX A assures that B X B'.
At first look on these two definitions, one can ask: are IC and TP properties equiv-

alent for arbitrary groups? The answer is definitely no as the following example
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shows. Recall that a group M is said to have the substitution property if for ev-
ery group N having a decomposition N = A® B = A’ ® B’ with A = M = A/,
there exists a subgroup C' < N such that N = C & B = C ® B’. Note that the
substitution property yields the IC one.

Example 1.2. (1) The Z-module Z @ Z has IC (see [1, Example 3.2]), but it does
not have the property of perspectivity by [10, Theorem 5.12]. Even something
more, it is not TP in regard to [12, Corollary 2.6] as obviously Z does not have the
substitution property.

(2) In [11, p.13], there is a construction which has the TP property, but is not
directly finite (and hence, it does not have IC).

However, for arbitrary modules, the following hierarchy is principally known:

morphic —— summand-morphic (i.e., IC)

/

perspective

\

transitive perspectivity

We now continue our work with two subsequent sections which contain the basic
material motivating our writing of the present paper. Saying more conceptually,
our objective here is to examine in-depth the IC and TP properties by discovering

their fundamental properties.

2. Abelian groups satisfying the internal cancelation property

First, recall that the direct sum of two modules having the IC property need
not have the IC property (see, e.g., [13]). However, note that any indecomposable
R-module has the IC property. For completeness of the exposition, we state the

following version for abelian groups.

Example 2.1. (1) The Z-module Q is morphic, and hence possesses the IC prop-
erty (see [4]).
(2) The Z-module Zy @®Zs is morphic, and hence possesses the IC property (see
15)).
(3) The Z-module Z, possesses the IC property, but is not morphic (see [15]).
(4) The Z-module Z possesses the IC property, but is not morphic (see [15]).
(5) The Z-module Z & Z possesses the IC property by [1, Example 3.2], but is

not morphic.
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(6) The Z-module Zs @ Z4 possesses the IC property, but is not morphic by
(15, p. 2645].

The next statement is worthy of recording.

Proposition 2.2. Any finite direct sum of Q (equivalently, a finite rank torsion-free

divisible group) is IC.
Proof. It is immediate invoking [4, Proposition 3]. O

But, as opposite to Proposition 2.2, an infinite direct sum of copies of QQ as a
Z-module need not be an IC group (see [19, Example 20]).

It was proven in [4, Theorem 4] that, if a group G is morphic, then G is divisible
exactly when it is torsion-free. However, the next example illustrates that this

assertion is no longer true for IC abelian groups.

Example 2.3. (1) The Z-module Z is a torsion-free IC group, but it is not divis-
ible.
(2) The Z-module Z,~ is a divisible IC group, but it is not torsion-free.

We recall that a group G is termed free provided that G = @;¢;Z for some index
set I. If I is finite, then G is said to be free of finite rank. The following claim is
helpful.

Proposition 2.4. Any free abelian group with finite rank is IC.

Proof. Suppose A and B are direct summands of a finite rank free abelian group
G such that A = B and so, for some subgroups A’ and B’ of G, we may write
G=A0 A =B®B' Then, r(G) =r(A)+r(A") =r(B)+r(B’). Since A = B, we
deduce r(A) = r(B) and, therefore, r(A’) = r(B’). Thus, in virtue of [17, Theorem
10.14], we infer the desired isomorphism A’ = B’. O

In order to formulate our other achievements, we now need the following tech-

nicality.

Lemma 2.5. If R-modules M and N both have the IC property such that
Homp(M,N) = {0} = Homg(N, M), then M & N has the IC property too.

Proof. Although it follows at once from [13, Proposition 8.5], we shall provide an
independent confirmation of this assertion thus: Write M @ N = A¢ B =A'& B/,
where A =2 A’. Since both M and N are fully invariant in M @ N, it has to be

M=(MnA)&MnB)=MnA)®(MnB)
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and
N=(NnA)e(NnB)=(NnA)& (NnB'),
where
(MNA)e (NNA) =4, (MNnA)Ysa(NnA)=4
as well as

(MNB)®(NNB)=B, (MNB)&(NNB)=5.

Furthermore, as A = A’, it must be that MNA= MNA andso MNB=MNB,
because M is IC. Similarly, NN A = NN A’ guarantees N N B = N N B’ and,
consequently, B = B’, as it should be. O

We, thereby, arrive at the following (see [4, Proposition 5] t0o).

Proposition 2.6. A torsion abelian group is IC if, and only if, all its primary

components are IC.

Proof. The necessity is pretty clear, because being IC is inherited via direct sum-
mands. In fact, analogically to Remark 2.11 noticed in the sequel, suppose G is an
IC group, and write G = A® B such that A= K ® L =N @ F, where K & N.
Then, it must be that G = (K @ B)® L = (N @ B)® F. Since K ® B= N & B,
one checks that L = F, as requested.

For the sufficiency, let G = @p G, be the direct decomposition of G into p-
components. Likewise, each subgroup N of G has a corresponding decomposition
into primary components N = EBP N,, with N, a subgroup of G, for all p. So,
for a direct summand K of G, we can write G/K = @, (Gp/Kp). Now, we assume
that G/K = L for a direct summand L of G. Similarly, we may write L = @p Ly,
whence P, (G,/Kp) = @, Lp. Then, it follows that G,/ K, = L, as the property
is inherited component-wisely by direct summands. But, since every G, is IC, it
must be that G,,/L, = K, and hence it is immediately true that

DG, /L) =P Ky,

p

as claimed. (]
We next proceed by proving the following.

Lemma 2.7. Any injective module with finite Goldie dimension has the IC property.

Proof. It is a direct consequence of [2, Proposition 17]. O

Before giving the next result, let us note that any module having the IC property

is necessarily directly finite.
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Proposition 2.8. Let G be a divisible abelian group. Then, G is IC if, and only if,
all p-primary components and their torsion-free parts have finite uniform dimension

(i.e., finite Goldie dimension).

Proof. (=): Let G be IC. Then, every p-primary components of G is also IC as well
as their torsion-free parts are IC, because they are direct summands; thus, by what
we have noted above, they are directly finite. Therefore, every p-primary component
and its corresponding torsion-free part will have finite uniform dimension (i.e., finite
Goldie dimension).

(«<): We prove the sufficiency for two different cases:

Firstly, we assume that G is a torsion group. Then, the proof is the same as that
of Proposition 3.3.

Now, we assume that G is not torsion. Then, we may write that G = G & G,
where Gp = @], Q and Gr is the torsion part of G. Appealing to Lemma
2.7, both Gr and GF are IC groups. However, since Hom(Gr,Gr) = {0} but
Hom(Gr,Gr) # {0}, and Gr, G both are IC, one sees that Proposition 2.22
given below applies to get that G is too IC, as promised. (|

Remark 2.9. Recall that a direct sum of cyclic p-groups is called homogeneous
if all its direct summands of rank 1 are isomorphic. It is evident then that homo-
geneous groups are themselves IC whenever they have finite rank (compare with
Remark 2.11 alluded to below). On the other hand, it was proven in [4, Theorem 7]

that a (reduced) p-group G is morphic precisely when it is finite and homogeneous.
The proof of the next result is analogous to [4, Proposition 10].

Proposition 2.10. Suppose that G = D(G) @ R, where D(G) is the divisible part
of a group G such that D(G) is torsion-free. If both D(G) and R are IC, and R is
torsion, then G is a splitting I1C group.

Proof. Under our assumption, we may write G = D(G)®T(G). Observe also that
Homg/(divisible, reduced) = {0} = Homg(torsion, torsion-free).
Now, the claim follows automatically from Lemma 2.5. (|

Moreover, one may emphasize that an absolute analogy to [4, Proposition 11] is,
however, no longer possible since as demonstrated above there is an unbounded,

and thus an infinite, IC p-group.

The following extra comments are worthwhile.
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Remark 2.11. (1) (See, for a more account, [5, Nonexample 3.1]) Suppose that A
is a group such that A 2 A @ A, and « is an infinite ordinal. Then, both A(®) and
A% are not IC.

(2) A direct summand of an IC group is too IC.

Proof. (1) One simply inspects that the subgroups H = A~ and § = A2

are isomorphic direct summands of A(®, but it can plainly verified that
A/ H2 Az Ag A= AW /S,

as required. For A% the arguments are quite similar, so we omit the details.
(2) Suppose G is an IC group, and write G = A@ B with A= K®L=N&F,
where K = N. Then, it must be that

G=(KeB)oL=(N®B)a®F.
Since K & B= N @ B, one sees that L = F', as needed. ([l

Now, recall that, if the p-group G is a direct sum of cyclic groups, then one may
write that G = @,,~, Gn, where G,, = @,, Z(p™) are the homogeneous components

of G. We now intend to establish the following two criteria.

Proposition 2.12. (1) The fully decomposable torsion-free group G is IC if, and
only if, all homogeneous components of G have finite ranks.
(2) The direct sum of cyclic p-groups G is IC if, and only if, all homogeneous

components of G have finite ranks.

Proof. (1) The necessity follows at once from Remark 2.11.

As for the sufficiency, write G = K @ L = N @ F, where K =2 N. As noted
above, we have G = @
G. As the fully decomposable groups have the property of isomorphic extensions
of direct decompositions (cf. [7, §86, Exercise 8]), it thus follows that L = @, ; L
and F' = @,
summands in G;. Since K =2 N, r(L;) = r(F;), so it must be that L; = F; for all 4,

whence L = F', as pursued.

;1 Gi, where all G; are the homogeneous components of

F;, where both L; and F; are isomorphic to corresponding direct

The proof of point (2) is pretty analogous to that of point (1), because the
direct sum of cyclic groups also has the property of isomorphic extensions of direct

decompositions (see, e.g., [7, Corollary 18.2]). O
As a valuable consequence, we yield:

Corollary 2.13. Any fully decomposable torsion-free group of finite rank is IC.
Additionally, each finite group is also IC, and any IC bounded group is finite.
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In Proposition 2.12 (2) we described IC groups which are direct sums of cyclic
p-groups. That is why, it follows from Lemma 2.5 and Proposition 3.3 that an
arbitrary direct sum of cyclic groups is IC if, and only if, its torsion-free part has
finite rank and each p-component is IC.

We now proceed by showing the following interesting note.

Remark 2.14. Every torsion-free group of rank 2 is IC since it is either decompos-
able or indecomposable. But there exists a torsion-free group of rank 3 which is not
IC. Indeed, an appeal to [7, Theorem 90.4] gives that, for every integer m > 3, there
is a torsion-free group G of rank 3 such that G = B; ® C; with ¢ = 1,...,m, where
all By,..., By, are isomorphic groups of rank 1, and all C,...,C,, are pair-wise

non-isomorphic indecomposable groups of rank 2.

Note that, for every IC p-group G, it follows that each Ulm invariant f,(G) is
finite for n < w; in particular, |G| < 2% provided that the divisible part of G
possesses finite rank.

We are now intending to establish a series of characteristic assertions.

Proposition 2.15. Let G be a reduced countable p-group having finite all Ulm-
Kaplansky invariants. Then, G is IC.

Proof. Write G = K@ L = N @ F, where K = N. In view of the finiteness of
fa(L) = fo(F), holding for every ordinal number «, and in virtue of the countability
of G, one readily follows from [7, Theorem 77.3] that L = F', as required. O

Proposition 2.16. A reduced torsion-complete p-group G is IC if, and only if,
every its f,(G) is finite for any n < w.

Proof. Write G = K@ L =N&F, where K = N. Since f,(L) = f(F), it follows
that the basic subgroups of L and F' are isomorphic, and hence isomorphic are also
the whole groups L and F' (see, e.g., [9]). O

Recall that, if G is a torsion-free group, then its p-rank r,(G) is exactly the rank
of the factor-group G/pG.

Proposition 2.17. A reduced algebraically compact torsion-free group G is IC if,
and only if, for each prime p, the p-rank r,(G) is finite.

Proof. Necessity. Write G = Hp G,, where each G, is the p-adic component of
G which is a p-adic module. Notice that the p-rank of G coincides with the p-rank
of G, and thus it coincides with the rank of a basic submodule of G, as a module

over the ring of integer p-numbers Zp.
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If, however, its p-rank is infinite, then one writes that
_ 7+ N
Gy,=2,K=2Z, ®Z, ®C,

where K = (', which fact is manifestly imposable for IC modules, thus substanti-
ating our claim.

Sufficiency. Write G = K @ L = N @ I, where K =2 N. As already observed
above, the finiteness of the p-rank for each G, insures that the basic subgroups of

L, and F,, are isomorphic, whence isomorphic are L and F' as well (cf. [9]). O

Recall that any vector torsion-free group G' can be written as G = [[, G, where
all direct components G are the direct product of groups of rank 1 and type ¢ (see,

for instance, [16]).

Proposition 2.18. The reduced vector torsion-free group G is IC if, and only if,

all its direct components Gy have finite rank.

Proof. The “only if” part being trivial, we deal with the “if” one. To that end,
since each Gy has finite rank and the number of possible types is 280, it must be
that |G| < 22N°, and so GG is non-measurable, which enables us that every direct
summand of G also is a vector group (see, respectively, [9, Theorem 5.6] or [16]).
Therefore, if we write G = K ® L = N @& F, where K = N, then

K:HKt,L:HLt,N:HNt,F:HFt.
t t t t

However, thanks to [9, Theorem 5.5], we obtain that Gy = K; ® Ly = N; @ F}.

Furthermore, with the condition on finite ranks at hand, we arrive at L; = F} for

all ¢, so that it is immediate L & F', as asserted. (I

Remark 2.19. Recall that the group B has the cancelation property (that is, a
CP group) if, for all groups H, K, the isomorphism B ® H = B @ K forces the
isomorphism H = K. This is obviously equivalent to the next property: for all
groups H, K, from the equality B H = C @ K, the isomorphism B = C yields the
isomorphism H = K (see the commentaries before [7, Theorem 90.4]). However,
looking at [7, §15, Exercise 24], one finds that all finitely generated groups are
CP. Moreover, all finitely co-generated groups also are CP. This simply leads to
the fact that the quasi-cyclic groups are CP, but we may directly derive that from
Proposition 2.22 quoted below.

We now would like to indicate the following elementary, but pivotal properties.
(1) A direct summand of a CP group A is too CP. Indeed, if A = B @& C and
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B®H>2B®K, then (BoC)dH=(B®C)d K, so H= K, as required.

(2) If A is a CP group, then A™ also is a CP group for every integer number n > 2.
We argue by induction: if (ADA)OH = (ADA)GK, then AD(ADH) =2 AD(AdK),
and thus A® H =2 A @ K yielding H = K, as needed.

Even something more, if H; and Hy are both CP groups, then H; ® H» also is CP,
i.e., the class consisting of CP groups is closed under formation of finite direct sums.
To substantiate this, it is pretty clear that it is enough to settle the property only
for two direct summands: to that end, supposing H1 & Hy & K = H, & Hy & M,
then Hy ® K =2 Hy & M. Thus, K = M, that is, H; & Hs is CP, as required.

(3) Same as Remark 2.11 (1), it can be proven that, if A % A @ A, then both A(®)
and A“ are not CP, provided the cardinal « is infinite. Indeed, if A is a non-zero CP
group, then it must be that A@ A 2 A —in fact, if AGA = A, then AdA =2 Ae{0},
so that A = {0}, a contradiction, as suspected.

(4) Any CP group A is IC. Indeed, if we write A = B® C = H @& F, where
B = H, then one follows that (B@C)®C=(HeF)®C=(H®C)® F, where
BaC=2H@C=A, forcing C =2 F.

Remark 2.20. Not every rank 1 torsion-free group is CP (see, for example, Re-
mark 2.14), so Proposition 2.12 gives the desired example of a IC group that is not
CP. In fact, each torsion-free group of finite rank is CP in the class of torsion-free

groups of rank 1, as indicated in the second bullet below.

We now proceed with the following two more relevant observations:
e If A and B are isomorphic divisible subgroups of some group G with ANB = {0},
then A and B have common addition in G. Indeed, we can write G = (A® B) & C.
If f : A — B is the existing isomorphism, then one may write that A®B = A®H =
B @ H, where H = {a + f(a)|a € A}, whence it must be that

G=(AeB)aC=AeoHa®C=BaHaC,

as suspected.
e Every torsion-free group G of finite rank is CP in the class of torsion-free groups
of rank 1. Indeed, if we suppose that K @G = H @& A, where G 2 A and K, H are
torsion-free of rank 1, then we know that K = H (cf. [7, §90, Exercise 13]). But,
as already observed above, not every torsion-free group of finite rank is TP.

We are now preparing to describe all perspective torsion groups having divisible
part with each primary component of finite rank and reduced part with each pri-
mary component of finite Ulm-Kaplansky invariants. The next result gives a new

treatment of [6, Statement (2.3)] in the present terminology.
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Theorem 2.21. A separable countable p-group is perspective if, and only if, it has
finite all Ulm-Kaplansky invariants.

Proof. Necessity is manifestly evident, so we leave out the details.

To substantiate sufficiency, let us write G = A® B = C & K, where A & C.
Notice that any p-group with finite all Ulm-Kaplansky invariants always possesses
the substitution property (cf. [8], [9, Problem 58], or [6]). Since A also possesses
finite all Ulm-Kaplansky invariants, it has the substitution property, so that G =
Co®B=C®K for some C < G. In particular, it must be that B = K, and hence
we freely write G = A® U = C & U for some U < G, as expected. a

It is worthwhile to mention that the last result remains valid for reduced semi-
standard p-groups that are reduced p-groups G whose Ulm-Kaplansky invariants
fa(G) are finite even for infinite ordinals «.

We terminate this section with the following statement.

Proposition 2.22. If B® G = C @ H, where both B,C' are isomorphic to same
divisible 1C group, then G = H.

Proof. Note that B,C' are also divisible IC groups, and so all their p-primary
components and their torsion-free parts must have finite (possibly different) ranks.
In fact, if some of these ranks is supposed, for a moment, to be infinite, then there
will be a situation when B ® G = C @ {0}, where B,C,G # {0} and B = C - an
absurd — see point (3) as well. This unambiguously means that, if G is reduced,
then H also has to be reduced and, therefore, in this case G = H; likewise, if G, H
are non-reduced, then their divisible parts D(G) and D(H) are isomorphic, so that
if we write G = D(G) @ R(G) and H = D(H) ® R(H), then R(G) and R(H) are
isomorphic to the reduced part of B @ G. Thus, R(G) = R(H) and, consequently,
G = H, as asked for. O

It is worthy of mentioning that the last assertion is no longer true, provided that
B and C are isomorphic to different (non-isomorphic) divisible groups of finite rank
—eg,B=Q=Hand C =Z(p>) =G.

3. Abelian groups satisfying transitive perspectivity

We begin our work here by recalling some crucial facts as follows: First, we recall
that a group satisfies the weak perspectivity property, or just saying that it is weakly
perspective, that is WP for short, provided all of its isomorphic direct summands
with isomorphic complements are perspective (see [2]). Moreover, a group M is
called purely infinite, provided M = M & M.
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The following helpful observations are fulfilled.

Remark 3.1. (1) A group is perspective if, and only if, it is simultaneously WP
and IC (]2, Remark 8]); we emphasize that Z @ Z is IC but not WP.

(2) If M is a non-zero purely infinite group, then M is not WP ([2, Proposition
9]), so M is a group such that M 2 M @& M, and if « is an infinite ordinal, then
both M(®) and M* are not WP.

(3) A direct summand of a WP group is too WP (see [2, Lemma 6]).

Note also that, if M is a quasi-injective and WP group, then M is perspective
(see [2, Theorem 16]).

In addition, the following is valid.

Remark 3.2. (1) The fully decomposable torsion-free WP group G is always per-
spective. In fact, knowing point (2) of the preceding Remark and Proposition 2.12
(1), we conclude that G is IC, so it has to be perspective with the help of point (1)
of the previous Remark.

(2) Tt can be proven by analogy that each of the following sorts of groups, which
are assumed to be WP groups:

(a) the direct sums of cyclic p-groups;

(b) the reduced countable p-groups having finite all Ulm-Kaplansky invariants;

(¢) the reduced torsion-complete p-groups;

(d) the reduced algebraically compact torsion-free groups;

(e) the reduced vector torsion-free groups,

are always perspective groups.

Recall also that a module M is called a CS module if every submodule of M
is essential in a direct summand of M. Also, a module M is called a C3 module
if, for any module K <% M, the conditions L <® M with K N L = {0} imply
K ® L <® M. And, a module is called quasi-continuous if it is both CS and C3.

We are now managing to prove the following reduction criterion.

Proposition 3.3. Let M be a quasi-continuous group. Then, M is TP if, and
only if, all p-primary components and their torsion-free parts have finite uniform

dimension (i.e., finite Goldie dimension).

Proof. (=): Suppose M is TP. In conjunction with [12, Theorem 3.5], M is per-
spective. Thus, all p-primary components of M are perspective too. Likewise, their
torsion-free parts are perspective (note that their torsion-free parts are actually

direct summands) and, clearly, they are Dedekind finite. Therefore, all p-primary
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components and their torsion-free parts have finite uniform dimension (i.e., finite
Goldie dimension), as formulated.

(«<): Suppose that M is a torsion group with M = K@ K' = L& L' and K & L,
K'~2 L' So, M = @ M,, where M,, means the p-primary component of M for some
prime number p. So, we have K = @ K, L=@ L, K' =@ K, and L' =P L},.
Consequently, M), = K, ® K, = L, ® L;, with K, = L, and K = L;,. However,
bearing in mind a standard trick, one has that M, = K, ® N, = L, ® N,, for some
N, < M,. Now, setting N := @ N,, it must be that M = K ® N = L& N.
If we assume for a moment that M is not torsion, then M = My & Mp, where
Mp = @;_, Q and Mr is the torsion part of M. But, since Hom(Myp, Mp) = {0},
and M7 and M are WP, taking into account [2, Corollary 24], M has to be WP
as well. Finally, looking at the fact established above that M is also IC, we may
derive that M is TP, as stated. O

With this at hand, one can infer the following consequence.

Corollary 3.4. [2, Corollary 18] Let M be a divisible group. Then, M is a weakly
perspective module if, and only if, all p-primary components and their torsion-free

parts have finite uniform dimension (i.e., they have finite Goldie dimension).

It was observed after Proposition 2.2 that an infinite direct sum of copies of Q
as a Z-module need not be an IC group. Besides, this is also an example of a group
that is not TP as well. Indeed, the following arguments are valid:

Fact 1: (Folklore due to Bass) A ring R is Noetherian if, and only if, every direct
sum of injective R-modules is injective.

Fact 2: In divisible groups, if a group is not IC, it can not be TP (see Lemma 4.1
listed below).

Fact 3: In divisible groups, perspective groups and TP groups do coincide by [12,
Theorem 3.5].

We now arrive at the following two constructions.

Example 3.5. Let M be an infinite direct sum of copies of Q as a Z-module. It
was showed in [19, Example 20] that M is not IC. Using Fact 1, M is a divisible
group. Utilizing Fact 2, M can not be TP, as expected.

Example 3.6. Let M be an infinite direct sum of copies of Z,~ as a Z-module.
Then, M is not IC. With the same arguments in hand, M can not be TP, as

suspected.
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On the other hand, let M be the infinite direct sum copies of Z as a Z-module.
Thus, M is not IC. But does it follow that it is TP or not?

We also remember the following.
Fact 4: [3, Proposition 3.2(3)] If M is the direct sum of infinitely many copies of
the same non-zero module, then M is not a DF module (and hence M is not IC).
As another, alternative, example, what happens with the Ry direct sum of the
integers Z?7 What we surely know so far is that it is neither IC nor TP, because
a direct summand of TP remains TP, as Lemma 3.7 unambiguously shows below,
and Z @ Z is known to be not TP.

We are now prepared to establish some further critical properties of TP groups.
Lemma 3.7. A direct summand of a TP group is again a TP group.

Proof. Suppose A is a direct summand of a TP group G. One routinely sees that,
if K and V are direct summands of A and G = K @ W =V @& W, then one may
write A= K@ (ANW) =V & (ANW), as required. O

Our established so far machinery allows us to obtain the following assertion.

Corollary 3.8. Each homogeneous TP p-group is perspective (i.e., it has finite
rank).

Proof. The claim is true by combining Lemma 4.1 situated below with the fact
that G is fully invariant and essential in the divisible hull D(G), so the required
properties of the direct summands of G and D(G) are the same. O

The big question, which seems to be extremely difficult, is to find if possible a
reduced TP group that is not perspective (see Lemma 4.1 below for the divisible
case). Recall that a divisible group D is perspective if, and only if, the torsion-free
rank 79(D) is finite and each p-primary component of D has finite rank r,(D);
Proposition 2.8 teaches us that this is equivalent to the requirement that D is IC.
The following claim sheds a further light on the properties of divisible perspective

groups.

Proposition 3.9. FEvery divisible perspective group possesses the substitution prop-

erty in the class of groups in which the divisible part is perspective.

Proof. Suppose G is such a group, and write N = A® B = A’ ® B’, where
A=G= A I for a moment, B is reduced, then since both r(A), ,(A) are finite

and A = A’, then B’ also is reduced, so A = A’. Assume now that B is not reduced,



ON TWO GENERALIZATIONS OF PERSPECTIVE ABELIAN GROUPS 15

and write B = D(B) ® By, B' = D(B’) @ Bf, where By, B are respectively the
reduced parts of B, B’. Thus, it must be that

N =(A®D(B))&® B, = (A'®D(B)) & B,

putting D := A @ D(B) = A’ @ D(B’). Since both pairs ro(D(B)), rp(D(B))
and ro(D(B')), r,(D(B’)) are all finite as well as ro(A) = ro(4"), r,(A) = r,(A)
are too finite for all primes p, one extracts that D(B) = D(B’). By assumption,
the group D is perspective, leading to D = U @ D(B) = U & D(B’). Finally,

N=U®& (D(B)® B1)=U& (D(B') ® Bj), as required. O

It is worthwhile noticing, we established after Lemma 4.1 situated below, that
all the ranks 79(G) and r,(G) of the group G from the last proposition can not be
infinite. For the reader’s convenience, we remember that if A < G, then the co-rank
of A is just the rank r(G/A).

We now have at our disposal all the ingredients necessary to prove the following

statement on perspectivity of divisible torsion-free groups.

Proposition 3.10. Let G be a divisible torsion-free group. If A and A’ are its two

direct summands with equal finite ranks or co-ranks, then A L.

Proof. Write G = A@B = A'®@B’. If G possesses finite rank, then G is perspective
and the assertion is proven. Therefore, we further can consider the case where G
possesses infinite rank. First, we consider the case of finite equal co-ranks. By
assumption, 7(B) = r(B’) = n € N. So, B = B’. Assuming that BN A" = {0}, we
finds D := A’ ® B is a direct summand of G such that the co-ranks of A" in D and
in G are equal, whence D = G and G = A’ ® B = A¢ B. Assume now that By :=
BN A # {0} and B'N A # {0}. We, thereby, have B = B; & B, for some By < B.
Likewise, if A1 := ANA’,then A = A;®Az, A’ = A1B A3 forsome Ay < A, Az < A’.
Note that r(As) is finite; in fact, if a € Ag, then a = o’ + b for some o’ € A’,
b € B', where b/ # 0, because AoN A’ = {0}, which means that r(42) < r(B’) =n.
Furthermore, we write G = (A1 ® B1) @ (A2 ® By) and A’ = (A; & By) @ AY, where
Al = A'N (A2 @ By) with A’ N Ay = A’ N By = {0}. By what we have shown
so far, Ay @ By has finite co-rank. Moreover, if r(B3) = k, then r(B1) = n — k.
Letting 7 : G — Aj be a projection, if A} = w(A}), then Ay = A, @ AL for some
A) < Ay. Thus, A; @ By @ A, =2 A’ as A} = AL. But, because the co-rank of
Ay @ By is finite and r(A}) is also finite, then we detect that r(A4 @ By) = n.
Hence, r(AY) =n—k and A] < AL, ® By, G = (A1 ® By) @ (A @ (A, @ Bs)). Since

r(AY) = n — k, there exists an injection ¢ : By — A}. In conjunction with all of
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the above (compare also with [7, Lemma 9.5]), one writes that B; & A} = B} @ AY,
G=(A18B)®(A)a(AL® By)) = A® (B @ By), where A = A; @ Aj @ A}. Notice
that A’ N (B} @ B2) = {0}. Indeed, to substantiate this equality, one observes that
every element x € B} @ Bs has the form = = by + p(b1) + ba for some by € By,
by € By. If z € A’ then

o(b1) +by € AN (A & By) = A\ N (AL @& B).

Besides, every element y € A} has the form y = af + by for some a} € A, bs € Bs.
So, if y € AY ® Bs, then y = af + b, for some af € AY, b, € By whence a} + by =
aly + bl and
ay —aly = by —by € (AY ® A)) N B = {0}.

Consequently, by = by, ay = ay € AN Ay = {0}, ie., aj = a§ = 0. Then,
y = by € A} N By = {0} and, finally, y = 0. So, A’ N (B} ® Bz) = {0}, as
wanted, and, in accordance to what we already proven above, it must be that
G=A® (B, ® Bs).

We are now considering the case of finiteness of the equal ranks of A and A’.
However, since the rank of G is infinite, we may write that B; := BN B’ # {0},
B = B ® By, B’ = By @ B), for some By < B, B < B’. We also have

G=(A®By)® B, =(A'"® B, B;.

If 0 # x € B), then x = a + by + by for some a € A, by € B; and by € By. Here
a # 0, because B, N B = {0}. Thus, if « : G — A is a projection, then a [ B} — A
is an injection. Therefore, 7(Bj) < n = r(A). Similarly, 7(Bz2) < n. Consequently,
the subgroup D := (A’ & B)}) + (A @ Bs) must have finite rank.

Further, D = (A'@B})®Bj, where B] = DNB;. Analogously, D = (A®B)®Bj.
Since we know that the group D is perspective, then D = A’@U = A& U for some
U < D. And since G = D & W for some W < G, then this ensures that

G=AaoUaW)=AsUaW),
as searched. 0

The last affirmation manifestly demonstrates that all divisible torsion-free groups
G have the weak resemblance to the standard TP property in the sense that if
G=A®B=A"® B, where the co-ranks (resp., the ranks) of A and A’ are finite
and A X A’ then B Lp.

In ending our work, we initiate some further discussion into the subsequent sec-
tion hoping it to stimulate an intensive research in the near future on the discussed

themes.
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4. Some relationships between IC and TP properties

We, foremost, recollect the following well-known terminology: a group M is
called purely infinite if M = M & M. Likewise, a group is called Dedekind finite (or,
in other terms, directly finite) if it is not isomorphic to any proper direct summand
(see [14]). Note that, referring to [11, p.13], a ring having transitive perspectivity
need not be Dedekind finite, so these two notions are independent of each other.
Nevertheless, the following result illustrates that in the class of divisible groups,
TP implies IC.

Lemma 4.1. Let G be a divisible group. If G is TP, then it is perspective and so
IC.

Proof. Appealing to [12, Theorem 3.5], G is perspective. Moreover, owing to [5,
Propositions 3.7, 3.13], one notices that the torsion-free rank as well as each p-rank

of G are finite, and thus we are done. O

So, we would like to find now an example of a group that is TP but not IC; notice
that a CP group is always IC (see point (4) of the discussion alluded to above) and
the reciprocal is not true in virtue of Remark 2.20 quoted above.

However, the class of groups with the substitution property is not closed under
formation of infinite direct sums. In fact, if A is a module such that A 2% A® A and
is an infinite ordinal, then A(®) does not have the substitution property: indeed,

one obviously sees that
N=AY g {0} =AY gA

and
Al@) 2 gla=1)
but
Ce{0}#CaA
for all C' < N. In a way of similarity, same holds for A% if « is infinite.
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